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ABSTRACT

A central challenge in neuroscience is that many properties of neural systems cannot
be measured exactly. This limits our understanding of these systems and our ability
to build simulations that match experimental recordings or predict neural responses
to unseen stimuli. Inference allows scientists to identify parameters—the properties
that cannot be measured exactly—such that biophysical simulations are consistent
with experimental measurements of neural activity. However, previous inference
methods struggle with complex biophysical neuroscience simulations or can infer
only a limited number of parameters.

This thesis presents new inference methods for biophysical simulations in neuro-
science. To overcome limitations of previous methods, we leverage recent advances
in machine learning, particularly in neural density estimation and automatic dif-
ferentiation. By inferring biophysical properties, we open up possibilities to build
accurate biophysical simulations of neural activity, to study parameter degeneracy,
and to gain insight into properties of neural systems. While this thesis focuses on
biophysical neuroscience simulations, many of the developed methods are broadly
applicable and are already being used across various scientific disciplines.

The thesis consists of two main parts. In the first part, we develop and apply meth-
ods for neural simulation-based Bayesian inference (SBI). SBI uses neural networks
to invert mechanistic computer simulations, thereby providing Bayesian estimates
of parameters given experimental measurements. We use these methods to study
how a natural constraint on neural circuits—low metabolic cost—constrains circuit
properties. We then develop new methods for improving the flexibility, robustness
and efficiency of SBI. Finally, we present sbi, a Python toolbox for simulation-
based Bayesian inference which implements many popular SBI methods and allows
domain scientists to apply these methods to their simulators and measurements.

In the second part, we show that differentiable simulation enables the identifica-
tion of parameters that align biophysical simulations with experimental recordings
or computational tasks. We develop JaXLEY, the first differentiable biophysics simu-
lator for neuroscience and use it to fit parameters of biophysical simulations with
gradient descent. This approach scales parameter inference to large-scale biophysical
models, including morphologically detailed single-cell and network models, and
demonstrates that differentiable simulation can overcome previous limits on the
number of parameters.

Overall, the presented methods and results demonstrate that machine learning
unlocks new possibilities for constructing biophysical simulations in neuroscience.
By overcoming a central challenge—inferring parameters from measurements of
neural activity—we hope that our methods will enable new insights into the cellular
and synaptic contributions to biological intelligence.






ZUSAMMENFASSUNG

Eine zentrale Herausforderung in den Neurowissenschaften besteht darin, dass
viele Eigenschaften neuronaler Systeme nicht genau gemessen werden kénnen. Dies
schrankt unser Verstandnis dieser Systeme und unsere Fahigkeit ein, Simulationen
zu erstellen, die mit experimentellen Messungen iibereinstimmen oder neuronale
Reaktionen auf neue Stimuli vorhersagen. Durch Inferenz konnen Parameter—die
nicht exakt messbaren Eigenschaften—identifiziert werden, so dass biophysikalische
Simulationen mit experimentellen Messungen der neuronalen Aktivitat iiberein-
stimmen. Bisherige Inferenzmethoden haben jedoch Schwierigkeiten mit komplexen
biophysikalischen Simulationen oder kénnen nur wenige Parameter schétzen.

Diese Arbeit préasentiert neue Inferenzmethoden fiir biophysikalische Simulatio-
nen in den Neurowissenschaften. Um die Einschrankungen bisheriger Methoden
zu iiberwinden, nutzen wir Fortschritte im Bereich des maschinellen Lernens, ins-
besondere bei der generativen kiinstlichen Intelligenz und bei der automatischen
Differenzierung. Indem wir biophysikalische Eigenschaften so ableiten, dass sie
mit experimentellen Aufzeichnungen tibereinstimmen, erdffnen wir die Moglich-
keit, prazise biophysikalische Modelle der neuronalen Aktivitidt zu erstellen, die
Degeneration von Parametern in biophysikalischen Modellen zu untersuchen und
Eigenschaften neuronaler Systeme abzuleiten, die noch nicht gemessen werden
konnen. Obwohl sich diese Arbeit auf biophysikalische neurowissenschaftliche
Simulationen konzentriert, sind viele der entwickelten Methoden auf ein breites
Spektrum wissenschaftlicher Disziplinen anwendbar—und werden dort aktiv einge-
setzt.

Die Arbeit besteht aus zwei Hauptteilen. Im ersten Teil werden Methoden zur
neuronalen simulationsbasierten Bayes’schen Inferenz (SBI) entwickelt und ange-
wendet. SBI verwendet neuronale Netze, um mechanistische Computersimulationen
zu invertieren und dadurch Bayes’sche Schitzungen von Parametern gegeben
experimentellen Messungen zu liefern. Wir verwenden diese Methoden, um zu
untersuchen, wie eine natiirliche Einschrankung neuronaler Schaltkreise—niedrige
metabolische Kosten—die Eigenschaften der Schaltkreise einschrénkt. Anschlieffend
entwickeln wir neue Methoden zur Verbesserung der Flexibilitdt, Robustheit und
Effizienz von SBI. Schlieflich stellen wir sbi vor, eine Python-Toolbox fiir simula-
tionsbasierte Bayes’sche Inferenz, die viele gdngige SBI-Methoden implementiert
und es Fachwissenschaftlern erméglicht, diese Methoden auf ihre Simulatoren und
Messungen anzuwenden.

Im zweiten Teil zeigen wir, dass differenzierbare Simulationen neue Moglichkeiten
zur Identifizierung von Parametern biophysikalischer Modelle eréffnen. Wir entwi-
ckeln den ersten differenzierbaren Biophysik-Simulator fiir die Neurowissenschaften
und verwenden ihn, um Parameter mit Gradientenabstieg zu trainieren. Dies ermog-
licht es uns, biophysikalische Modelle so anzupassen, dass sie mit experimentellen

vii



Aufzeichnungen tibereinstimmen oder Aufgaben 16sen, wobei die Anzahl der Para-
meter praktisch unbegrenzt ist. Der differenzierbare Biophysik-Simulator, JAXLEY,
wird es experimentellen und rechnergestiitzten Neurowissenschaftlern erméglichen,
diese Methoden auf ihre Simulationen und Aufgaben anzuwenden.

Insgesamt zeigen die vorgestellten Methoden und Ergebnisse, dass maschinelles
Lernen neue Moglichkeiten fiir die Erstellung biophysikalischer Modelle in den
Neurowissenschaften eroffnet. Wir hoffen, dass unsere Methoden neue Einblicke
in die zelluldren und synaptischen Beitrdge zur biologischen Intelligenz ermogli-
chen, indem sie eine zentrale Herausforderung dieser Modelle tiberwinden—die
Identifizierung von Parametern, die der neuronalen Aktivitdt entsprechen.
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INTRODUCTION

Even with the most advanced experimental techniques, many quantities in nature
cannot be measured accurately. What is the mass of a black hole? How many ion
channels are contained in the tiniest structures of neurons? The lack of knowledge
of these properties limits our understanding of nature, and it prevents scientists
from building computer simulations which accurately mimic natural processes.

In many cases, however, it is possible to measure phenomena, signals, or quantities
that are related to these properties. For example, the mass of a black hole influences
its gravitational wave, and ion channels impact the voltage response of a neuron.
Inference is the process of estimating parameters—the properties that cannot be
measured—given such measurements® (Fig. 1.1).

Any inference is based on a theory (or model) of how parameters impact mea-
surements. In science, these models can be incredibly complex. For example, in
neuroscience, a model of the voltage response of a neuron given the exact proper-
ties of a cell involves interactions of many proteins and ions, each with their own
dynamics. As models become increasingly complicated, scientists use computer
simulations to implement them. Computer simulations allow scientists to evaluate
complex theories, but they can be slow to simulate, highly non-linear, and stochastic,
all of which make inference for computer simulations in science challenging.

In this thesis, we develop methods that enable inference for complex and stochas-
tic computer simulations. The resulting parameter estimates can be used to compare
system properties underlying different experimental conditions or to detect abnor-
malities in data. In addition, inference in computer simulations identifies simulations
that are consistent with observations. Such simulations can provide an understand-
ing of the mechanisms underlying measurements and can predict responses to
unseen inputs, conditions, or stimuli, thereby guiding experimental protocols.

Simulation

S N

Parameters Data

~_

Inference

FIGURE 1.1: Parameter inference. Simulation generates predictions given a set of properties
that cannot be measured exactly (parameters). Inference estimates parameters given data.

1 In the following, we use the term parameter to emphasize the target of inference and we use property to
remind the reader that parameters of scientific models correspond to interpretable real-world quantities.
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INTRODUCTION

1.1 BIOPHYSICAL SIMULATIONS IN NEUROSCIENCE

In neuroscience, biophysical computer simulations have long played a central role in
studying the cellular and synaptic mechanisms underlying neural activity. Perhaps
the first biophysical model dates back to Alan Hodgkin and Andrew Huxley who,
in a series of five seminal papers published in the Journal of Physiology in 1952,
developed a quantitative model of the action potential [1, 6—9]. Hodgkin and Huxley
recorded ionic currents from the giant axon of a squid and described the voltage
dependence of two of these ionic currents, sodium and potassium. Building on this,
they developed a biophysical model of action potential generation [1]. Remarkably,
due to their measurements of the voltage dependence of the ion channels, the model
contained only two free parameters: Merely the density of sodium and potassium
conductances could not be measured and had to be tuned such that the biophysical
simulation would match voltage recordings. Hodgkin and Huxley fitted those values
manually, by hand [10].

The Hodgkin-Huxley model became the starting point for decades of biophysical
modeling of neural systems, with models ever growing in the amount of detail,
the variety of ion channels, and the number of neurons (Fig. 1.2). Ten years after
Hodgkin and Huxley, in 1962, Rall [2] developed the first computational model
which described the voltage of a neuron not just at one particular location, but
described how the voltage evolves throughout the entire branched morphology of
a neuron. In the years following the model of Rall, many toolboxes were devel-
oped that built on his approach, allowing increasingly large-scale simulations of
biophysical models. Some of those toolboxes, although by now more than three
decades old, are still being actively maintained: For example, the NEURON toolbox

(
»
1 1 1 1 v
1952 1962 1980s 2010s
Hodgkin & Huxley Rall Hines et al., Bower et al.,... BlueBrain project
Point neuron model  Compartment models General purpose toolboxes Large-scale network models

FIGURE 1.2: The evolution of biophysical simulation. In 1952, Hodgkin & Huxley [1]
developed a biophysical model of action potential generation in the giant axon of the squid.
Their simulations were based on a point neuron model. In 1962, Rall [2] developed the
first branched compartment model to study the impact of dendrites on neuronal function.
In the 1980s, multiple general software toolboxes were developed that allowed a more
wide-spread adoption of morphologically detailed neuron modeling. Prominent examples
are NEURON [3], GENEsIS [4], or Nopus [5]. In the 2010s, the BlueBrain project, a team of
hundreds of scientists and engineers, built a large-scale biophysical model of a cortical
column containing tens of thousands of morphologically detailed neurons.
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developed by Hines & Carnevale [3], which implements numerical routines [11]
that can accurately and efficiently simulate morphologically detailed biophysical
models.

Nowadays, more than half a decade after the first simulations of Hodgkin and
Huxley, teams of hundreds of researchers are building biophysical networks con-
sisting of tens of thousands of biophysical neuron models, each of which simulates
voltage activity of every branch of every neuron and includes a wide variety of
ion channels [12]. The scale and detail make these models increasingly flexible and
enable scientists to simulate network phenomena with biophysical detail, but they
also create a challenge: As biophysical models grow in size and detail, they contain
dozens, hundreds, or even many thousands of parameters. In order to gain insights
into these properties and to build faithful biophysical models, we require methods
that infer these parameters from measurements of neural activity.

1.2 PARAMETER INFERENCE IN BIOPHYSICS

How can we perform inference in large-scale biophysical models? Inferring dozens,
hundreds, or thousands of parameters of biophysical models—and scientific com-
puter simulations in general—is challenging. A fundamental difficulty for parameter
inference is the curse of dimensionality: The volume of the parameter search space
increases exponentially with the number of parameters. In addition, unlike statistical
models such as deep neural networks, parameter inference is particularly difficult
for scientific simulators, for a number of reasons. First, these simulators can be slow
to simulate. For example, large-scale biophysical systems can take many seconds or
minutes to run just once, and fitting approaches typically require many simulation
runs. In particular, some fitting approaches such as Markov-chain Monte—Carlo
require many sequential runs of the simulator, leading to very slow fitting. Second,
scientific simulators can lead to highly irregular loss surfaces. Even small changes
in parameters can lead to a large difference in the simulation result. This makes it
difficult to study global trends of how changes in parameters lead to changes in the
simulation result. In addition, it can lead to many local optima, which “trap” fitting
methods and prevent them from finding global optima. Third, depending on the
noise model, the likelihood of data given parameters, a crucial ingredient to many
approaches to inference, cannot be evaluated. For those models, inference must be
able to deal with stochastic and noisy simulations only. Fourth, for many scientific
simulators, one cannot easily compute the gradient with respect to parameters.
For example, prior to this thesis, no toolbox for biophysical simulation existed
which could evaluate the gradient. This prevents gradient-based fitting methods
such as gradient descent or Hamiltonian Monte—Carlo. Finally, for many scientific
simulators, many parameter sets are able to fit the data well [13]. This presents a
significant challenge for fitting methods because a single “best-fitting” parameter
set might not generalize well to new or unseen inputs.

Together with the curse of dimensionality, these issues make it difficult to adjust
parameters of scientific simulators, posing challenges to domains ranging from
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astrophysics, particle physics, geoscience and evolutionary biology to epidemiology
and neuroscience.

As such, prior to this thesis, inference methods for biophysical neuron simulations
either dealt only with some subsets of noise models (such that the likelihood
becomes available) or with simulations of moderate size (such that the number of
parameters remains small and can also be fit by gradient-free inference methods), or
they returned only a few well-fitting parameter sets (as compared to the full space
of solutions). The starting point for this thesis was to improve parameter inference
methods for biophysical simulations in particular, but with applications to nearly
all domains in the quantitative sciences. To achieve this, we capitalized on recent
advances in machine learning.

1.3 MACHINE LEARNING FOR SIMULATION-BASED PARAMETER INFERENCE

Over the past years, machine learning, and in particular deep learning, has revolu-
tionized many areas of our daily lives. The first successes of deep learning were in
the field of computer vision [14] but, with time, scientists also started to exploit the
potential of machine learning for scientific discovery [15].

In simulation-based Bayesian inference, recent methods use conditional deep
neural density estimators to predict data-matching parameters [16]. This field was
relatively small at the time of starting this thesis (28 papers in 2019), but it has
continually grown into a larger research community (193 papers in 2024) [17]. The
developed tools are used by domain scientists across a range of domains from
particle physics [18], biology [19], neuroscience [20—22], and astrophysics [23-25].

In addition, progress in machine learning, and in particular in deep learning, is
fueled by programming languages that support automatic differentiation [26]. These
programming languages can compute, without manual labor from the user, the
gradient through arbitrary computer programs. In deep learning, this has allowed
researchers to build and explore flexible and powerful neural network architectures,
but it also bears large potential outside of deep learning: By re-implementing
existing simulators in differentiable programming languages, one can compute the
gradient of simulations with respect to their parameters. This idea has empowered
simulators in many domains of science [27-31].

Both of these methods have led to many exciting opportunities for building a
new generation of scientific models. A recent review titled “Simulation intelligence:
Towards a new generation of scientific methods” [15] predicts:

The continued blending of data-driven, Al, simulation, and large-scale
computing workflows is a promising path towards major progress and
the emergence of a new scientific methodology.

This thesis contributes to this endeavor by developing machine learning methods
for identifying parameters of simulation-based models, in particular for biophysical
models of neural dynamics. This thesis is made up of six publications. These
publications describe methods, applications, and software for simulation-based
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Bayesian inference, as well as the first differentiable simulator for biophysical
neuron modeling and the demonstration that it can be used to fit these models
with gradient descent. Overall, this thesis demonstrates possibilities opened up by
machine learning for building more accurate, faithful, and large-scale biophysical
simulations in neuroscience.

1.4 OUTLINE OF THIS THESIS

In the introduction, we outlined the motivation for the methods that are developed
in this thesis. Chapter 2 provides necessary background. The main part of the thesis
is then made up of two chapters. In Chapter 3, we describe new methods and
applications for simulation-based Bayesian inference. First, using these methods,
we will describe our finding that disparate parameter sets, each of which has
the same network activity, can have vastly different metabolic costs. Second, we
will describe a new algorithm which makes active learning for neural simulation-
based Bayesian inference more robust and applicable. Third, we will present a new
method that aims to make scientific discovery with Bayesian inference more robust
by relying on generalized Bayesian inference. Fourth, we will present a software
toolkit which enables domain scientists to use modern simulation-based Bayesian
inference methods. In Chapter 4, we will describe the first differentiable simulator for
biophysical neuron models. Using this simulator, we will demonstrate that gradient
descent enables training large-scale biophysical models and overcomes previous
limitations on the number of parameters. Finally, in Chapter 5, we will discuss
possibilities opened up by this thesis and provide an outlook and conclusions. The
Appendix includes all publications and outlines author contributions to each of
these publications. Below is a list of the six publications included with this thesis,
as well as an additional set of 14 publications to which I contributed throughout my
PhD, but which are not included in this thesis.

List of publications included in this thesis

The following publications are included in this thesis:

Michael Deistler, Jakob H. Macket, Pedro J. Goncalvest (2022), Energy efficient
network activity from disparate circuit parameters, PNAS [32]

Michael Deistler, Pedro ] Gongalves?, Jakob H Macke? (2022), Truncated proposals
for scalable and hassle-free simulation-based inference, NeurIPS [33]

Richard Gao®, Michael Deistler’, Jakob H Macke (2023), Generalized Bayesian
Inference for Scientific Simulators via Amortized Cost Estimation, NeurIPS [34]

Alvaro Tejero—Cantero‘L, Jan F Boelts', Michael Deistler’, Jan-Matthis Lueckmann®,

Conor Durkan', Pedro ] Gongalves, David S Greenberg, Jakob H Macke (2020), sbi:
A toolbox for simulation-based inference, Journal of Open Source Software [35]
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Jan Boelts, Michael Deistler', ..., Jakob H Macke (2024), sbi reloaded: A toolkit for
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BACKGROUND: FROM SIMULATION TO INFERENCE

Parameter inflation, we contend, is the Achilles” heel of
compartmental [biophysical neuron] modeling.

— Almog & Korngreen [10]

In this chapter, we will provide background for the methods developed in this
thesis. First, we will outline how biophysical models of neural dynamics are defined
and how the differential equations are integrated. Second, we will describe the core
machinery for fitting biophysical models to data: Statistical inference. Third, we will
outline relevant background on simulation-based Bayesian inference methods with
generative models. Finally, we will provide background on automatic differentiation
and how it enables backpropagation of error for arbitrary software.

2.1 BIOPHYSICAL MODELS OF NEURAL DYNAMICS

Biophysical simulations model cellular and synaptic processes underlying observed
measurements. In this section, we will describe the equations governing biophysical
single-cell models and we will outline numerical routines that can solve the ordinary
differential equations governing these systems.

2.1.1 The Hodgkin—-Huxley model

Following Hodgkin & Huxley [1], biophysical neuron models are based on an
electrical equivalent circuit of a neuron in which the membrane is modeled as a
capacitor. Morphological detail is incorporated via the cable equation [2]. This leads
to the following set of differential equations governing the evolution of voltage V at

location x: )
dv, ) a1 AV,
S THl R 'szx, (2.1)

where C, is the capacitance, i}**™ i

is the current flowing through the membrane, and
g2l jg the axial conductance at location x.
The membrane current /7™ is the sum of several membrane conductances. Each

membrane conductance is (typically) modeled by a resistor and a battery. Therefore:

igcnem _ Z gcharmel Echannel Vx)/ (2'2)
channels
where gghamnel jg the channel conductance and ESha™e! is the reversal potential of

the respective ion at location x. Many ion channels are active, meaning that their

9
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conductance g¢h* ¢l has a state that depends on voltage. This dependence can be
expressed through gating variables, each of which is governed by a differential
equation itself. For example, a typical model for potassium ion channels is

gy =gkn}, (2.3)

dny
dt

where we introduced the maximal conductance §§ and the gating variable n, € [0,1].
The functions «(Vy) and B(Vy) define opening and closing rates.

= a(Vy)(1 —ny) + B(Vy)ny, (2.4)

2.1.2  Numerical solvers for Hodgkin—Huxley-type models

Having described the differential equations that govern the membrane voltage, we
now turn to how one can numerically integrate this equation. To do so, we will
first spatially discretize (or “compartmentalize”) the equations and then describe
implicit Euler solvers that can numerically solve these differential equations.

2.1.2.1 Spatial discretization
One can spatially discretize Eq. 2.1 into

v, 1 . ; ~
FVa) = G = o (o + g0 (Voo = Vo) + g7, (Vi = Vi), @)

where we have defined the vectorfield f(V},), and we have replaced the continuous
location x with an integer n indicating the index of the compartment [2]. The
equation above defines the vectorfield for an uninterrupted cable, branchpoints have
to be dealt with separately [3].

2.1.2.2 Implicit Euler solvers

In principle, Eq. 2.5 can be solved with any differential equation solver. However,
forward methods often fail to produce accurate simulations or can be unstable [11].
In particular short compartments or very strongly coupled compartments can lead
to failure of forward methods (Fig. 2.1, red). Therefore, the voltage equations of
biophysical neuron models (but not necessarily those of the gates) are typically
solved with implicit Euler methods (or variants thereof), which are numerically
more stable (Fig. 2.1, black) [11].
Implicit Euler methods discretize the differential equation in time as

VI =Vt — AT f(VETY), (2.6)

where the superscript T is a discrete time point and AT is the time step. Performing
such an update requires to solve Eq. 2.6 for V7 1. Generic routines to solve this
equation would require an iterative procedure (e.g., Newton-Raphson). However,
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Compartment length: 100 um 50 um 20 ym —e— Implicit Euler
—@— Forward Euler

N

FIGURE 2.1: Numerical stability of biophysical multicompartment models. Simulations
of a single branch consisting of four compartments of equal length. For sufficiently long
compartments (left, 100 pm), forward Euler (red) is stable and produces a similar solution
as Implicit Euler (black). For smaller compartments (middle, 50 um) forward Euler becomes
unstable. For even smaller compartments, forward Euler explodes after just a few timesteps
(right, 20 pm). Implicit Euler is stable for all shown compartment sizes. Insets magnify the
regions in which forward Euler becomes unstable.

for biophysical neuron models, the vectorfield f is linear given the states of the
gating variables. Because of this, solving Eq. 2.6 turns into solving a linear system of
equations. For unbranched cables, this linear system of equations is tridiagonal [49],
whereas for branched cables, the system is quasi-tridiagonal. Such linear systems
can be solved in O(N), where N is the number of compartments [11].

These equations and solvers are implemented in several toolboxes for biophysical
simulation, most notably the NEURON toolbox [50].

2.2 INFORMATION FROM MEASUREMENTS: STATISTICAL INFERENCE

Having described how to set up biophysical neuron models, we now turn to inferring
their free parameters from data. For biophysical neuron models, it is common that
the maximal conductances g™ ¢! cannot be measured and must be inferred. In
some cases, opening and closing rates, the membrane capacitance Cy, or reversal
potentials EShanel are not based on exact measurements and must also be inferred.
To reduce the number of free parameters, it is sometimes assumed that these
quantities have the same value in large parts of the neuron (i.e., they do not depend
on the location x), although this assumption might not necessarily be true [51].

To infer properties of scientific simulators such as those in biophysics, we will
rely on two methods for statistical inference: Maximum-likelihood estimation and
Bayesian inference. Before introducing these two methods, we will first introduce
how biophysical models can be described as statistical models, such that they are
amenable to statistical inference.

2.2.1  Biophysical models as statistical models: Noise models

Biophysical models, described as ordinary, partial, or stochastic differential equa-
tions can be framed as statistical models by considering the simulator to represent

11
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Likelihood-based model Simulation-based model
T
x
a
sim(@) %o sim, (8) sim,(8) %o
Data Data

FIGURE 2.2: Noise models and their effect on being able to evaluate the likelihood. Left:
Given any set of parameters, likelihood-based models can evaluate the likelihood of any
data p(z|0) (including the observation x,). Right: Simulation-based models generate a
sample from the likelihood x ~ p(z|@) (or multiple samples by simulating multiple times),
but they do not necessarily allow likelihood evaluations.

the likelihood p(x|@), where we defined 6 as the free parameters and « as data (e.g.,
voltage response of the neuron). The likelihood describes how likely data x is given
a particular parameter set 8. In addition to the differential equation governing the
biophysical model, casting a biophysical model as a likelihood requires defining
a noise model*. We will now turn to two illustrative and popular noise models for
biophysical models.

The first noise model is an additive Gaussian observation noise model. Under the
assumption that measurements are normally distributed samples around the true
data and the simulated process itself (the mechanistic model) is not stochastic, the
likelihood of any observation x, is

p(x]|0) = N (zp;sim(6), %), (2.7)

where we have introduced X. as the covariance matrix describing the measurement
process and sim(6) as the simulation output given parameters 6. Under this noise
model, the likelihood can be evaluated by running the simulator and evaluating
x, under a Gaussian distribution with the mean value being the simulation result
and covariance X (Fig. 2.2, left). Being able to evaluate the likelihood enables the
use of many popular parameter inference methods such as maximum-likelihood
estimation, Markov-Chain Monte—Carlo (MCMC), or variational inference. The
likelihood can also be sampled by running the simulator and then adding Gaussian
noise with the covariance of the measurement process.

A second illustrative and popular noise model for biophysics is a current noise
model [52]. To (phenomenologically) model inherent stochasticity of the cell re-
sponse (e.g., stochasticity in channel opening and closing), this model adds noise to
the input current of the neuron. This turns the partial differential equation governing
the voltages in biophysical models into the stochastic partial differential equation

dVy jmem axial | dZVX
tdt * dx?

Ty
A deterministic (noise-free) simulation can be considered as a statistical model whose likelihood is a
Dirac delta function at the simulation result.

+ odBy, (2.8)
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X
P(X,16)

8 3 -3 0 MLE 3
FIGURE 2.3: Maximum likelihood estimation in a simulation with additive Gaussian
noise. Left: Deterministic simulation result given parameters (black) and standard deviation
of measurement process (gray shaded). Right: The likelihood p(x,|0) as a function of 8,
evaluated as a horizontal cut at £ = x, through the plot shown on the left. Maximum

likelihood estimate (MLE) as black vertical line.

where By is a stochastic process describing the current noise. The likelihood of this
model p(x,|0) can, in principle, be evaluated by solving the Fokker-Planck-Equation,
but even for moderately sized systems this is computationally infeasible. Sampling
the likelihood, however, is typically possible by solving the stochastic (partial)
differential equation with appropriate numerical routines? (Fig. 2.2, right). In order
to generate multiple samples from the likelihood, the stochastic (partial) differential
equation has to be solved multiple times, inducing additional computational cost.

How should one choose the noise model? Ideally, the noise model exactly matches
the stochasticity believed to be at play in the studied system [52]. As this is often
unknown, one can also fit parameters of the noise model to data [20]. Some noise
models limit the range of methods that one can use to perform inference and,
therefore, the choice of inference method can also influence the choice of noise
model (at the cost of a potentially less faithful biophysical simulation).

The biophysical simulator, together with a noise model, defines the likelihood of
simulation outputs given parameters p(x|0). Given this likelihood, we now turn to
approaches for performing parameter inference given data. In the following two
sections, we will review two popular inference approaches in biophysical models
in neuroscience, as well as in many other disciplines in science and engineering:
Maximum-likelihood estimation and Bayesian inference.

2.2.2  Maximum-likelihood estimation

Maximume-likelihood estimation returns those parameters which are most likely to
have generated the dataset x,:

Ovie = arg maxg p(x,]0). (2.9)

To identify @\ g, one has to search the parameter space. In models with few
parameters (e.g., just a single one), this can be done by enumerating parameter
values on a grid [54], running the simulation, and evaluating the likelihood given

2 Any numerical inaccuracies or uncertainties can lead to likelihood samples not being exact [43, 53].
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p(6)
X
p(BIx,)

) 3 -3 )

FIGURE 2.4: Bayesian inference. Left: Prior distribution p(@) over parameters. Middle: Joint
distribution p(6, ). Red line indicates cut through the joint distribution at observation
x,. Right: Posterior distribution p(8|x,), which can be obtained by evaluating the joint
distribution along a cut at &, and normalizing the resulting cut.

the observed data under the simulation result (Fig. 2.3). For models with many
parameters, enumerating the possible values on a grid becomes infeasible (due
to the curse of dimensionality) and, therefore, computing the MLE requires an
efficient search method. If the simulation (and the noise model) are differentiable,
gradient descent is a popular and powerful search method. A major limitation of
maximum-likelihood estimation is that it returns only a single, “best”, parameter set.
This prevents studying the uncertainty of the parameter estimate, and it prohibits
studying whether there are disparate parameter configurations that could match
the data.

2.2.3 Bayesian inference

For many biophysical systems, many different parameter configurations can lead to
similar neural activity [13]. This feature, ubiquitous in biology, is called degeneracy
[55]. As we will show later, to study degeneracy, it is desirable that inference
methods return the full space of parameters which match the data. One option to
obtain this parameter space is to perform Bayesian inference.

Bayesian inference considers parameters and data as random variables. Inference
is then performed by computing the conditional distribution of parameters given
observed data
p(x,|0)p(@)  likelihood - prior

p(xo) evidence

p(0lx,) = (2.10)
The numerator of this fraction is the product of likelihood and prior, which can
also be identified as the joint likelihood p(8, x,) evaluated at the observation. The
denominator p(x,), known as the evidence, describes how likely an observation x,
is on average across all parameter sets. Intuitively, the posterior distribution can be
visualized as a cut through the joint density p(6, x) at * = z, and normalizing the
resulting cut (by dividing by the evidence, Fig. 2.4).

Unlike maximum-likelihood estimation, Bayesian inference recovers the full space
of parameters in the form of a posterior distribution p(0|x,). In addition, the result
of Bayesian inference depends on the prior distribution p(@), which allows scientists
to incorporate prior knowledge about parameters into the inference process.
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A central challenge in Bayesian inference is that the denominator p(z,) is in-
tractable for simulators with many parameters because

plao) = [ plaol0)p(6) do, (211

which, for simulators with M parameters, requires computing an M-dimensional
integral. To overcome this, multiple methods have been developed, ranging from
MCMC to variational inference [56, 57]. However, these methods require evaluations
of the likelihood which, as we discussed above, are not necessarily available for
all choices of noise models. In addition, even if the likelihood can be evaluated,
these methods can be computationally expensive because they require repeated
(often sequential) evaluations of the likelihood, each of which requires running
a simulation. Simulation-based Bayesian inference methods have been developed
specifically to overcome such limitations of traditional Bayesian inference methods.

2.3 SIMULATION-BASED BAYESIAN INFERENCE

Simulation-based Bayesian inference (often called simulation-based inference, or
sometimes likelihood-free inference) performs Bayesian inference for simulators. If
evaluating the likelihood is intractable, the joint distribution p(0,z,) = p(x,|0)p(0)
cannot be evaluated, preventing the application of MCMC or variational inference.
Instead, in order to compute (or approximate) the posterior distribution, one has to
rely on samples from the likelihood for different parameter sets (Fig. 2.5). A set of
methods to approximate the posterior in such scenarios is known as Approximate
Bayesian Computation (ABC). ABC methods approximate the “cut” through the
joint density by accepting samples from the joint distribution which are within an
e-region around the observation. For € — 0, ABC converges to the true posterior,
but will accept no (or very few) samples. As such, in practice, ABC typically requires
€ > 0, which induces an error in the posterior approximation.

Recently, several methods for neural simulation-based Bayesian inference methods
have been developed. These methods train neural networks on simulated data and
then evaluate the trained network on observed data to return the posterior distribu-
tion. Depending on the method, the neural network can approximate the posterior
distribution (Neural Posterior Estimation, NPE [58]), the likelihood (Neural Like-
lihood Estimation [59]), the likelihood-to-evidence ratio (Neural Ratio Estimation,
NRE [60, 61]), or arbitrary conditional distributions of the joint distribution [42].
NLE and NRE require an additional inference step to obtain the posterior (e.g.,
MCMC or variational inference [47]). As an illustrative example, we describe NPE
below.

Given a prior p(0) and a simulator that allows to draw samples from the like-
lihood & ~ p(x|@), NPE aims to identify the posterior distribution p(0|z,) given
measured data x,. The core idea of NPE is that, if 8, ~ p(0,x), then a conditional
density estimator g4 (@|x) trained on these data will, for every data x,, converge
to the conditional distribution p(6|x,), which is the posterior [58]. For example,
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FIGURE 2.5: Simulation-based Bayesian inference. Left: Samples from the joint distribution,
generated by sampling parameters from the prior and, for each of them, running the
simulator (i.e., sampling the likelihood). Observation x, in red. Shaded area is € = 0.2
around x,. Right: Parameter sets that are within e-region around the observation. This
method of generating approximate posterior samples is known as Approximate Bayesian
Computation (ABC).
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one can train a conditional normalizing flow q4(; ) by minimizing its negative
log-likelihood

L=—-E,@g.qllogqe0;x) =— // p(6,x) loggs(0;x) d6 de. (2.12)

Using p(0,z) = p(0|z)p(x) and rearranging terms leads to

L= /p(w)/p(0|:c) log 44(0; ) d6 dz, (2.13)

in which the inner integral [ p(6|x) log g4 (6; ) d is proportional to the Kullback-
Leibler divergence Dy (p(6|x)||q4(8; x)). Therefore, this loss function is minimized
if and only if, for all € supp(p(x)), 94(6;x) = p(0|x).

In order to generate samples from the joint distribution p(6, z), NPE samples
parameters from the prior distribution and, for each of them, runs the simulator
(i.e., samples the likelihood). Importantly, if parameters are not drawn from the
prior, then the implied joint distribution of samples 8, x changes and a conditional
density estimator trained to estimate the conditional distribution of parameters 0
given z will not necessarily converge to the posterior distribution anymore3 [58].
In particular, regions in parameter space that are oversampled (in comparison to
the prior) in the generation of the training dataset will also be oversampled in the
learned posterior distribution (Fig. 2.6). In many cases, however, it is desirable to
sample parameters from a distribution that is not the prior. For example, if one
aims to optimize posterior quality given a single observation (and with a limited
simulation budget), then one would want to use active learning methods to select
parameters that should be simulated. To allow for this, a series of algorithms have
been developed which adapt the loss-function of NPE or perform post-hoc correc-
tions to ensure that the neural network converges to the true posterior distribution
even if parameters are not sampled from the prior distribution [58, 62, 63].

Notably, a conditional density estimator trained to estimate the likelihood of data = given 6 will converge
to the true likelihood for any distribution of parameter samples. Because of this, Neural Likelihood
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FIGURE 2.6: Impact of parameters not following the prior distribution. Top: Prior dis-
tribution (left) and the induced joint distribution (middle, contours). The conditional
distribution of the joint is the posterior distribution p(8|x,) (right). Bottom: Sampling
parameters from a proposal distribution f(6) (left) that is not the prior leads to a different
joint distribution (middle). This induces a different conditional distribution p(8|x,) (right).

Neural simulation-based Bayesian inference methods like NPE have several advan-
tages over traditional Bayesian inference methods. First, they can run simulations
fully in parallel and do not require sequential simulation steps. Second, unlike
gradient-based Bayesian inference methods such as Hamiltonian Monte—Carlo or
variational inference, they do not require gradients through the simulator. Third,
like Approximate Bayesian Computation (ABC) methods, they only require samples
from the likelihood (and no likelihood evaluations). Finally, the resulting methods
are amortized: After an initial phase of simulation and training, the posterior dis-
tribution given any dataset can be obtained within (milli-)seconds with a single
forward pass through the neural network.

2.4 AUTOMATIC DIFFERENTIATION & BACKPROPAGATION OF ERROR

Neural simulation-based Bayesian inference methods typically treat the simulation
as a black-box, which makes the methods flexible and applicable to a wide range of
simulators. This flexibility comes at a cost: By not including auxiliary information
about the simulation such as gradients with respect to parameters, these methods
can require many simulations and struggle with scaling to very high-dimensional
parameter spaces [64].

Many simulators, especially in biophysical neuroscience modeling, are fully
differentiable and permit evaluation of the gradient with respect to parameters.
However, many computer programs such as biophysical simulations consist of a
long sequence of computations, making it hard to evaluate the gradient analytically.

Estimation (NLE) and Neural likelihood-Ratio Estimation (NRE) do not require modifications of their
loss function when active learning is used.
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FIGURE 2.7: Computational benefits of backpropagation of error. Applying the chain
rule to a sequence of operations requires multiplication of Jacobians. The squares (or
rectangles) indicate the shapes of these Jacobians for a set of example operations. Multiply-
ing Jacobians from right to left (forward-mode) requires a matrix-matrix multiplication,
whereas multiplying Jacobians from left to right (reverse-mode, or backprop) requires only
matrix-vector products.

Automatic differentiation overcomes this limitation by computing the gradient
of any computer program. Consider a program 7t consisting of three sequential
operations on the input x:

n(x) = fogoh(x).

The gradient of 7t with respect to x can be evaluated via the chain rule:

dr_df) - dg
dx dg

dg dh
dh

(2.14)
() dx

goh(x) x
Differentiable programming languages track all operations occurring on x and
implement the derivative of any such operation. This allows differentiable program-
ming languages to use the chain rule to compute the gradient of any computer
program.

Two methods are popular for evaluating the gradient via the equation defined
by the chain rule in Eq. 2.14. The first of these methods multiplies the terms from
right to left and is known as forward-mode automatic differentiation. For this method,
the order of evaluating the gradient is the same as for evaluating the function 7(x)
itself (i.e., first evaluating the gradient of 4, then of g, then of f). The second method
multiplies the terms from left to right and is known as reverse-mode automatic
differentiation, or backpropagation of error (backprop) [65].

For some computer programs, backprop can be significantly more efficient than
forward-mode automatic differentiation. To see this, consider the following example:
f RN — RI, g RN — RN, h: RN — RV, and x € RN. In this case, the
df , RN*N

derivatives (Jacobians) in the chain rule of Eq. 2.14 are of shapes RY for g

for %, and RN*N for % (Fig. 2.7). When multiplying these terms from right to left,
as would be done by forward-mode automatic differentiation, one has to compute a
matrix-matrix product of two N x N matrices. When multiplying the terms from
the left, however, all multiplications reduce to matrix-vector products. The latter can
be significantly cheaper, especially for large matrices. This insight is particularly
relevant for deep neural networks: These networks can have billions of parameters,
but their output, the loss function, is typically a scalar value. Backprop ensures that
the gradient of such programs is computationally cheap.



2.4 AUTOMATIC DIFFERENTIATION & BACKPROPAGATION OF ERROR

Across many fields such as particle physics or geophysics, differentiable sim-
ulators, in combination with backpropagation of error, have largely accelerated
simulation-based parameter inference [27—31]. Unfortunately, prior to this thesis, no
simulator existed for biophysics which was implemented in a differentiable program-
ming language, preventing the use of gradient-based methods for simulation-based
parameter inference.
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SIMULATION-BASED BAYESIAN INFERENCE METHODS AND
APPLICATIONS

Simulation-based Bayesian inference (SBI) is a powerful approach to perform in-
ference in scientific simulators, in biophysics and beyond. Recent methods such as
Neural Posterior Estimation (NPE) allow scientists to perform inference in black-box
models with dozens of parameters and very high-dimensional simulation outputs.
Crucially, by returning the full posterior distribution (as opposed to just a single
“best” parameter set, as would be returned by maximum-likelihood estimation), SBI
enables studies of parameter sensitivity or degeneracy.

Indeed, many systems in biology exhibit degeneracy: They can generate function-
ally similar behavior from disparate mechanisms. Degeneracy is believed to be
crucial for natural selection, as it allows diverse solutions to exist, and it equips
biological systems with robustness to perturbations of an underlying mechanism.
Understanding which mechanisms make up for such robustness is a crucial chal-
lenge for biology. In a review from 2001, Edelman & Gally [55] wrote that

further analysis [of degeneracy] will be particularly important in any
attempt to deepen our understanding of biological complexity.

In cellular neuroscience, degeneracy has been observed in multiple experimental
studies. For example, despite similar electrophysiological activity (Fig. 3.1, left),
early measurements of ion channel densities of neurons in the crab Cancer borealis
have yielded largely different values across animals [66] (Fig. 3.1, middle). SBI allows

Similar activity from disparate parameters Posterior
M g 3

> . >
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M ¢ :

o o
I ¢ o

Parameter 1 Parameter 1

FIGURE 3.1: Bayesian inference for studying degeneracy in neuroscience. Different neural
systems (e.g., different cells, or different animals) can show remarkably similar activity
(left, three traces from three systems) although measurements of systems properties (i.e.,
parameters) reveal a large diversity (middle, one point for each system). We use simulation-
based Bayesian inference to uncover the full space of data-compatible parameters in the
form of the posterior distribution (right). All panels are illustrative and are not based on
measurements.
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scientists to study such degeneracy by uncovering the full space of data-compatible
parameters in the form of the posterior distribution (Fig. 3.1, right).

Despite these benefits of SBI, at the time of me starting my PhD, it was challenging
to use methods such as NPE in practice, for several reasons. First, active learning
methods, necessary for simulation-efficient SBI, can be unstable when applied
to real-world simulators. Second, many real-world measurements are not exactly
compatible with any parameter set, making the simulator misspecified and leading
to severe challenges for SBI [67]. Third, implementing SBI methods from scratch
can be challenging and time-consuming for domain scientists, thus limiting the
potential set of scientists who could benefit from these methods.

To overcome these limitations, we developed new methods for neural simulation-
based Bayesian inference and used them to study degeneracy in neuroscience. Our
advances improved the applicability, scalability, and robustness of SBI, and allowed
us to perform inference on a series of models, ranging from a small circuit in
the crab Cancer borealis, via a Hodgkin—-Huxley (single compartment) model, to a
biophysically detailed multi-compartment model of a layer 5 pyramidal neuron.
Using the posterior distribution over parameters of the pyloric network in the crab
Cancer borealis, we demonstrated that different parameter configurations which
have virtually indistinguishable network activity might not necessarily be equally
metabolically efficient.

In addition to these methods and applications of neural simulation-based Bayesian
inference, over the past five years, we developed and maintained the sbi software
toolbox. The sbi toolbox implements a range of popular algorithms for simulation-
based Bayesian inference (covering NPE, NLE, and NRE methods) as well as tools
for diagnosing the inference result and visualizing or analysing the posterior distri-
bution. Over the past five years, the sbi toolbox has become a popular toolkit for
scientists across many domains, and it has been used in fields ranging from particle
physics [18], genetics [68], and economics [69] to astrophysics [23, 25].
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3.1 ENERGY EFFICIENT NETWORK ACTIVITY FROM DISPARATE CIRCUIT PA-
RAMETERS

Our paper “Energy efficient network activity from disparate circuit parameters” was
published in the Proceedings of the National Academy of Sciences (PNAS) [32]. An
earlier version of this work was made available as a preprint [70].

Disparate energy consumption despite similar network activity

The pyloric network in the crab Cancer borealis controls muscles which in turn control
parts of its digestive tract [71]. The network activity of this circuit can be modeled
with three model neurons connected by seven inhibitory synapses (Fig. 3.2a). In
this model, each neuron contains a variety of ion channels, leading to a total of
31 parameters (eight parameters for each of the three neurons, seven synaptic
parameters).

The seminal results by Prinz, Bucher & Marder [13] demonstrated that, in a model
of the pyloric network in the crab Cancer borealis, different circuit configurations
could lead to remarkably similar network activity (Fig. 3.2b). In Gongalves et al.
[20], we had reproduced this finding with Neural Posterior Estimation (NPE): The
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FIGURE 3.2: Similar activity with different energy consumption. (a) Computational model
of the pyloric network consisting of three model neurons (AB/PD, LP, PY) and seven
synapses. (b) Two model configurations with similar circuit activity (traces from top to
bottom: AB/PD, LP, PY) despite different circuit parameters (parameter values not plotted).
Scale bars indicate 50 mV. (c) Consumed energy at each time point. Scale bar indicates 100
uJ/s. (d) Inferring the posterior distribution by combining a rejection classifier and a deep
neural density estimator. (e) Histogram over energy consumed by the circuit, divided by
the duration of the simulation. Trace with lowest energy consumes nine times less energy
than trace with highest energy. Figure adapted from Deistler, Macke & Gongalves [32].
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posterior marginals covered almost the entire prior space, thereby allowing for
large deviations of individual parameters. Upon inspecting posterior predictive
samples, we then made a surprising discovery: Although different parameters all
had similar activity patterns, the energy consumption of these solutions could be
largely different (Fig. 3.2¢) [72].

Given the observation that two circuit configurations could have disparate energy
consumption despite similar network activity, we quantified how large this disparity
in energy consumption could be. To this end, we aimed to generate a database
of parameter sets which have virtually identical network activity. Doing this is
challenging, even with powerful inference methods such as NPE: First, NPE requires
many simulations because a large fraction of prior samples does not generate
sensible network activity. Second, even if one managed to identify the true posterior
distribution, the resulting posterior predictive samples would not necessarily match
the observation due to stochasticity in the simulator, which could bias an analysis
of the range of energy consumptions. To overcome these limitations, we extended
NPE in two ways: First, we trained an additional classifier to constrain the prior
to regions that are more likely to generate good parameter sets (Fig. 3.2d). Second,
we post-hoc filtered 1M posterior predictive samples to be within an e-ball around
the observation'. By combining these two advances, we generated a database of
35k parameter sets, all of which closely matched experimental measurements. We
then computed the energy consumption induced by each of these parameter sets.
Despite their similarity in network activity, the parameter sets could differ by an
order of magnitude in their metabolic cost (Fig. 3.2e).

This observation raised several questions: How much degeneracy remains when
low energy consumption is enforced? Which parameter values are required to
achieve low energy consumption? How can low energy consumption be achieved on
a circuit level? How does low energy consumption trade-off with other requirements
such as robustness to changes in temperature?

Metabolic constraints on individual circuit parameter ranges

We studied how strongly parameter degeneracy would be constrained by enforcing
low energy consumption. Given that the energy consumption between all data-
matching parameter sets could vary by a factor of nine, one might speculate that
enforcing low energy consumption largely reduces degeneracy. However, by a
simple statistical argument, this is not expected: In a model with 31 parameters,
reducing the volume of the parameter space by a factor of 50 (by enforcing energy
consumption to be in the lowest 2 % quantile) is expected to reduce the degeneracy
of every individual parameters by only 12 % (1 — 0.021/31). We tested this hypothesis
in our model. Among our database of 35k data-matching parameters, we selected
the ones in the 2 % quantile of lowest (or highest) energy consumption (Fig. 3.3a).

This additional step requires 1M additional simulations. In addition, the accepted samples are no longer
samples from the exact posterior distribution (even if the NPE samples were exact posterior samples). To
highlight this, we call these samples “data-matching samples”, but avoid the term “posterior samples”.
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FIGURE 3.3: Metabolic constraints on individual circuit parameters. (a) Time-averaged
energy consumption of models that match experimental data. Orange area is to the energy
consumption in the lowest 2% quantile, red area in the top 98% quantile. (b) Standard
deviation of parameters for models with energy consumption in the lowest 2% quantile.
Standard deviation is normalized to the standard deviation of the parameters across all
35,939 models in our database. (c) Same as panel (b), but for a range of quantiles. Solid:
AB/PD, dotted: LP, dashed: PY. (d) Subset of the parameter values of the five most efficient
circuit configurations in our database. (e) Time-averaged energy consumption (as predicted
by linear regression) of several models that differ only in their maximal conductances of
Na and Kd in the AB/PD neuron. (f) We select the five most efficient parameter sets for
each neuron separately, and search with MCMC for synaptic conductances such that the
target circuit activity is achieved. Figure adapted from Deistler, Macke & Gongalves [32].

Despite this additional constraint, many parameters were degenerate and some
parameters could still vary by an order of magnitude. We quantified this degeneracy
by comparing the fraction of the posterior (marginal) standard deviation of all
parameters before and after constraining the configurations to be in the 2 % lowest
energy quantile (Fig. 3.3b). Sodium and transient and slow calcium maximal conduc-
tances were most strongly constrained by enforcing low energy consumption, but
significant degeneracy remained even for those conductances. We then constrained
the metabolic cost further but found that this impacted the remaining degeneracy
only weakly (Fig. 3.3¢). Indeed, even the five most efficient circuit configurations
in our database of 35k parameter sets still had largely disparate parameter values
(Fig. 3.3d).

Following this analysis, we studied minimal perturbations which could maximally
reduce energy consumption. By modifying just two parameters in a coordinated
fashion, energy consumption could be largely reduced (for some pairs of parameters
by up to 60 %, Fig. 3.3e). Finally, we studied whether neurons in the circuit could
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be tuned individually for low energy consumption. We used the most efficient
single neuron configurations in our database of 35k neurons and sampled synaptic
conductances with Markov-chain Monte—Carlo (MCMC), such that the resulting
circuit would match experimental activity (notably, thanks to the NPE posterior
being able to evaluate the posterior density, this did not require any additional
simulations, Fig. 3.3f). The resulting network configurations closely matched the
recorded network activity, but their energy consumption was more efficient than
that of any other configuration in our database of 35k neurons. This indicates that
neurons could tune their parameters independently to achieve minimal energy
consumption (only requiring to adjust synaptic conductances).

Robustness to temperature does not require an increased metabolic cost

In addition to functional circuit activity, the crab Cancer borealis also requires its
nervous system to be robust to fluctuations in temperature to survive [74—77]. The
water temperature in which crabs live can vary largely—which in turn changes the
biochemical properties of its nervous system. We wondered whether we could find
circuit configurations which match experimentally measured network activity, are
robust to changes in temperature, and are metabolically cheap.

To study this, we further constrained the posterior distribution of NPE by addi-
tional recordings of the network activity at a higher temperature (Fig. 3.4a,b) [73].
The resulting parameter sets matched experimentally observed network activity at
11 °C and at 27 °C (Fig. 3.4c). We then studied the energy consumption of the result-
ing parameter sets. We found that energy consumption at 27 °C was correlated to
the energy consumption at 11 °C, but did not yet determine the energy consumption
uniquely, suggesting that different configurations could be more or less desirable
at different temperatures (Fig. 3.4d). However, even when constraining circuit con-
figurations to match data at 11 °C and at 27°C, and to have energy consumption
in the lowest 2 % quantile at both temperatures, the circuit parameters exhibited
significant parameter degeneracy (Fig. 3.4e). Lastly, we studied a potential trade-off
between temperature robustness and energy consumption. We computed the energy
consumption of the posterior given recordings at 11 °C and 277 °C and compared it
to the energy consumption of the posterior given recordings at 11 °C. Remarkably,
the distributions were similar, or (for some experimental recordings) even showed a
shift towards more energy-efficient parameters when temperature robustness was
required (Fig. 3.4f). Overall, these results indicate that temperature robustness does
not preclude energy efficiency.

Discussion

We extended and used NPE to identify data-matching parameters of a simulator of
the pyloric network in the crab Cancer borealis. By studying the posterior distribution,
we demonstrated that disparate parameter configurations could be metabolically



3.1 ENERGY EFFICIENT NETWORK ACTIVITY FROM DISPARATE CIRCUIT PARAMETERS

Q@ Experimental recording at 11°C Posterior 11°C Posterior 11°C & 27°C C  Posterior sample at 11°C

e eaeaWA\ ' |- |~ EUAL" [ | R
ey LI\EEC B Ay e

AB-Na

- N S
i i ° LP-CaS___ Posterior sample at 27°C

Experimental recording at 27°C LP-CaS
| |
N W U U W
PY-A . PY-A .
—t—t—t—t o HEN 0 WY WY WY W
maaSss Quces wes BB B LEE
d e AB/PDI LPI PYI f  —Fitedat11°c
o “ g — Fitted at 11°C & robust at 27°C
i 20 DY 5 — Fitted at 11°C & fitted at 27°C
I . = _
o P 2 €
5 10 . e c g
04 T r ) Sk r T T
0 10 20 g 5 % < 8 S § 0 10 20 30
E at 11 °C (uJ/s) o o X = Energy at 11°C (uJ/s)

FIGURE 3.4: Temperature robustness does not preclude energy efficiency. (a) Top: Experi-
mental data at 11 °C. Bottom: Experimental data at 27 °C [73]. (b) Left: Posterior distribution
given experimental data at 11 °C. Right: Posterior given experimental data at 11 °C and
27°C. (c) Simulations for a parameter set drawn from the posterior distribution matching
experimental data at 11 °C and 27 °C. Simulations at 11 °C (top) and 277 °C (bottom). (d)
Energy consumption at 11 °C versus 27 °C (time averaged) for 967 circuits sampled from the
posterior (in (b) right). In grey, the identity line. (e) Standard deviation of parameters for
models that match experimental data at 11 °C and 27 °C and that have energy consumption
in the lowest 2% quantile at 11 °C and 27 °C. Standard deviation is normalized to the
standard deviation of the parameters across all 35,939 models in our database. (f) Green:
Distribution of the energy consumption of circuits matching experimental data at 11 °C.
Purple: Distribution of the energy consumption of circuits that match data at 11 °C and
are robust at 27 °C. Pink: Distribution of the energy consumption of circuits that match
experimental data at 11 °C and 27 °C. Figure adapted from Deistler, Macke & Gongalves

[32].

cheap and robust to fluctuations in temperature. This allows disparate solutions
to exist in nature, which has been argued to be crucial for natural selection and
robustness [55].

In hindsight, this study—following up on our analyses in Gongalves et al. [20]—
formed one of the first demonstrations that Neural Posterior Estimation (NPE) could
be used to gain scientific insight into neuroscience models. All analyses above were
enabled by the property of NPE (and Bayesian inference in general) to return the full
space of parameters that are compatible with data, thereby allowing us to study the
full range of energy consumptions of data-compatible models. This property of NPE
distinguishes it from other parameter fitting methods such as maximum-likelihood
estimation or genetic algorithms: These methods typically return just a single—or
few—data-matching parameter sets. Since the initial publication of this manuscript,
several neuroscience studies have used NPE to infer the parameter posterior, which
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has enabled neuroscientists to gain new insights into plasticity rules [78, 79], genetics
[40], animal vision [80], neural connectivity patterns [81], or brain waves [38, 82].
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3.2 TRUNCATED PROPOSALS FOR SCALABLE AND HASSLE-FREE SIMULATION-
BASED BAYESIAN INFERENCE

Our paper “Truncated proposals for scalable and hassle-free simulation-based
inference” was presented at the 36th Conference on Neural Information Processing
Systems (NeurlIPS) and was published in the conference proceedings [33]. An earlier
version of this work was made available as a preprint [83].

Real-world applicability issues of previous active learning methods

In order to infer the posterior distribution, Neural Posterior Estimation (NPE) draws
parameters from the prior. This has the advantage that the resulting posterior
distribution is amortized (i.e., can be evaluated for any observation «,), but it comes
at the cost of requiring a large number of simulations [84]. For example, in Deistler,
Macke & Gongalves [32], we had applied NPE to a simulator of the pyloric network
in the crab Cancer borealis. Successfully inferring the posterior distribution came at a
large computational cost: 9 million simulations of 3 seconds each, corresponding to
7,500 CPU hours (which is about ten CPU months). To remedy this cost, we had also
evaluated sequential NPE (SNPE). These methods employ active learning to reduce
the number of required simulations. However, by adaptively sampling parameters,
SNPE methods have to modify the loss function or perform post-hoc correction
steps. These modifications led all existing methods for SNPE to fail: SNPE-A [58]
led to non-positive definite covariance matrices, SNPE-B had poor performance
(likely due to high variance of the loss function) [62], and SNPE-C placed a large
fraction of mass outside of the prior bounds [63]. To overcome these limitations,
we developed a new algorithm for SNPE, which we called Truncated Sequential
Neural Posterior Estimation (TSNPE). Using TSNPE, we were able to successfully
infer the posterior of the pyloric network with only 390k simulations, more then an
order of magnitude less then previous NPE methods. In addition, we used TSNPE
to perform inference in a biophysically detailed model of a layer 5 pyramidal cell,
which had been inaccessible to previous methods.

TSNPE enables active learning and maximum likelihood training

TSNPE rests on a simple observation: The posterior will be the same for all prior
distributions which are proportional to each other at least on the support of the posterior.
This implies that, if the support of the posterior distribution is smaller than the
support of the prior, one will obtain the same posterior for a prior which places
zero mass outside of the posterior support.

Inspired by previous results by Blum & Francois [85], we aimed to use this
observation for improving active learning for NPE. Assume, for now, that we know
the support of the posterior. Then, instead of drawing parameters from the prior (as
is done by NPE), we could train NPE on parameters drawn from a truncated prior
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FIGURE 3.5: Truncated Sequential Neural Posterior Estimation (TSNPE). The method
starts by sampling from the prior, running the simulator, and training a neural density
estimator with maximum-likelihood to approximate the posterior. In subsequent rounds,
parameters are sampled from the prior, but rejected if they lie outside of the support of the
approximate posterior. With these proposals, the neural density estimator can be trained
with maximume-likelihood in all rounds. Figure copied from Deistler, Goncalves & Macke

[33]-

[86], which is proportional to the prior on the support of the posterior and zero
everywhere else. Training the NPE network on these simulations with maximum
likelihood would converge to the same posterior distribution as training the neural
density estimator on simulations generated from prior samples? (Fig. 3.5). However,
because parameters are drawn from a truncated prior, the simulation results will
typically be much closer to the observation x,, which we expected would improve
simulation efficiency.

As such, we are left with one central challenge: To estimate the support of the
posterior distribution. We achieve this by first using NPE to provide an approximate
posterior distribution, and then use its 1-€ highest-probability region (HPR,, we
used values for € around 10~%) as proxy for the posterior support. Since NPE is
trained with a maximum-likelihood loss, its posterior estimate is expected to be
mode-covering, and thus we expected to obtain an HPR, that is at least as broad
as the HPR, of the true posterior. We note that, while using € > 0 systematically
neglects a part of the posterior support, we will show empirically that this error
is by far outweighed by other factors (e.g., suboptimal convergence of the neural
network).

To summarize, TSNPE proceeds as follows: We first sample from the prior, run
simulations, train the NPE network, and infer the posterior given an observation
x,. We then use its HPR. as approximate posterior support. We draw samples from
the prior, reject those which were outside of the approximate posterior support, run
simulations, and retrain the NPE network. We perform this procedure over multiple
rounds (Fig. 3.5).

2 Note that this only holds for the observation within whose posterior support the parameters are drawn.
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FIGURE 3.6: Diagnostic tool. (a) Parameter 6* (green) lies within the 1-a confidence region
(gray) of the estimated posterior. (b) log(p(6*|x)) is above the 1-a quantile of posterior
samples. (c) 1-a versus empirical coverage, averaged over 0*. Figure copied from Deistler,
Goncalves & Macke [33].

A scalable diagnostic tool that evaluates expected coverage

The success of TSNPE rests on the assumption that the approximate posterior will
cover the support (or at least the HPR;) of the true posterior. To diagnose potential
issues in this, we suggested a sample-based method to estimate the expected
coverage of TSNPE. This diagnostic tool uses the ability of NPE methods to sample
and evaluate the approximate posterior. We showed that these two properties can be
used to efficiently estimate expected coverage of the approximate posterior (Fig. 3.6),
which can be used to diagnose whether the approximate posterior is underconfident
or overconfident [86—91]. In the latter case, TSNPE might reject relevant parameter
regions and requires measures to improve coverage, such as using neural network
ensembles for training [92].

While we developed this diagnostic method for TSNPE, it is applicable to any
method which returns an approximate posterior estimate whose log-probability
can be evaluated up to a normalization constant. Because of this, the tool is also
applicable to NPE, NLE, and NRE.

TSNPE enables efficient and hassle-free inference on real-world tasks

We evaluated TSNPE on a series of benchmark tasks [84]. We were particularly
interested in two things: First, whether TSNPE would match the simulation efficiency
of other SNPE methods and second, whether, empirically, the approximate posterior
HPR. would cover the true posterior support.

Across six benchmark simulators, TSNPE was approximately equally simulation
efficient as SNPE (being more efficient on some tasks and less efficient on others,
Fig. 3.7, left), and both algorithms were significantly more efficient than amortized
NPE. For all tasks, the approximate posterior HPR. was narrower than the prior,
sometimes by several orders of magnitudes (Fig. 3.7, middle). In addition, for most
tasks, and in particular for larger simulation budgets, the approximate posterior
HPR. included all ground truth posterior samples. In some cases, the TSNPE
posterior did not cover a large fraction of ground truth posterior samples. In these
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FIGURE 3.7: Performance on benchmark tasks. Left three columns: Classifier two-sample
test accuracy (C2ST) of NPE (left), APT (middle), and TSNPE (right) for three simulation
budgets. Forth column: Fraction of prior samples within the approximate-posterior HPR,
in each round for each simulation budget. Fifth column: Fraction of true-posterior samples
within the approximate-posterior HPR. TSNPE with e = 10~* and rejection sampling
from truncated proposal. Three additional benchmark tasks in Deistler, Goncalves & Macke
[33]. Figure adapted from Deistler, Goncalves & Macke [33].

cases, however, all methods (NPE, SNPE, and TSNPE) had poor performance,
suggesting that these tasks require a significantly larger simulation budget.

Having demonstrated that TSNPE matches the accuracy of state-of-the-art meth-
ods on benchmark tasks, we turned to the original motivation for developing TSNPE:
To enable inference in real-world simulators with many parameters, on which cur-
rent SNPE methods fail. To demonstrate that TSNPE enables posterior inference in
these models, we applied it to two simulators: The pyloric network simulator from
the crab Cancer borealis and a biophysically detailed multi-compartment model of a
layer 5 pyramidal neuron.

For the pyloric network simulator, we applied TSNPE across 13 rounds. TSNPE
successfully identified the posterior distribution given an experimental recording
from this circuit (Fig. 3.8a) [73] with 390k simulations—4o0 times fewer than NPE
(Fig. 3.8b) [20]. Previous SNPE methods failed on this task.

We then applied TSNPE to a simulator of the voltage response of a layer 5
pyramidal cell (Fig. 3.8¢) [12, 93, 94]. We had attempted to infer the posterior for this
simulator several times in the years before we developed TSNPE, but had never been
successful: Amortized methods were not sufficiently simulation-efficient to converge
in reasonable time and sequential methods failed due to the above-described issues.
In contrast, TSNPE successfully inferred the posterior distribution within six rounds
of simulations. The resulting posterior samples closely matched the observed voltage
traces (Fig. 3.8b, additional samples in Appendix of Deistler, Goncalves & Macke

[33D)-
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FIGURE 3.8: Bayesian inference for two neuroscience simulators. (a) Experimental record-
ing from the pyloric network of the crab Cancer borealis [73]. Arrows indicate summary
statistics. (b) TSNPE posterior predictive sample matches summary statistics of the experi-
mental data. (c) Cell morphology of a layer 5 pyramidal cell. (d) Top: Synthetic observed
voltage traces given three sets of stimuli. Bottom: Posterior predictive sample obtained
with TSNPE. Figure modified from Deistler, Goncalves & Macke [33].

Discussion

The development of TSNPE was driven by unsatisfactory results of previous meth-
ods when employed on real-world tasks. On such tasks, these methods did not
just perform poorly, but they failed catastrophically—forcing us to fall back on
amortized neural posterior estimation without any active learning strategy, at the
cost of requiring millions of simulations.

With TSNPE, we aimed to develop a method that is not necessarily more efficient
than previous methods—indeed, our benchmark results showed that TSNPE does
not outperform previous SNPE methods in terms of simulation efficiency. Instead,
we aimed to build a method that is easy to run, reliable, and hassle-free. The
ability of TSNPE to perform active learning while allowing to train with maximum
likelihood provides these features, and our results on performing inference on two
neuroscience examples demonstrate that TSNPE performs well on real-world tasks.

Since its publication in November 2022, TSNPE has been adopted to perform
inference in several domains, ranging from astrophysics [95—97] and computational
biology [19] to simulators of developmental EEG maturation [98]. In addition, the
presented diagnostic tool has been used to diagnose potential mis-calibration in
models from cosmology [99] and neuromorphic computing [100].
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3.3 GENERALIZED BAYESIAN INFERENCE FOR SCIENTIFIC SIMULATORS VIA
AMORTIZED COST ESTIMATION

Our paper “Generalized Bayesian Inference for Scientific Simulators via Amortized
Cost Estimation” was presented at the 37th Conference on Neural Information
Processing Systems (NeurIPS) and was published in the conference proceedings
[101]. An earlier version of this work was made available as a preprint [102].

The limited flexibility of “standard” Bayesian inference

In Deistler, Macke & Gongalves [32] we demonstrated how we used NPE to generate
a database of parameter sets which match experimental recordings. In order to
not bias any analyses of metabolic cost, we performed a post-hoc filtering step
in which we rejected parameter sets whose simulation result was outside of an
e-ball around the observation. Because of this post-hoc filtering step, however, the
database of parameter configurations no longer contained samples from the true
posterior distribution. This made us wonder: Is it always desirable to obtain the
Bayesian posterior distribution? Or do different studies, for example of degeneracy,
require different targets for inference?

The starting point of our paper on “Generalized Bayesian inference for Scientific
Simulators via Amortized Cost Estimation” was that we were not satisfied with
the flexibility of Bayesian inference for studying degeneracy in neuroscience. Fol-
lowing our insights on the limitations of Bayesian inference for studying energy
consumption, we quickly identified other cases in which exact Bayesian inference
is not desirable. For example, if the simulator is misspecified (i.e., for no set of pa-
rameters can the simulator match the observation exactly) [103], then the evidence
p(z,) is zero, preventing the application of Bayesian inference. In these scenarios, it
could still be desirable to have an algorithm which returns parameter sets whose
predictive samples are close to the observation. Another example is the property of
the posterior distribution to exclude parameters which can be close to the data, but
never match it exactly. For an analysis of degeneracy, one might well be interested
in including these parameter sets.

Generalized Bayesian inference [104] refers to a set of methods which improve the
flexibility and applicability of Bayesian inference. Generalized Bayesian inference
aims to identify the generalized posterior distribution

p(0lx,) < exp(B - £(0;x,))p(8), (3.1)

with cost function ¢(6;x,) and hyperparameter B. If the cost function ¢(6;x,)
is chosen to be the log-likelihood function and § = 1, then generalized Bayesian
inference falls back on standard Bayesian inference. For other cost functions, however,
it can flexibly incorporate any desiderata about the inference result into the inference
process.
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Performing generalized Bayesian inference for simulation-based models is chal-
lenging. To see this, consider a cost function of the form

£6;20) = Byiajo)d(@,20)] = | d(w,20)p(]6) de. (52)
Estimating the cost requires to run multiple forward simulations to approximate
the expectation with a Monte—Carlo average. This is computationally expensive
for expensive simulators, but it can also be inaccurate if too few Monte—Carlo
simulations are used. To overcome these limitations, we developed a new method
based on neural networks [34].

Amortized cost estimation for generalized Bayesian inference

To use neural networks for generalized Bayesian inference, we restricted ourselves
to cost functions of the form:

£6;20) = Byiojo)[d(@,20)] = | dlw,20)p((6) do. (3:3)
Many popular cost functions can be written in this way: Mean squared error [104],
mean absolute error, or maximum mean discrepancy (MMD) [105]. Our core insight
is that we can learn to regress onto such cost functions by leveraging the property of
neural network regression (trained with mean squared error) to converge onto the
conditional expectation. After training, the neural network can be used to predict the
cost of any given parameter set 8, and can thus be plugged into (doubly-intractable)
MCMC schemes to generate samples from the generalized posterior.

Our algorithm proceeds as follows: We generate a simulated database of param-
eters @ and simulation results x, compute the distance from simulation results to
the observation d(z, x,), and then train a neural network to predict this distance
given the simulated parameters. In Gao, Deistler & Macke [34], we proved that a
mean-squared error loss function (for an infinitely large dataset) is minimized if
and only if the neural network predicts the true cost £(0; x,) for all parameters 0.
On top of this algorithm, we also developed an amortized version which addition-
ally conditions the neural network on the observation x,. We termed this method
“Amortized Cost Estimation” (ACE).

Hodgkin—Huxley inference from Allen Cell Types Database recordings

We first applied ACE to a set of benchmark tasks. Across a broad range of cost
functions, simulators, and observations, ACE could recover data-matching param-
eter sets. We then evaluated ACE on misspecified observations and found that it
identified parameter samples that were significantly closer to the observation than
state-of-the-art simulation-based Bayesian inference methods.

Next, we aimed to apply ACE to infer parameters of a Hodgkin—-Huxley model
given intracellular recordings from the Allen Cell Types Database (Fig. 3.9a) [106—
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FIGURE 3.9: Application of ACE to Allen data. (a) Three observations from the Allen
Cell Types Database. (b) True cost (evaluated as Monte-Carlo average over 10 simulations)
per 8 vs ACE-predicted cost. Colors are different observations. (c) Marginals of posterior
distributions for NPE (orange) and ACE (shades of blue. Light blue: § = 25, medium blue:
B = 50, dark blue: B = 100). (d) Top: Two GBI predictive samples for each observation.
Bottom: Two NPE predictive samples. Additional samples in Gao, Deistler & Macke [101].
(e) Average predictive distance to observation for NPE and ACE with g = {25,50,100}.
Figure copied from Gao, Deistler & Macke [34].

108]. Previous results had inferred such parameters with a computationally expen-
sive active learning scheme which was not amortized, therefore requiring to re-run
inference for every datapoint [20]. We surmised that the failure of neural posterior
estimation (NPE) to infer the posterior distribution was due to the simulator being,
to some degree, misspecified. Based on our results on benchmark tasks, we expected
that ACE would excel at this task. Indeed, we found that ACE could estimate the
cost well (Fig. 3.9b), and that the predictive samples given the generalized posterior
were significantly closer to the observation than samples from the NPE posterior
(Fig. 3.9¢,d). ACE was also significantly more simulation-efficient than previous
attempts at inferring the posterior distribution of this simulator [20].

Finally, we studied the degeneracy of the generalized posterior. We found that,
although ACE posterior predictives were much closer to the observation than
NPE posterior predictives, the marginal distribution of the ACE posterior still
exhibited a large amount of degeneracy (Fig. 3.9e). This suggests that the finding of
degeneracy in biophysical, Hodgkin-Huxley-type models is not merely an artifact
of the inference procedure (and the potential limitations of Bayesian inference), but
that this finding is robust to inference targets.

Discussion

Bayesian inference is a powerful method to infer the space of data-compatible
parameters, thereby allowing neuroscientists to study degeneracy. In cases where
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the model is not an exact representation of reality, Bayesian inference can be overly
restrictive: It excludes parameter sets that cannot exactly match the data and it is
ill-defined for misspecified models. Here, we proposed to use generalized Bayesian
inference to suitably adjust the inference target.

One of the benefits of generalized Bayesian inference is that it can be more robust
to misspecified observations. Over the past years, misspecification has become a
popular research topic in simulation-based Bayesian inference [67, 109-112]. Many
of these papers extend the generative model—the simulator—with additional noise
models to provide the simulator with more flexibility and to allow it to fit larger
classes of observations. Here, we took a different approach: Instead of modifying
the simulation, we directly modified the target of inference.

Overall, I believe that considering the sensibility of the inference target (or the
generative model, including its noise model) is essential to reliable inference. I hope
that our work on generalized Bayesian inference contributes to a robust, reliable,
and responsible use of inference techniques for scientific models.
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3.4 sbi: A TOOLKIT FOR SIMULATION-BASED BAYESIAN INFERENCE

The initial software paper “sbi: A toolkit for simulation-based inference” was
published in the Journal of Open Source Software (JOSS) [35] and an earlier version
of the software paper was made available as a preprint [113]. An updated version
of the software paper, “sbi reloaded: A toolkit for simulation-based inference
workflows”, which reflects the state of the toolbox as of November 2024, is available
as a preprint [36] and is currently under review at a journal. The sbi toolbox is
openly available on Github: https://github.com/sbi-dev/sbi.

Statement of need

We realized early on that neural simulation-based Bayesian inference had great
potential for applications to scientific simulators across many domains. However,
re-implementing these methods could be challenging for domain scientists. In early
2020, we developed the sbi toolkit, which openly implements several methods for
simulation-based Bayesian inference. The toolbox quickly gained many users, and
we have been actively maintaining the toolbox for almost five years now.

Features of the sbi toolbox

Simulator & prior I Method classes l I Neural networks | Training | | Sampling I I Diagnostics l I Analysis
e Use pre-simulated e Neural Posterior e (Continuous) * Preconfigured * MCMC (with o Simulation-based e Marginal plot
data or... Estimation (NPE) Normalizing flows  training loop with parallel chains calibration (SBC) « Conditional plot
e ...use tilities for e Neural Likelihood e Score-matching good defaults or...  across data) « Expected i .
parallel simulation  Estimation (NLE) . o ...complete access e Variational coverage * Sensitivity analysis
- ) * Flow-matching to the training loop  inference
* Combine ¢ Neural Ratio for full flexibilit e Local C2ST
independent priors  Estimation (NRE) ~® Pre-configured or  for full flexibility  Importance
) K customizable sampling & SIR * TARP
*Build truncated ~ ® Amortized and embedding -
priors sequential versions  networks ¢ Rejection
of all algorithms sampling

FIGURE 3.10: Features of the sbi package. The sbi package contains a wide range of
algorithms, neural networks, sampling methods, and diagnostics. For every step of the
inference process, it provides strong default values, but it also allows the user to have full
flexibility if desired. Figure copied from Boelts and Deistler et al. [36].

The sbi toolbox implements three classes of neural simulation-based Bayesian
inference methods: Neural Posterior Estimation (NPE), Neural Likelihood Esti-
mation (NLE), and Neural Ratio Estimation (NRE). For all of these methods, sbi
supports an amortized mode which allows inferring the posterior distribution for any
observation x,, as well as a sequential mode which uses active learning to improve
simulation efficiency. The sbi toolkit aims to provide strong default values for any
step of the inference process, while also enabling full flexibility where desired.

Since its initial release, sbi has grown into one of the main toolkits for neural
simulation-based Bayesian inference methods. Thanks to our continued efforts, as
well as contributions by 63 scientists and engineers, the toolbox now implements
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numerous methods, diagnostics, and analysis tools. To give a few examples: While
early versions of sbi required passing a Python-compatible simulator, the current
version of sbi provides full flexibility for offline simulations, and (optionally) also
grants full flexibility over the training loop. While early versions had only a limited
number of density estimators and no pre-configured embedding networks, the
newest version has a large range of density estimators and pre-built embedding
networks. While early versions could perform inference only for a single datapoint,
sbi can now perform inference for arbitrary ii.d.-sampled datapoints. While early
versions of the toolbox only implemented MCMC sampling for NLE and NRE, the
current version implements MCMC, variational inference [47], rejection sampling,
and importance sampling. While the first version of sbi only implemented a limited
set of neural networks, the sbi toolbox now also implements flow-matching and
score-matching methods. While the first version implemented no diagnostics, it now
implements simulation-based calibration [87, 88], expected coverage [33, 114], local
C2ST [115], and TARP [116]. Overall, the sbi toolbox now allows scientists to run
full Bayesian workflows for simulation-based models.

Discussion

The sbi toolbox has been used in dozens of applications in the sciences [19, 24,
25, 32, 38, 40, 69, 78-82, 117-123] and is used extensively by the machine learning
research community [33, 34, 42, 45, 92, 115, 124-130]. I am particularly proud of
the community that has grown around the toolbox. I hope to stay part of this
community for years to come and I hope that the sbi toolbox will continue to enable
domain scientists to apply neural SBI methods to gain insights into the mechanisms
underlying experimental observations.
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DIFFERENTIABLE SIMULATION FOR BIOPHYSICAL MODELS
IN NEUROSCIENCE

Neural simulation-based Bayesian inference (SBI) methods are powerful tools for
inferring parameters of simulators. However, they are typically limited to at most a
few dozen parameters. In addition, SBI methods can struggle when the data is made
up of several protocols, each corresponding to the response to a different input to
the simulation. In that case, SBI methods like Neural Posterior Estimation (NPE)
would require running the simulator as many times as there are protocols in order
to generate a single training datapoint for the neural network. As NPE requires at
least 1000 training datapoints to perform well [84], this becomes infeasible even for
moderate numbers of protocols and moderately expensive simulators.

Contrary to these methods, gradient descent—the workhorse underlying the
success of deep learning—excels at scaling to millions (or even billions) of parame-
ters and at scaling to very large datasets of inputs and labels (such as stimuli and
responses across many protocols). Despite this potential, at the time of starting
my PhD, there was no biophysics simulator which allowed to compute gradients
with automatic differentiation. This limited any investigation of how efficient and
scalable gradient descent could be, how prone it is to local minima or overfitting, or
what good loss functions or optimizers for biophysical models would look like [43].

To overcome these limitations, we built a differentiable biophysics simulator,
JaxLEY. Below, we describe our experiments that show the efficiency of JAXLEY and
its potential to train large-scale biophysical models with thousands of parameters.
We then describe our openly available software toolbox which made these results
possible and which allows domain scientists to infer parameters with gradient
descent.

\ i Simulate — data

\/ — sim.
b Jaxle error
) P anid ~

>—@~ ~ " Backprop
1

FIGURE 4.1: Differentiable simulation enables gradient descent. Left: We built JaxLEy,
a new simulator for differentiable neuroscience. JAXLEY allows to accurately simulate
biophysical models, and it uses automatic differentiation to compute the gradient with
backpropagation of error. Right: By making gradients available, JAXLEY opens up possibili-
ties to optimize biophysical models with gradient descent on a loss function (contours).
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DIFFERENTIABLE SIMULATION FOR BIOPHYSICAL MODELS IN NEUROSCIENCE

4.1 DIFFERENTIABLE SIMULATION ENABLES LARGE-SCALE TRAINING OF DE-
TAILED BIOPHYSICAL MODELS OF NEURAL DYNAMICS

Our paper “Differentiable simulation enables large-scale training of detailed bio-
physical models of neural dynamics” is made available as a preprint [37] and is
currently under peer-review at a journal.

JaxLey: A differentiable and GPU-compatible neuron simulator

In order to study whether gradient descent could be used to improve parameter
inference in biophysical models, we built a differentiable neuroscience simulator
in JAX [132]. This simulator, which we named JaxLey (JAX & [Hodgkin-Hux]ley)*,
can be used to simulate biophysically detailed neuron models and to compute the
gradient with respect to parameters with automatic differentiation. For accurate
simulation of such systems, JAXLEY clones the differential equation solver of the
NEURON package into JAX?. Across a range of neuron morphologies and stimuli [131,
133], the solver of JaAXLEY closely matched the voltage traces of the NEURON toolkit
(Fig. 4.2a). However, thanks to being fully implemented in JAX, JAXLEY enables
native GPU-parallelization [134-136], which can speed up simulation by more than

The name for the package came up in discussions with Auguste Schulz, Janne Lappalainen, and Richard
Gao.

The exact solver is not spelled out in detail in a single resource. We heavily relied on the NEURON book
and forum to reverse engineer the formula underlying the solver.
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FIGURE 4.2: Differentiable simulation enables training biophysical neuron models. (a)
Benchmarking JAxLEY. Simulated voltage traces at three locations, based on a reconstruction
of a CA1 neuron [131] in response to a step current obtained with the NEURON simulator
and with JAXLEY. Inset is a zoom-in to the peak of the action potential. Scalebars: 3 ms
and 3omV. (b) Left: Time to run 10k simulations with NEuroN on CPU and with JAXLEY
on GPU. Right: Simulation time (top) for the CA1 neuron shown in panel a and for a
point neuron, as a function of number of simulations. Bottom: Same as top, for computing
the gradient with backprop. (c) JAXLEY scales to large networks. JAXLEY can simulate and
differentiate through a biophysically detailed network built from reconstructions of CA1
neurons (left, network consists of 2,000 neurons and 1M synapses) in response to step
currents to the first layer (voltage responses to the right). Runtimes were evaluated on an
A100 GPU. Figure adapted from Deistler et al. [37].
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two orders of magnitude for large networks or parameter sweeps (Fig. 4.2b, left). In
addition, thanks to the ability of JAX to just-in-time compile code, JAXLEY is as fast
as NEURON on CPU, and can also speed up simulations of simpler point-neuron
models (Fig. 4.2b, right). Finally, JAXLEY can parallelize across cells, branches, and
compartments within a network, allowing to scale to networks of thousands of
biophysically detailed neurons and millions of synapses (Fig. 4.2c). In order to
compute the gradient with backpropagation in such large-scale models, JAXLEY
implements multi-level checkpointing [137], thereby allowing JAXLEY to compute
the gradient in simulations whose computation graph is multiple terabytes—on a
single GPU.

JAXLEY can fit biophysical single-neuron models to experimental recordings

Our main drive to implement JAXLEY was to obtain gradients with respect to
parameters with backpropagation of error [138]. We used this ability on a series of
tasks, ranging from fitting single-neuron models to electrophysiology recordings
to training networks of biophysically detailed neurons to solve computer vision
tasks. We started with a set of single-neuron modeling tasks. First, we trained
single neuron models to fit electrophysiology data [12, 139-141]. We trained 19
parameters of a single neuron model to match synthetic recordings and found
that gradient descent is more simulation-efficient than a state-of-the-art genetic
algorithm that was specifically designed to excel at this task (Fig. 4.3a,b,c). Taking
into account the additional cost of computing the gradient with backpropagation,
gradient descent had similar runtimes as the genetic algorithm on CPU. We then
used this methodology to fit several simulations to match electrophysiology traces
from the Allen Cell Types Database (Fig. 4.3d). Again, gradient descent found
data-matching parameter configurations and had a similar runtime as a genetic
algorithm. Overall, these results indicate that, even on models with relatively few
parameters (and which can be efficiently optimized with gradient-free approaches),
gradient descent is a viable alternative.

We then turned to models with significantly more parameters, expecting that
the ability to evaluate gradients would be particularly useful in such models. We
generated synthetic recordings from every branch of a layer 5 pyramidal cell (which
could, in principle, be obtained experimentally with voltage imaging [142]) and
fitted a single neuron model to these data. Unlike in the previous results, we fitted
the conductance of every branch individually (and regularized the model to have
similar conductance values in nearby branches [51, 143]), leading to more than
1,000 free parameters [144]. Despite this large parameter space, gradient descent
quickly found data-matching solutions (Fig. 4.3g). In particular, while gradient
descent solved this task within few gradient update steps, genetic algorithms failed
to identify any solution with low loss (Fig. 4.3h). Overall, these results showed that
gradient descent could be competitive with genetic algorithms on tasks on which
these methods excel—and that gradient descent scales to simulations with many
more parameters.
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FIGURE 4.3: Inferring single-neuron models with gradient descent. Task 1 (a) We optimize
19 parameters of a biophysical neuron model which is based on the morphology of a layer
5 pyramidal cell (L5PC) morphology. (b) Top: Synthetic somatic voltage recording (black)
and windows that are used to compute summary statistics (top). Bottom: Fits obtained
with gradient descent. Best fit in dark blue, fits from five best independent runs in light
blue. Scalebars: 20ms and 30mV. (c) Left: Loss value of individual gradient descent runs
(light blue), their minimum (dark blue), in comparison to the minimum loss across ten
genetic algorithm runs (black). Right: Average number of simulations and runtime required
to find a set of parameters with loss smaller than 0.55 with random sampling, genetic
algorithm, and gradient descent. (d) We also fit morphologically detailed models to patch-
clamp recordings (black) in response to step currents from the Allen Cell Types Database.
Gradient descent fit in blue. Additional models in Deistler et al. [37]. Scalebars: 200 ms
and 3o0mV. Task 2 (e) We optimize conductance profiles of the same L5PC morphology,
leading to 1390 parameters. Synthetic ground-truth conductance profiles vary as a function
of distance to the soma. (f) Simulated voltages given the synthetic conductance profile after
1.5, 2.5, and 3.5ms. (g) Predicted voltages of gradient descent fit closely match synthetic
observation. (h) Loss as a function of the number of iterations for gradient descent and
genetic algorithm. Figure adapted from Deistler et al. [37].

JAXLEY can fit network models to large-scale calcium recordings

Having demonstrated the ability of JAXLEY to fit single-cell models, we next turned to
network models. We developed a hybrid model of the calcium response of dendrites
of retinal ganglion cells (RGCs). We modeled photoreceptors as linear filters, bipolar
cells as single neurons with nonlinearities [145], and RGCs at full morphological
detail with a variety of ion channels (Fig. 4.4a) [146]. We trained this model to predict
dendritic calcium activity given a large dataset of random noise stimuli (Fig. 4.4b)
[147]. After training, the simulated calcium response was positively correlated with
the experimentally measured calcium activity on a held-out test set (Fig. 4.4¢). In
addition, the hybrid model exhibited compartmentalized responses to localized
stimulation (Fig. 4.4d), a feature also inferred from recordings from RGCs [147]. We
further investigated this behavior by computing the receptive fields of individual
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FIGURE 4.4: Hybrid model of the calcium responses of a retinal ganglion cell. (a) Schematic
of experimental setup and hybrid model. (b) Schematic of training procedure and loss
function. (c) Measured and model-predicted calcium response across 50 noise images
(200ms each). (d) Left: Calcium response (colormap) of the trained hybrid model to a
step-current to a single branch indicated by step current sketch. Right: Voltage activity of
the model at two branches, one at the stimulus site and one at a distant branch. Scalebars:
50ms, 30mV. (e) Receptive fields of the hybrid model obtained in response to 1024 noise
stimuli. (f) Pearson correlation coefficient between experimental data and model for train
(top) and test (bottom) data, for a linear network, a multi-layer perceptron, and the hybrid
model. Error bars show standard-error of mean over seven datasets (see Methods). Asterisk
denotes statistically significant difference between mean correlations of hybrid model and
MLP (one-sided t-test at p<o.05). Figure adapted from Deistler et al. [37].

branches and found that, matching experimental recordings, they did not cover
the entire cell (Fig. 4.4e). Finally, we evaluated whether the hybrid model could
provide an inductive bias that avoids overfitting. We trained reduced models on a
smaller dataset and compared the performance of our hybrid model to a multi-layer
perceptron (MLP) trained on the same datasets. While the MLP outperformed the
hybrid model on large datasets, the hybrid model indeed significantly outperformed
the MLP on a held-out test set for small datasets (Fig. 4.4f). This demonstrates that
biophysical models provide an inductive bias which could be used, for example, as
a regularizer to black-box neural network models [148-150].

JAXLEY can train biophysical neuron models on computational tasks

The tasks above demonstrate that JAXLEY is a powerful tool to fit biophysical models
to experimental recordings of voltage or calcium. We investigated whether the ability
of JAXLEY to compute gradients would also allow it to train biophysical models to
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FIGURE 4.5: Training biophysically detailed networks to solve computer vision tasks. (a)
We trained a biophysical network consisting of 28 x 28 input neurons, 64 morphologically
detailed hidden neurons, and ten output neurons. (b) Voltages measured at the somata
of neurons in the trained network in response to an image labelled as ‘0’. Red color in
the output layer indicates the image label. Scalebars: 2ms and 8omV. (c) Histograms of
test set accuracy of 50 linear networks (gray), 50 multi-layer perceptrons with 64 hidden
neurons and ReLU activations (black), and the biophysical network (blue). (d) Histogram
of parameters before (black) and after (blue) training. Training the network only leads to
subtle shifts in parameter distributions. (e) Test set accuracy for trained network when
subsets of parameters are reset to their initial value. Blue line is the fully trained network.
(f) Adversarial attack on the biophysical network. (g) Accuracy across 128 test set examples,
as a function of the norm of the adversarial image perturbation. Figure adapted from
Deistler et al. [37].

solve computational tasks such as pattern recognition or computer vision tasks. To
this end, we performed two additional experiments.

First, we trained recurrent neural networks (RNNs) to solve working memory
tasks. Unlike typical RNNSs, the neurons in our RNNs contained biophysically de-
tailed mechanisms following Hodgkin-Huxley dynamics. Despite these biophysical
constraints on the model, the resulting network could solve an evidence accumula-
tion and a delayed-match-to-sample task [37].

Second, we trained a biophysical neural network to solve the MNIST computer
vision task [136]. We built a network consisting of 282 input neurons, 64 hidden layer
neurons modeled at full morphological detail, and 10 output neurons (Fig. 4.5a).
The model had a total of 100k parameters (50k cellular and 50k synaptic). We trained
this model with cross-entropy loss on the voltages of the output neurons (at the
last time step, Fig. 4.5b). After training, the network could classify MNIST digits
with an accuracy of 94.3%. While this is less than a multi-layer perceptron, the
biophysical network outperforms an optimal linear classifier—despite not having
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any nonlinearities that are not biologically plausible (Fig. 4.5c). This indicates
that the biophysical network could leverage or adapt its existing nonlinearities to
improve task performance beyond a linear classifier.

We then studied the trained model. Our first observation was that the distribution
of parameters of the trained model was similar to the distribution at which the
parameters were initialized (Fig. 4.5d). When resetting subsets of parameters to their
initial value, however, performance dropped largely—for some sets of parameters
even to chance level (Fig. 4.5¢). This indicates that the relative tuning of parameters
with respect to each other impacts task performance. As such, approaches which
build biophysical networks based only on aggregate statistics of measured parameter
values might fail to generate functional network activity.

In addition to fitting large-scale networks with gradient descent, the ability to com-
pute gradients also opens up new possibilities for network analyses. To demonstrate
this, we used gradients to perform adversarial attacks on our biophysical network
[136]. We found that the biophysical network was, indeed, vulnerable to adversarial
attacks (Fig. 4.5f), and did not show higher robustness than a multi-layer-perceptron
with the same number of neurons (Fig. 4.5g).

Overall, these results demonstrate that gradient descent allows fitting large-
scale biophysical models to perform computations. Therein, gradient descent can fit
thousands of parameters of neural systems and enables new analyses for biophysical
models.

Discussion

Fitting parameters of biophysical models is notoriously difficult [139]. While
gradient-free approaches such as random search or genetic algorithms can per-
form well for models with few parameters, they typically struggle when models
have hundreds, thousands, or millions of parameters. Inspired by the capabilities
of gradient descent to optimize artificial neural networks, we developed a fully
differentiable biophysics simulator. We then demonstrated that gradient descent can
fit biophysical models to match voltage or calcium recordings, and it can train such
models to solve computational tasks. We hope that our work enables new oppor-
tunities for fitting biophysical neuroscience simulations and that this will provide
new insights into the biophysical mechanisms underlying biological intelligence.
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4.2 THE JAXLEY SIMULATOR: DIFFERENTIABLE BIOPHYSICAL NEURON MOD-
ELS

The JaxLey toolbox is openly available on Github: https://github.com/
jaxleyverse/jaxley.

JAXLEY is a user-friendly and flexible biophysics simulator

Above, we showed that gradient descent is a highly efficient method for optimiz-
ing biophysical models of neural dynamics. However, enabling the neuroscience
community to use these methods requires a flexible and user-friendly simulator
that supports automatic differentiation—previous simulators such as NEURON or
Brian2 do not support this [151, 152]. Because of this, we decided to build JAXLEY as
a user-friendly and general-purpose toolbox for biophysical simulation. After the
initial publication of JAXLEY, we have added many features and made JAXLEY more
flexible and easy to interact with. Below, we outline the main features of JAXLEY.

Biophysical models come in a large variety, which poses a serious challenge
for a simulation toolbox. For example, the toolbox must be able to deal with
single neurons and with networks thereof, and every cell in a network must be
fully customizable. An individual cell could have a particular channel in its basal
dendrite, another channel in its apical dendrite, and both of these channels in its
soma. On top of this, the channel models themselves can be extremely complex
and must allow the user to, for example, share parameters across channels (e.g.,
different potassium channels all have the same reversal potential), or they must
be able to depend on one another (e.g., a potassium channel could depend on the
intracellular calcium concentration, which is modified by a calcium channel). Finally,
computational neuroscientists should be able to flexibly insert stimuli into any part
of a cell, and record voltage from another part.

JaxLEY provides flexible and elegant mechanisms to deal with this complexity of
biophysical simulation. It allows users to implement any kind of channel model
and enables them to insert these channel models into any compartment, branch,
or cell in a network. JAXLEY also provides elegant mechanisms for interacting with
networks or cells to, for example, modify parameters. These features allow JAXLEY
to simulate a wide range of biophysical models, ranging from networks of passive
(or rate-based) point neurons, via single-cell morphologically detailed models, to
hybrid models of networks in which some cells are simulated at full morphological
detail and others are largely simplified.

Elegant mechanisms for differentiation and parallelization

JaxLEY also implements elegant mechanisms for differentiation and parallelization.
JAXLEY can compute the gradient with respect to any parameter in the system and
can flexibly share parameters (to, e.g., have the same maximal sodium conductance
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for all dendritic branches). JAXLEY can also compute the gradient with respect to
inputs (e.g., for adversarial examples) or environmental conditions. On top of this,
JaxrEy can perform forward- and backward-mode automatic differentiation and
can compute higher order derivatives, thereby enabling easy implementations of
advanced optimizers [153].

JAXLEY is a highly efficient simulator. It achieves this efficiency with parallelization
and just-in-time compilation. JAXLEY automatically runs its solver in a way that
optimally parallelizes computation. For example, the differential equations of the
channels (where each compartment is independent of one another) are computed in
parallel. In addition, JaXxLEY allows the user to elegantly parallelize across parameter
sets (e.g., for parameter sweeps or genetic algorithms) or stimuli (e.g., for multiple
protocols). For all of these, JAXLEY can parallelize across multiple GPUs, enabling
very large simulations or sweeps.

Discussion

With the JAXLEY toolkit, we aim to bring the power of gradient descent to computa-
tional neuroscientists. Motivated by our results which demonstrated that gradient
descent could largely improve parameter estimation in biophysical models, we
aimed to build a simulator that allows neuroscientists to use these tools. We built
JaxLEY such that it is flexible, allowing it to simulate diverse biophysical models,
while also enabling intuitive and easy interaction with the model. We hope that
JaxLey will become the go-to tool for biophysical simulation.

49






DISCUSSION AND FUTURE DIRECTIONS

Parameter inference is a central challenge in neuroscience: It is almost never possible
to measure all microscopic and macroscopic properties of large neural systems. In
addition, even minor measurement errors could, especially if accumulated across
many cells or processes, lead to major errors in the resulting activity prediction. It is
therefore necessary to infer from empirical data properties that cannot be measured.

In this thesis, we explored how current limitations in simulation-based parameter
inference can be overcome by employing machine learning methods. We advanced
two sets of methods for this: Neural simulation-based Bayesian inference (SBI) and
differentiable simulation. In Chapter 3, we developed new SBI methods which are
more scalable, applicable and robust than previous methods, and we presented
a toolbox that allows domain scientists to apply these methods. In addition, we
suggested that SBI can be a promising tool to study degeneracy in neuroscience
and we studied the impact of metabolic cost on circuit degeneracy. In Chapter 4, we
developed the first differentiable simulator for biophysical neuron models. Using
this simulator, we trained large-scale biophysical neuron models with gradient
descent, overcoming limitations on the number of parameters that can be inferred.

5.1 SUMMARY: SBI AND DIFFERENTIABLE SIMULATION

SBI methods have many advantages over previous inference methods [16]. They can
perform inference for any (stochastic) black-box simulator, making them applicable
to a broad range of domains, and they return the full posterior distribution, allowing
scientists to study parameter uncertainty and degeneracy. Over the past years, SBI
has become a popular method for parameter estimation in domains ranging from
astrophysics [23—25] to economics [69] and neuroscience [78-81].

The generality of SBI, however, comes at a price: Almost any successful applica-
tion of these methods infers only a limited number of parameters. Indeed, most
applications infer fewer than ten parameters, and almost no application over the past
years successfully inferred more than 100 parameters. This is because SBI methods,
such as Neural Posterior Estimation (NPE), randomly sample parameters and then
use a neural network to interpolate between the parameters. For simulators which
require fine tuning of a large set of parameters, any kind of interpolation can become
insufficient. Instead, one requires methods which actively search for optimal param-
eter sets. While active learning methods can largely improve simulation-efficiency,
they typically do not enable scaling to thousands of parameters [33, 84].

In contrast, gradient descent can identify millions or billions of free parameters of
artificial neural networks. By implementing mechanistic models in a differentiable
programming language, differentiable simulation aims to bring the potential of fitting
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many parameters to mechanistic modeling. As we demonstrated, differentiable
simulation enables fitting large-scale biophysical models with an unprecedented
number of parameters.

To further improve inference, SBI and gradient descent could even be efficiently
combined: As a first step, SBI can be used to infer the posterior distribution of single-
cell parameters given single-cell electrophysiological recordings gat,. This returns
a fully differentiable posterior §(6|x4a,) that constrains cellular parameters by
measurements, but it does not yet fix parameters to a single set of “best” parameters:

p(wdata|a) ) p(@)
0 ~ .
q( |wdata) p(xdata)

As a second step, individual cells can then be assembled into a network whose
parameters can be optimized with gradient descent to perform a computational
task xs—using the approximate posterior of individual cells as regularizer. This
returns the maximum-a-posteriori estimate given data- and task-constraints (under
the assumption that data and task are conditionally independent):

arg max p(0|wdata/ wtask) = argmax log (p(wtaskw) : p(wdata‘a) : P(e))
] 7]
~ argmaxlog p(2sk|6) + 108 9(6|Tdata)-
7]

Such workflows could enable building large data- and task-constrained models of
neural dynamics.

5.2 IS BIOPHYSICALLY DETAILED NEURON MODELING REALISTIC?

Throughout this thesis, we aimed to infer properties of neural systems from activity
measurements. We motivated this process by the assumption that some properties
of a neural system—those we do not aim to infer—can be measured, and our model
would contain the true value for these properties. In neuroscience, more often than
not, this is not the case. The existence of channels in particular parts of a cell is
often merely hypothesized, or is based on findings of said channel in different
cells, often in different animals. On top of this, many processes that are known to
occur in cells or networks are neglected for computational purposes. Finally, the
connectivity of cells in networks is rarely measured exactly, but is often assumed to
follow aggregate statistics of network parameters.

Given such inaccuracies of the model, multiple concerns for parameter inference
arise. Firstly, with these limitations in mind, one has to ask: Even if we did find
the optimal parameters with simulation-based parameter inference, would the
model make any meaningful predictions? It has been argued that, even for the most
realistic single neuron models, this is not the case [10]. To alleviate these concerns,
it is necessary to validate predictions of computational models with experimental
recordings.

Secondly, inference is typically motivated by obtaining as good as possible a
value for properties that cannot be measured. If the model is largely misspecified,
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however, it is unlikely that any inference method would return an optimal estimate
for said property. Instead, for such models, inference methods should rather be
considered as parameter fitting methods which make a model match experimental
recordings, but should not be—without further validation—be trusted to return
reasonable parameter estimates. Despite this limitation, parameter fitting can still
be useful: It allows scientists to study mechanisms in a fitted model, which can lead
to insight and hypotheses for better experiments.

5.3 ON IDENTIFIABILITY FOR PARAMETER ESTIMATION IN NEUROSCIENCE

We have argued that the number of free parameters is a fundamental challenge
for building biophysical models. Indeed, big parts of this thesis aim to fit more
detailed models with an increasing number of parameters. While this approach can
be promising, it also bears danger: Being able to fit millions of parameters to, for
example, a single recording, does not mean that the identified parameters will be
the true parameters. Indeed, by identifying a single best-fitting parameter set given
a limited number of recordings, one is likely to overfit and obtain poor predictions
on unseen stimuli or protocols.

The most pragmatic way to alleviate these concerns is to collect more data—or
more detailed data. For example, somatic recordings might not constrain parameters
in the apical dendrite, but, if one had voltage recordings from every branch of
the cell, at high spatial and temporal resolution, it might be possible to more
strongly constrain parameters. Such data are becoming increasingly available with
experimental techniques such as voltage imaging [154]. Another possibility to
alleviate overfitting is to modify the inference method. By providing a Bayesian
estimate of parameters, SBI methods return a range of plausible models, each
consistent with the observations. For simulators that are out of reach for SBI (e.g.,
due to too many parameters), gradient-based Bayesian inference methods such as
Hamiltonian Monte—Carlo [155], ensembles [156], or Laplace approximations [157]
could provide an alternative.

5.4 TOWARDS A NEW GENERATION OF MODELS IN NEUROSCIENCE

Computational simulators are typically run in the forward direction: They generate
predictions given a particular set of parameters. In many cases, however, the inverse
direction can be equally relevant: Given observed data, what would be the param-
eters [158]? By answering this question one can recover properties which would
otherwise not be measurable and one can construct computer simulations that are
consistent with observations. Most simulators in science, however, are not designed
with the inverse direction in mind: Computer simulators can be stochastic, can be
slow to simulate, and can have many parameters, making it particularly challenging
to perform inference.
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This thesis presented machine learning methods that allow scientists to infer pa-
rameters given mechanistic simulators and experimental measurements. By making
inference possible for a wide range of models, we enabled new kinds of analyses
and a targeted design of experiments. We hope that this thesis contributes to a re-
sponsible yet impactful use of machine learning methods for scientific discovery and
that the tools presented here are a stepping stone for future research on parameter
inference in neuroscience and beyond.
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Neural circuits can produce similar activity patterns from vastly different combinations
of channel and synaptic conductances. These conductances are tuned for specific
activity patterns but might also reflect additional constraints, such as metabolic cost or
robustness to perturbations. How do such constraints influence the range of permissible
conductances? Here we investigate how metabolic cost affects the parameters of neural
circuits with similar activity in a model of the pyloric network of the crab Cancer
borealis. We present a machine learning method that can identify a range of network
models that generate activity patterns matching experimental data and find that neural
circuits can consume largely different amounts of energy despite similar circuit activity.
Furthermore, a reduced but still significant range of circuit parameters gives rise to
energy-efficient circuits. We then examine the space of parameters of energy-efficient
circuits and identify potential tuning strategies for low metabolic cost. Finally, we
investigate the interaction between metabolic cost and temperature robustness. We show
that metabolic cost can vary across temperatures but that robustness to temperature
changes does not necessarily incur an increased metabolic cost. Our analyses show that
despite metabolic efficiency and temperature robustness constraining circuit parameters,
neural systems can generate functional, efficient, and robust network activity with
widely disparate sets of conductances.

energy efficiency | neuronal variability | neural dynamics | simulation-based inference |
Bayesian inference

Neural activity arises from the interplay of mechanisms at multiple levels, including single-
neuron and network mechanisms. Several experimental and theoretical studies have found
that neural systems can produce similar activity from vastly different membrane and
synaptic conductances (1-6), a property sometimes referred to as parameter degeneracy
(7, 8). Such parameter degeneracy has been argued to be a prerequisite for natural selection
(7) and translates into potential mechanisms of compensation for perturbations of the
systems’ parameters (3, 5, 9-14). However, in addition to a specific target activity, neural
systems are likely subject to additional constraints such as the requirement to be energy
efficient (15-17). In order to understand experimentally observed variability and probe
potential compensation mechanisms in functioning neural systems, it is thus crucial
to characterize the extent of the systems’ parameter degeneracy under such additional
constraints.

Neuronal activity accounts for the majority of the energy consumed by the brain
(18-20). Energy is stored in the ionic gradients across the cell membrane and consumed
mostly by action potentials and synaptic mechanisms. Maintaining the ionic gradients
requires the action of ion pumps, which consume ATP (15, 21). Previous work has inves-
tigated the metabolic efficiency in small neural systems, often at the single-neuron level and
with few ion channels (often sodium, potassium, and leak) (15, 22, 23). In these studies,
it has been demonstrated that energy consumption of single neurons can be reduced by
tuning maximal conductances or time constants of gating variables, while maintaining
electrophysiological characteristics, e.g., spike width. However, questions regarding energy
efficiency of neural systems remain: First, it is unclear whether previous findings in single
neurons (24-26) extrapolate to neural circuits with a large diversity of membrane and
synaptic currents (12, 21, 27). Second, the question of how strongly metabolic constraints
impact parameter degeneracy remains unaddressed: are energy efficient solutions confined
in parameter space, or can disparate network parameters generate energy efficient activity?
Last, metabolic cost is only one of many constraints under which neural circuits operate,
and it is often unknown whether energy efficiency trades off with other constraints [for a
study of how energy efficiency trades off with temperature robustness in a single neuron
model of the grasshopper, see Roemschied et al. (28)].

Here we investigate how energy efficiency constrains the parameter degeneracy in
the pyloric network in the stomatogastric ganglion of the crab Cancer borealis (29, 30),
a canonical example of a neural system with parameter degeneracy (5). The pyloric
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Fig. 1.

Similar activity with different energy consumption. (A) Computational model of the pyloric network consisting of three model neurons (AB/PD, LP,

and PY) and seven synapses. (B) Two model configurations with similar circuit activity (traces from top to bottom, AB/PD, LP, and PY) despite different circuit
parameters (parameter values not plotted). (Scale bars, 50 mV.) (C) Close-up of two spikes in the PY neural activity shown in B. (D) Total energy consumption
divided by the duration of the simulation (10 s) for the traces shown in B. The left circuit has threefold lower metabolic cost than the right circuit. (£) Consumed
energy at each time point. (Scale bar, 100 wJ/s.) (F) Energy consumed by each of the ion currents during the two spikes shown in C (stacked vertically).

network produces a triphasic motor pattern and consists of a
pacemaker kernel (anterior burster neuron [AB] and two pyloric
dilator neurons [PD]), as well as two types of follower neurons
(a single lateral pyloric [LP] and several pyloric [PY] neurons),
interconnected by inhibitory synapses. A model of this circuit with
three model neurons (AB/PD, LD, and PY), each with eight mem-
brane currents, and seven inhibitory synapses (Fig. 14; details in
SI Appendix, SI Text) has been shown to be capable of producing
similar network activity with widely different parameters (5).

We start by characterizing the parameter degeneracy of this
model: We apply a recently introduced machine learning tool for
simulation-based inference, sequential neural posterior estimation
(SNPE) (14), to estimate the full set of membrane and synaptic
conductances for which the model reproduces experimentally
measured electrophysiological activity. We reduce the number of
model simulations required to run SNPE by introducing an addi-
tional classifier which detects and rejects parameter combinations
that produce nonbursting model outputs (31). After characteriz-
ing the parameter degeneracy in the model, we show that disparate
circuit configurations can have different energy consumption de-
spite similar activity. However, a significant parameter degeneracy
is present in the model even when enforcing circuits to have both
similar activity and low energy consumption. Furthermore, en-
ergy consumption is linearly predictable from circuit parameters,
allowing us to identify tuning mechanisms for low metabolic cost.
We then show that individual neurons in the pyloric network
can be tuned separately to minimize their energy consumption
and thereby achieve low energy consumption at the circuit level.
Finally, since the crab C. borealis is subject to daily and sea-
sonal fluctuations in temperature, we study the trade-off between
metabolic cost and robustness to changes in temperature (32-35).
We find that metabolic cost can vary across temperatures but that
the pyloric network can produce functional, energy-efficient, and
temperature-robust activity with disparate parameters.

Results

Disparate Energy Consumption despite Similar Network
Activity. We studied the metabolic cost in a model of the pyloric
network (Fig. 1A4). In this model, disparate sets of maximal
membrane and synaptic conductances can give rise to similar

20f12 https://doi.org/10.1073/pnas.2207632119

network activity (5). As an example, we simulated two such
circuit configurations (Fig. 1B) and computed their metabolic
cost using a previously described measure of energy consumption
(36). In this measure, the energy for each ion channel is the
time integral of the product of the membrane current and
the respective difference between the membrane voltage and
the reversal potential (details in S Appendix, SI Text). The
energy consumed by the entire neural circuit is the sum of
the energies across channels of all neurons. We note that this
power-based energy measure likely underestimates the true energy
consumption but is strongly correlated with the current-based
energy measure based on sodium and calcium currents (15, 25)
(SI Appendix, Figs. S1 and S2). Since the power-based measure
naturally allows us to quantify the energy consumed by a larger
diversity of currents, we performed our main analyses with this
measure, although our main results are maintained when using
the current-based measure (S Appendix, Fig. S3).

Although the two simulated circuit configurations produce
similar network activity, even at the single-spike level (Fig. 1C),
the total energy consumption (Fig. 1D) as well as the moment
by moment energy consumption differ substantially (Fig. 1E).
A closer inspection of the energy consumed by each current in
the PY neuron during the action potentials (37) shows that the
difference in energy between these two network configurations
is also evident in the energy consumed by the sodium current
Na, the delayed-rectifier potassium current K, and the transient
calcium current CaT (Fig. 1F).

Disparity in Energy Consumption in Models Matching Experi-
mental Data. The example above illustrates that the model of the
pyloric network can, in principle, produce the same activity with
different metabolic costs. However, it is unclear how broad the
range of metabolic costs associated with the same network output
is. In order to address this, we need to identify the full space of
maximal membrane and synaptic conductances (31 parameters in
total) that match experimental measurements of network activity
and to characterize the energy consumption of each of these
configurations.

We used a recently introduced machine learning tool for
simulation-based inference, SNPE (14), to estimate the set of
circuit parameters (the posterior distribution) consistent with data

pnas.org
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APPENDIX

and prior assumptions about the parameters. In SNPE, parameters
which specify network configurations are initially sampled from
the prior distribution (in our case, a uniform distribution within
plausible parameter ranges) and used to simulate network activity.
Subsequently, a neural network—based density estimator is trained
on these simulated network activities to learn which parameter
sets produce network activity that is compatible with empirical
observations.

In order to generate the training data for the neural network,
SNPE requires millions of model simulations to accurately infer
the set of data-compatible parameters. To improve the simulation
efficiency and make the neural network predict parameter sets
that more closely match experimental data, we introduced a
modification of the algorithm (Fig. 24). Specifically, a technical
challenge for SNPE is that parameter sets sampled from the prior
distribution might produce simulation results that are not valid,
i.e., produce clearly nonsensible data: for example, if there are no
bursts, phase gaps between bursts are not defined (Fig. 24, fourth
panel, red). For SNPE, these invalid simulations are discarded
immediately. In order to reduce the fraction of simulations that are

discarded, we introduce a classifier to predict whether a parameter
set will lead to a valid or an invalid simulation output (31)
(Fig. 24, second panel). Once the classifier is trained on an initial
set of simulations, parameters are immediately discarded without
running the simulation, if the classifier confidently predicts that
the simulation will be invalid (details in SI Appendix, SI Text).
We name the distribution of parameters that are accepted by the
classifier the “restricted prior” (Fig. 24, third panel). Once sufhi-
ciently many valid simulations are performed, SNPE proceeds by
training a deep neural density estimator to estimate the posterior
distribution over parameters of the model (14) (Fig. 24, fifth
and sixth panels; proof of convergence to the correct posterior
distribution in SI Appendix, SI Text).

We used this procedure to infer the posterior distribution over
maximal membrane and synaptic conductances of the model
of the pyloric network given salient and physiologically rele-
vant features of experimentally measured data. These features
are the cycle period, burst durations, duty cycles, phase gaps,
and phase delays of the triphasic rhythm (Fig. 2B; details in
SI Appendix, SI Text) (38). As in previous studies (4, 5), we did
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Fig. 2. Bayesian inference reveals wide range of energy consumption. (A) Inferring the posterior distribution by combining a rejection classifier and a deep
neural density estimator. First, a classifier (trained on an initial set of simulations) predicts which circuit parameters sampled from the prior produce valid
simulation outputs. We then proceed by sampling from the part of the parameter space that is accepted by the classifier, i.e., the restricted prior. All valid data
(green) are used to train a deep neural density estimator, and all invalid data are discarded (red) (14). Once this estimator is trained, it can be evaluated on
experimental data to return the posterior distribution over model parameters. (B) Experimental data recorded from the pyloric network (38). Arrows indicate a
subset of the physiologically relevant features, namely, the cycle period (arrow 1), phase delays (arrow 2), phase gaps (arrow 3), and burst durations (arrow 4)
(see S/ Appendix, S| Text for details). (Scale bar, 500 ms.) (C) Simulation output from a parameter set sampled from the prior distribution. The traces are AB/PD
(Top), LP (Middle), and PY (Bottom). (Scale bars, 500 ms and 50 mV.) (D) Subset of the marginals and pairwise marginals of the 31-dimensional restricted prior,
i.e., the subspace of parameters for which the model produces bursting activity. All maximal conductances are given in mS/cm?. (£) Subset of the marginals
and pairwise marginals of the posterior distribution, i.e., the subspace of parameters for which the model matches experimental data shown in B (full posterior
distribution in S/ Appendix, Fig. S13). (F) Sample from the restricted prior producing bursting activity but not matching experimental data. (G) Sample from the
posterior distribution closely matching features of the experimental data. (H) Histograms over energy consumed by each neuron (blue, orange, and green) as
well as by the entire circuit (black), divided by the duration of the simulation. Trace with lowest energy consumes nine times less energy than trace with highest
energy. (/) Same as in H but for energy per spike.
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I ENERGY-EFFICIENT NETWORK ACTIVITY FROM DISPARATE CIRCUIT PARAMETERS

not constrain the model of the pyloric network by the number
of spikes or the spike shapes. Below, we describe the results
obtained for a specific experimental preparation. We qualita-
tively reproduced all results with two additional experimental
preparations (S/ Appendix, Figs. S4-S9) (38). We note that SNPE
captures parameter uncertainty stemming from epistemic un-
certainty as well as from nonidentifiability of parameters (i.e.,
parameter degeneracy). Given that the experimentally measured
voltage traces contain little variability between different cycles
of the triphasic rhythm (S7 Appendix, Fig. $10), we introduced
a modest amount of current noise in the pyloric network model
(81 Appendix, Fig. S11; details in SI Appendix, SI Text). Thus, the
epistemic uncertainty of the inference is small, and posterior
uncertainty is likely dominated by parameter degeneracy. Further
evidence of this is the fact that different noise sources do not
significantly affect posterior variability (S/ Appendix, Fig. S12).
When simulating the pyloric network model with parameter
sets sampled from the prior distribution, 99% of simulations
do not produce spikes or bursts, and hence, characteristic sum-
mary features of the circuits are not defined (Fig. 2C). The
restricted prior (Fig. 2D) is narrower than the prior distribution
but considerably broader than the posterior (Fig. 2F; full posterior
distribution in SI Appendix, Fig. S13; comparison between prior,
restricted prior, and posterior in S/ Appendix, Fig. S14). Parame-
ters sampled from the restricted prior often produce activity with
well-defined summary features (Fig. 2F) but do not generally
match experimental data, whereas samples from the posterior
closely match experimental data (Fig. 2G). By using the classifier
to reject invalid simulations, we required half as many simula-
tions compared to classical SNPE (14) and achieved a higher
accuracy (SI Appendix, Fig. S15). For the subsequent analyses, we
only considered posterior samples whose activity was within a

prescribed distance to the experimental data and discarded all
other samples (details in S7 Appendix, SI Text). We simulated
1 million parameter configurations sampled from the posterior,
out of which ~3.5% fulfilled the distance criterion, leading to a
database of 35,939 parameter sets whose activity closely matched
experimental data. Sampling from the prior distribution rather
than the posterior would have required ~600 billion simulations
to obtain 35,939 parameter sets that fulfill our criterion (60,000
times more than with our method).

We computed the energy consumption of each of the 35,939
circuit activities (Fig. 2H). The circuit configuration with lowest
total energy consumes nine times less energy than the circuit con-
figuration with highest total energy. To ensure that the difference
in energy does not only stem from different numbers of spikes
within a burst, we also computed the average energy consumed
during a spike (energy per spike) in each of the neurons (Fig. 27).
As with total energy, energy per spike strongly varies across
parameter configurations. We note that the differences between
the individual neurons might in part be attributed to the different
prior ranges of maximal conductances across neurons [ranges
based on results from Prinz et al. (5); SI Appendix, SI Text]. These
results show that despite similar circuit function, different param-
eter sets can have vastly different energy consumption. Below, we
investigate the mechanisms giving rise to this phenomenon.

Metabolic Constraints on Individual Circuit Parameter Ranges.
How strongly does enforcing low energy consumption constrain
the permissible ranges of circuit parameters? We inspected the
circuit parameters of the 2% most and least efficient config-
urations within our database of 35,939 model configurations
(Fig. 3 A, Lef?). For some circuit parameters, the range of values
producing efficient activity is clearly different from the range of
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Fig. 3. Metabolic constraints on individual circuit parameters. (A) (Left) Time-averaged energy consumption of 35,939 models that match experimental data.
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The orange area corresponds to the energy consumption in the lowest 2% quantile, and the red area corresponds to the top 98% quantile. (Midd/e) Distribution
of the maximal conductance of the transient calcium channel (CaT) in the PY neuron in the 2% (orange) and 98% quantile (red). (Right) Distribution of the
maximal conductance of the delayed-rectifier potassium channel (K4) in the AB/PD neuron in the 2% (orange) and 98% quantile (red). (B) SD of parameters for
models with energy consumption in the lowest 2% quantile. SD is normalized to the SD of the parameters across all 35,939 models in our database. (C) Same
as B but for a range of quantiles. Solid, AB/PD; dotted, LP; dashed, PY. Colors are the same as in Fig. 1F. Synapses are in S/ Appendix, Fig. S18. (D) Subset of the
parameter values of the five most efficient circuit configurations in our database. (£) The network activity produced by two of these five configurations. (Scale
bar, 500 ms and 50 mV.) (F) Time-averaged energy consumption of the two configurations shown in D. (G) Subset of circuit parameters of the two solutions
shown in B. Despite similar network activity and low energy consumption, several parameters differ by more than twofold. The membrane conductances are
scaled by the following factors (left to right): 100, 10, 10, 100, 100, and 10,000.
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APPENDIX

values producing energetically costly activity (e.g., the maximal
conductance of the transient calcium current in the PY neuron;
Fig. 3 A, Middle). For other parameters, the range does not
change (e.g., the maximal conductance of the delayed-rectifier
potassium current in the AB/PD neuron; Fig. 3 A, Right).
To quantify how strongly low energy consumption constrains
parameters, we compared the parameter SD across all 35,939
model configurations to that of the most efficient 2% (Fig. 3 B
and C; SI Appendix, Fig. S16 show how the parameter means
shift as energy constraints are enforced). Most parameters in the
circuit barely get constrained by energy consumption (values close
to 1 in Fig. 3 B and C). The parameters that get constrained the
most by enforcing low energy consumption are the Na and CaT
conductances of the AB/PD neuron; the CaS conductance of the
LP neuron; and the Na, CaT, CaS, and leak conductances of the
PY neuron. However, for all of these parameters, a large fraction
of variability remains. In addition, we found that enforcing energy
constraints affects correlations between parameters only weakly
(81 Appendix, Fig. S17).

In order to ensure that the remaining variability of circuit
parameters does not stem from the remaining variability of en-
ergy consumptions within the lowest 2% quantile, we inspected
the five most efficient configurations in our database of 35,939
model configurations. Even these five circuit configurations have
strongly disparate circuit parameters (Fig. 3D). Despite having
similar activity (Fig. 3£) and very low (and similar) metabolic
cost (Fig. 3F), their circuit parameters are disparate (Fig. 3G).
These results demonstrate that metabolic efficiency constrains the
range of some circuit parameters, but it is possible to achieve low
metabolic cost and similar network activity with widely disparate
circuit parameters.

A B

Sodium and Calcium Conductances Influence Energy Con-
sumption Most Strongly. We wanted to understand how
each circuit parameter affects energy consumption within
our database of 35,939 model configurations. Given that the
voltage wave forms of the model configurations within our
database are constrained to be similar, energy consumption is
expected to be approximately linearly related to the maximal
conductances (SI Appendix, SI Text). We, therefore, performed
a linear regression E = wTh+ b from circuit parameters
(taken from our database of 35,939 model configurations) onto
the energy consumption of these circuits (Fig. 44; details in
SI Appendix, SI Text). This linear regression achieved a high
accuracy, demonstrating that energy consumption can indeed be
linearly predicted from circuit parameters (Fig. 4B; a nonlinear re-
gression with a neural network leads to similar results and is shown
in SI Appendix, Fig. S19; details in SI Appendix, SI Text). The
regression weights w indicate how strongly energy consumption
is correlated with each parameter value (Fig. 4C). The maximal
sodium conductances Gy, transient calcium conductances g¢,r,
and slow calcium conductances §c,s are most strongly correlated
with energy consumption: increases of these conductances are
associated with an increase in energy consumption, and thus,
small conductance values correspond to metabolically more
efficient solutions. The membrane conductances of the PY
neuron influence energy consumption more strongly than the
LP and AB/PD neurons. This is expected since the PY model
neuron consumes more energy than the other neurons (Fig. 2H).
The synaptic conductances are weakly correlated with energy
consumption, which can be explained by the low values of the
maximal synaptic conductances: the synaptic strengths range up
to 1,000 nS, whereas the membrane conductances can range
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Fig. 4.

Influence of circuit parameters on energy consumption. (4) lllustration of the energy landscape under functional constraints (matching experimental

activity). The linear regression weights correspond to the direction along which energy varies. (B) The linear regression accurately predicts the energy
consumption on a test set of 300 circuit configurations (black dots). Gray line is the identity function. (C) Weights w of the linear regression. (Left) Weights
of the maximal membrane conductances. (Right) Weights of the maximal synaptic conductances. (D) Weights w as a function of energy consumption (both
normalized), for all membrane currents (arrows highlight two illustrative examples). Membrane conductances on the top left consume little energy, but
their maximal conductances correlate strongly with energy consumption. Conductances on the bottom right consume a lot of energy, but their maximal
conductances correlate weakly with energy consumption. (E) (Top) The gating variable n* of the K4 current in the PY neuron during activity produced by two
circuit configurations (black and red), which are identical apart from the magnitude of g,. (Bottom) The product of gating variable and maximal conductance
n* - 8kq for the same configurations. (F) (Top) Weights of a linear regression onto the energy per spike in the PY neuron. (Bottom) Weights of a linear regression

onto the number of spikes in the PY neuron.
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up to 0.4 mS (ie, 4 x 10° nS), such that synapses consume
only 0.08% of the total energy in the circuit. These results
demonstrate that energy consumption can be linearly predicted
from circuit parameters and that energy consumption is most
strongly correlated with the maximal conductances of sodium as
well as slow and transient calcium.

How do different currents affect total energy consumption? Do
they directly consume energy, or do they trigger processes that
then require energy? We addressed these questions by comparing
the fraction of energy consumed by each current [as defined by our
measure of energy (36); Fig. 1F] to the linear regression weight w
associated with its maximal conductance (Fig. 4D). We found that
some currents consume a lot of energy, although their maximal
conductances barely correlate with energy consumption, e.g., the
Ky current in the PY neuron (Fig. 4D, bottom right arrow),
while other currents consume little energy, but nonetheless their
maximal conductances are correlated with energy consumption,
e.g., the CaS current of the PY neuron (Fig. 4D, top left arrow).

We investigated the neuronal mechanisms that give rise to
these behaviors. First, to understand how currents can consume
large amounts of energy despite their maximal conductance only
weakly correlating with energy, we investigated the effects of the
delayed-rectifier potassium conductance Gyy on circuit activity.
We simulated two circuit configurations, identical apart from the
magnitude of Gy in the PY model neuron. In the configuration
with higher Gyy, the gating variable n did not reach values as
high as those for the other configuration, thus leading to a similar
effective conductance n* - gy, (Fig. 4E). This demonstrates that
changes in the maximal conductance Gyg4 only weakly influence
the currentand thereby the energy consumption. Thus, despite the
potassium current consuming a lot of energy due to a large flow of
ions (compared to other channels), its maximal conductance Gy
only weakly correlates with energy consumption.

Second, to understand how maximal conductances can corre-
late with energy consumption despite their channels consuming
little energy, we disentangled the correlation of circuit param-
eters with energy consumption into two parts: the energy per
spike and the number of spikes. We fitted two additional linear
regression models: one regression from circuit parameters onto
number of spikes in the PY neuron and one regression from circuit
parameters onto energy per spike in the PY neuron. We again
found good predictive performance of these models, showing
that the energy per spike and the number of spikes can also be
linearly predicted from circuit parameters (regression performance
in SI Appendix, Fig. S20). The energy per spike is strongly corre-
lated with the sodium conductance (Fig. 4 F, Top), whereas the
number of spikes is most strongly correlated with the maximal
conductance of transient and slow calcium (Fig. 4 F, Botzom).
This demonstrates that increases in the maximal conductance of
calcium lead to a higher number of spikes, which involve increased
energy consumption through other currents. We verified this
hypothesis by simulating two configurations that were identical
apart from the magnitude of G5 in the PY model neuron and
found that the configuration with higher g, indeed produced
more spikes per burst (S/ Appendix, Fig. S21). This shows that
despite the slow calcium channel consuming little energy itself,
increasing gc,s can lead to higher energy consumption by in-
creasing the number of spikes, which involve energy consumption
through other currents (mostly sodium and potassium). Overall,
our analyses demonstrate that currents which consume a lot of
energy are not necessarily the ones that influence energy the most.

Minimal Tuning Mechanisms for Low Energy Consumption.
We identified circuit parameters that correlate with energy

6 0of 12 https://doi.org/10.1073/pnas.2207632119

consumption, but this does not yet address the question of
which changes of these parameters will lead to the reduction of
energy consumption: First, a correlation between parameter values
and energy consumption does not imply a causal connection
between these. Second, parameters that correlate strongly with
energy consumption might have to be finely tuned to match
the pyloric rhythm, thus not constituting a feasible substrate
for reducing energy consumption. Therefore, we went beyond
the previous analysis to investigate potential tuning mechanisms
involving single and pairs of parameters that would reduce energy
consumption while maintaining the pyloric rhythm.

We investigated how strongly energy consumption could be
reduced by mechanisms that involve a single parameter. For
instance, we kept all parameters but the maximal sodium conduc-
tance of the AB/PD neuron (gy,) constant and varied gy, on a
grid. We then estimated the energy consumption of each config-
uration with the previously identified linear model (Fig. 4). The
energy consumption of the circuit increases with gy, (Fig. 5A4),
but for too low (or too high) Gy, the network activity does not
match experimental data (we rejected parameters for which the
posterior density is too low; S/ Appendix, SI Text). Thus, despite
Jna strongly correlating with energy consumption (Fig. 4C),
energy consumption can be reduced only modestly when tuning
Jn, and keeping all other parameters constant.

We then investigated whether pairwise mechanisms could lead
to larger savings in energy consumption. For instance, we kept
all parameters but gy, and the delayed-rectifier potassium con-
ductance of the AB/PD neuron (gy4) constant and varied the
remaining two parameters on a grid. We estimated the energy
consumption of any configuration on this grid and found that
the most efficient parameter configuration is 23% more efficient
than the most wasteful configuration (Fig. 5B). This reduction in
energy consumption could be achieved through a simple pairwise
mechanism: a reduction of sodium combined with an increase of
potassium allows the network to maintain its activity (Fig. 5 C
and D), while reducing the metabolic cost (Fig. 5B).

We repeated this analysis for every conductance and every pair
of conductances (Fig. 5 £ and F). Note that we only consid-
ered pairs of parameters within each neuron because pairwise
compensation mechanisms across neurons have been shown to
be weak in this model (14). Some of the single-conductance
mechanisms can reduce the energy consumption by up to 36%.
Pairwise mechanisms, such as reducing the sodium and transient
calcium conductances of the PY neuron, can reduce the energy
consumption of the entire circuit by up to 55%. When con-
sidering only the energy consumed in a specific neuron, pair-
wise mechanisms can reduce energy consumption by up to 80%
(81 Appendix, Fig. S$22). Finally, pairwise mechanisms between
synapses and conductances of the respective postsynaptic neurons
can reduce energy consumption of the entire circuit by up to 43%.

These analyses provide hypotheses for causal mechanisms for
how neurons can be tuned into low-energy regimes, while the
neural activity keeps satisfying functional constraints. We demon-
strated that even simple mechanisms involving one or two conduc-
tances can have a substantial impact on the energy consumption
of the circuit—thus, low-energy configurations can be found with
local parameter changes, not requiring fine coordination among
multiple parameters.

Neurons Can Be Tuned Individually to Achieve Minimal Circuit
Energy. Next, we asked how single neurons interact to produce
functional and efficient circuit activity. Can the energy of the
entire circuit be minimized by optimizing the energy of each neu-
ron individually? Does the circuit retain functional activity when
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Fig. 5. Minimal tuning mechanisms for low energy consumption. (A) Time-averaged energy consumption (as predicted by linear regression) of several models

that differ only in their maximal sodium conductance in the AB/PD neuron. Energy increases with g,,. We excluded circuits with too low and too high values
of gy, for which the model does not reproduce experimental data. (B) Same as A but for models that differ in their maximal conductances of sodium (Na)
and delayed-rectifier potassium (Ky) in the AB/PD neuron. (C) (Top) Voltage trace of the AB/PD neuron for the most efficient configuration within the plane
shown in B. (Bottom) Energy consumption during that activity. (D) Same as C but for the least efficient configuration. (E) Fraction of energy that can be saved
by modifying a single membrane parameter (diagonal of each matrix) or pairs of membrane parameters (upper and lower diagonal). Color bar is the same
as in F. Arrows indicate the direction in which (pairs of) parameters should change in order to reduce energy: left/right refers to the parameter on the x axis,
and top/bottom refers to the parameter on the y axis. (F) Fraction of energy that can be saved by modifying a synaptic conductance (vector on the left) or the

synaptic conductance and one membrane conductance of the respective postsynaptic neuron (matrix on the right).

neurons are individually optimized for low energy efficiency?
Within our database of 35,939 model configurations, there is
a weak correlation between the energies consumed by pairs of
neurons, which suggests that the energy consumption between
neurons might be independent from one another (Fig. 64; AB/PD
versus LB, correlation coefficient 7 = —0.006, P value p = 0.23;
LP versus PY, r =0.02, p =3 X 10~%; AB/PD versus PY, r =
—0.03, p =8 x 107%). We thus investigated whether we could
optimize the parameters of each neuron individually for low
energy consumption and still retain functional circuit activity.
We searched our database of 35,939 model configurations for the
single-neuron models with minimal energy consumption individ-
ually. We selected the five most efficient single-neuron parameter
combinations for each of the neurons and assembled them into
125 (5°) network configurations. We then identified synaptic con-
ductances that match each of these configurations with Markov
chain Monte Carlo (Fig. 6B; details in SI Appendix, SI Text).
Notably, given the already estimated full posterior distribution,
this step does not require additional simulations.

For each of the 125 combinations of membrane conductances,
we found a set of synaptic conductances for which the net-
work activity closely resembles experimentally measured activity
(Fig. 6C). The resulting configurations have disparate parameters
(Fig. 6D) but highly similar network activity. Furthermore, we
found that the resulting configurations have similar and very low
energy consumption. The energy consumption of these circuits is
significantly smaller than that of any of the configurations in our
database of 35,939 model configurations (Fig. 6E). This demon-
strates that optimizing a specific neuron for energy efficiency
does not preclude the connected neurons from being energy
efficient. Thus, our results suggest that the pyloric network can
be optimized for energy efficiency by tuning neurons individually
for low energy consumption.

PNAS 2022 Vol. 119 No.44 e2207632119

We estimated how likely these energy-efficient circuits are
under the estimated posterior. We found that all these models
have similar posterior log-probability as the 35,939 model con-
figurations in our database (Fig. 6F); i.e., they are part of the
inferred posterior and are as likely to underlie the experimen-
tally measured activity as the database models. How, then, are
these newly found configurations so much more energy-efficient
than configurations sampled from the posterior? Given that the
posterior is a high-dimensional distribution (31 dimensions),
drawing random samples from such a distribution will unlikely
result in configurations for which all three neurons are optimally
efficient, and we cannot exclude the possibility that there might
be unsampled regions in parameter space with even more energy-
efficient circuit configurations.

Robustness to Temperature Does Not Require an Increased
Metabolic Cost. The crab C. borealis experiences daily and yearly
fluctuations in temperature which in turn influence the chemical
and physical properties of neurons (32-34). Nonetheless, neural
circuits such as the pyloric network can maintain their functional-
ity in the presence of these temperature variations. As temperature
increases, the cycle frequency of the circuit increases exponentially,
but the phases between bursts remain relatively constant (35, 39).
We investigated whether the pyloric network trades off robustness
to changes in temperature with energy efficiency, i.e., whether
temperature-robust solutions are more energetically costly.

The temperature dependence of a biophysical parameter R is
captured by the Q1 value and is defined as follows:

Ry =Ry Qfy "

where R, is the parameter value at the reference temperature
Tref =11 °C. We extended the model of the pyloric network
to include Q¢ values for all maximal membrane and synaptic
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Fig. 6. Neurons can be tuned individually to achieve minimal circuit energy consumption. (A) Black dots indicate energy consumed by each neuron separately.
Shown are 100 randomly selected parameter configurations from our database of 35,939 configurations. Linear regression (black line) shows a weak correlation
between the energy consumed by pairs of neurons. (B) We select the five most efficient parameter configurations for each neuron separately and search with
Markov chain Monte Carlo for synaptic conductances such that the target circuit activity is achieved. (C) The activity produced by two parameter configurations
produced with the strategy described in B. (D) A subset of the (Left) membrane and (Right) synaptic conductances for the configurations in C. Despite generating
similar network activity, the configurations have very different circuit parameters. The membrane conductances are scaled with the following factors (left to
right): 10, 10,000, 1, 100, and 10,000. (E) Histogram over the energy consumption (time averaged) of all 35,939 models in our database (blue, orange, green,
and black) and the energy consumption of the configurations produced with the strategy described in B (red). (F) Histogram of the posterior log-probability
for samples from the prior distribution (gray), for the 35,939 models in our database (black), and for the configurations produced with the strategy described

in B (red).

conductances (details in S Appendix, SI Text) (40, 41). We then
used SNPE to identify all maximal membrane and synaptic con-
ductances, as well as the associated Q¢ values (41 parameters
in total) that match experimental recordings at 11 and 27 °C
(Fig. 7A) (38). We set the previously identified posterior dis-
tribution (Fig. 2E) over circuit parameters given expcrimental
data at 11 °C as the new prior distribution and then applied
SNPE to match the model with experimental data at 27 °C
(Fig. 7B; full posterior in SI Appendix, Fig. $23, and details in
SI Appendix, SI Text). We sampled circuit parameters and Q19
values from the resulting distribution and selected samples whose
activity closely matched experimental data at 11 and 27 °C (Fig.
7C). Overall, we generated a database of 967 sets of circuit param-
eters and Q¢ values. When simulating at temperatures between
11 and 27 °C, these circuits show the characteristic exponential
increase in cycle frequency as well as the constant phase relation-
ship between bursts observed experimentally (Fig. 7D) (35).

We asked whether the energy consumed by the circuit at
11 °C is proportional to the energy consumed at 27 °C. We
found that despite the number of spikes in our model being
higher at higher temperatures, the total energy consumption is
lower at 27 °C (Fig. 7E; note that for one of the three prepa-
rations, the energy consumptions at 11 and 27 °C are similar;
SI Appendix, Fig. S9). This occurs because at higher temperatures,
the increase in the number of spikes is accompanied by a decrease
in channel time constants and respective decrease in energy per
spike (SI Appendix, Fig. S24). In addition, there is a clear corre-
lation between energy consumptions at 11 and 27 °C (Pearson
correlation coefficient, 0.66), although circuit configurations with
similar efficiency at 11 °C can show a range of energy consump-
tions at 27 °C (Fig. 7E).

We then investigated how the additional constraint of temper-
ature robustness impacts the parameter degeneracy of the pyloric
network. We computed the SD of the maximal conductances
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across the models that match experimental data at 11 and 27 °C
and whose energy consumption is in the 2% quantile at both
temperatures (Fig. 7F). The resulting SD is smaller than that of all
models in our database of 35,939 models, but a large parameter
variability remains. Thus, we found a substantial parameter degen-
eracy in circuits constrained by “pyloric-ness,” energy efficiency,
and temperature robustness.

Does temperature robustness have an influence on metabolic
cost? We computed the energy consumed at 11 °C for three
different scenarios: first, for all models in our database of 35,939
model configurations matching experimental data recorded at
11 °C (same as Fig. 2H); second, for all models in our database
of 35,939 model configurations that are also functional at 27 °C
(i.e., produce triphasic activity); and third, for all models in
our database of 967 model configurations matching experimental
data recorded at 11 and 27 °C. In all three of these scenarios,
the distribution of metabolic cost was similar (Fig. 7G; note
that the slightly different average energy consumption between
the first and the third scenarios occurred only in two of the
three preparations; S/ Appendix, Figs. S6 and S9). In particular,
all three scenarios contained configurations that produce energy-
efficient circuit function. This demonstrates that enforcing tem-
perature robustness does not require the pyloric network to be
less energy efficient.

Opverall, our analyses indicate that the model of the pyloric net-
work retains substantial parameter degeneracy despite constraints
on energy efficiency and temperature robustness. In addition, we
showed that temperature robustness does not entail additional
metabolic cost.

Discussion

Neural systems undergo environmental and neuromodulator
Y’ & Y
perturbations to their mechanisms. The parameter degeneracy
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Fig. 7. Temperature robustness does not preclude energy efficiency. (A) (Top) Experimental data at 11 °C. (Bottom) Experimental data at 27 °C (38). (B) (Left)
Posterior distribution given experimental data at 11 °C. (Right) Posterior distribution given experimental data at 11 and 27 °C. (C) Simulations for a parameter
set drawn from the posterior distribution matching experimental data at (Top) 11 °C and (Bottom) 27 °C. (D) (Left) Cycle frequency, (Middle) phase of LP neuron,
and (Right) phase of PY neuron for parameter set shown in C, simulated at temperatures between 11 and 27 °C. Green dots are the values of the experimental
preparations. (£) Energy consumption at 11 °C versus 27 °C (time averaged) for 967 circuits sampled from the posterior (in B, Right). The identity line is shown
in gray. (F) SD of parameters for models that match experimental data at 11 and 27 °C and that have energy consumption in the lowest 2% quantile at 11 and
27 °C. SD is normalized to the SD of the parameters across all 35,939 models in our database. (G) Distribution of the energy consumption of circuits matching
experimental data at 11 °C (green), distribution of the energy consumption of circuits that match data at 11 °C and are robust at 27 °C (purple), and distribution
of the energy consumption of circuits that match experimental data at 11 and 27 °C (pink).

of neural systems, i.c., the ability to generate similar activity  the parameter degeneracy of neural systems. While a plausible
from disparate parameters, confers a certain degree of robustness  hypothesis would have been that energy efficiency reduces or
to such perturbations (7-10, 42, 43). However, not all eliminates degeneracy altogether, here we found that parameter
system configurations might be equally desirable, with some degeneracy is preserved, even within circuits with very low en-
configurations being more energy efficient than others (15). Here  ergy consumption. We identified multiple parameter directions
we analyzed the energy consumption of parameter configurations  that influence energy consumption only weakly, thus allowing
with similar activity in the pyloric network of the stomatogastric  systems to produce energy-efficient network activity with widely
ganglion. We found that even when the network activity is  disparate circuit parameters. However, we also showed that there
narrowly tuned to experimental data, the energy consumption  are directions in parameter space which drastically impact energy
can strongly vary between parameter configurations. Despite  consumption and that changes along these directions lead to con-
this diversity of metabolic costs, energy-efficient activity could  figurations which can differ almost by an order of magnitude in
be produced from a wide range of circuit parameters. When  their energy consumption. Our results, thus, suggest that changes
characterizing the range of data-consistent parameters, we  of most parameters only weakly affect energy consumption, yet
found a linear relationship between circuit parameters and  some parameters are crucial and should be tuned to achieve low
energy consumption, which allowed us to identify tuning  energy consumption.

mechanisms for low energy consumption. Last, we showed In our work, parameter degeneracy consisted in the range of
that temperature robustness does not preclude energy efficiency pyloric network models that match specific features of experimen-
and that parameter degeneracy remains despite metabolic and 5] activity. We used the same features as in previous work (5),
temperature constraints. These findings were facilitated by a  yhich are physiological constraints of the pyloric network, e.g.,
methodological advance that increased the efficiency of previously cycle duration, burst durations, and gaps and phases of bursts.
published tools for simulation-based inference (14, 31, 44, 45). However, we cannot discard the possibility that the inclusion of
Parameter Degeneracy under Multiple Constraints. Inaddition  additional data features (e.g., spike height or spike width) would
to a specific activity, neural circuits are likely constrained by  have impacted parameter degeneracy and consequently also the
other requirements, e.g., low energy consumption or robustness to  range of energies.

perturbations such as fluctuations in temperature or pH (35, 40, Previous work demonstrated that multiple parameter sets in
41, 46-50). Here we investigated how energy efficiency impacts ~ a model of the AB/PD neuron are temperature robust (40).
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I ENERGY-EFFICIENT NETWORK ACTIVITY FROM DISPARATE CIRCUIT PARAMETERS

Here we investigated the interplay between energy consump-
tion and temperature robustness at the circuit level and showed
that functional, energy-efficient, and temperature-robust activity
can be generated from disparate circuit parameters. In addition,
consistent with previous work in a single-neuron model of the
grasshopper (28), we found that temperature robustness does
not require an increased metabolic cost. Whether these results
will generalize with the inclusion of the robustness to additional
external perturbations, e.g., pH fluctuations (49, 51), or internal
perturbations, e.g., neuromodulation (39), remains a subject for
future work.

O’Leary and Marder (48) have demonstrated in a model of
the PD neuron that some physiological features (such as duty
cycle) can be maintained under temperature perturbations when
conductances are scaled by a common factor. We tested the
possibility that such invariance under conductance scaling could
explain the parameter degeneracy and ranges of energies observed
in our circuit model: scaling the conductances by a common factor
would scale the currents and thereby the energy consumption.
However, for the parameter ranges we used [similar ranges as in
Prinz et al. (5)], scaling the conductances changed physiological
features (such as the cycle duration) of the pyloric rhythm and
led to the model not fitting the experimental data accurately
(SI Appendix, Fig. S25).

More generally, whether there is potential for a system to ex-
hibit parameter degeneracy depends on the number of constraints
on the system relative to the number of free parameters: in an
overparameterized system, if there is any parameter setting which
satisfies the constraints, it is expected that there will be multiple
such settings. Our model has 31 conductances and 10 Q¢ values,
and we use 18 voltage features at 11 °C, one energy consumption
constraint, and 18 voltage features at 27°. While there is a similar
number of constraints relative to the parameter dimensionality,
some of those constraints are likely redundant, in which case we
have fewer constraints than parameters. Thus, the fact that there
are multiple feasible parameter settings is not surprising per se.
However, rather than these multiple solutions corresponding to
similar parameter values, we found these to be quite disparate in
the parameter space.

Relation to Previous Work on Metabolic Cost of Neural
Systems. There has been extensive work on quantifying the
metabolic cost of biophysical processes in single neurons (15,
22-26) and how single neurons subject to functional constraints
can be tuned to minimize energy consumption (15, 16, 23,
25). Consistent with this work, we found that total energy
consumption of the pyloric network is strongly influenced by
the sodium current (25) but also by the transient and slow
calcium currents. The maximal sodium conductance is the
most prominent driver of the energy per spike: increases in the
conductance lead to an increase of metabolic cost per spike (15,
25). In contrast, calcium currents influence energy consumption
through the number of spikes within a burst, despite not
consuming much energy themselves. Our results suggest that the
maximal conductances of sodium and calcium might be regulated
for metabolic efficiency. We thus predict that these conductances
are less variable in nature than expected by computational models
only matching network activity. Nevertheless, we should note
that our findings are based on two simplifying assumptions: first,
we studied simple single-compartment neurons rather than more
realistic multicompartment neuron models (52), and second, the
energy measure is derived directly from the Hodgkin—Huxley
model (36), rather than taking into account all the complexity of
the ionic exchange leading to ATP consumption (15, 21, 23, 25).
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While our study characterizes which parameter configurations
are energy cfficient, we did not study the mechanisms of how
biological circuits would modulate their conductances in order to
arrive at these configurations. Long-term changes in intracellular
calcium have been found to regulate many ion channels (53—
55); thus, it is possible that intracellular calcium is used to tune
conductances for energy efficiency. In our study, we found that
intracellular calcium level is linearly related to energy consump-
tion across circuit configurations that match experimental data
(81 Appendix, Fig. S26). It is, therefore, conceivable that the in-
tracellular calcium concentration is used as a rough estimate of the
energy consumption and as a feedback signal to tune membrane
and synaptic conductances into energy-efficient regimes, subject
to additional constraints such as functional activity and robustness
to various perturbations (55).

Previous studies have demonstrated that synaptic mechanisms
can consume a substantial amount of energy (21, 56, 57). In
contrast, in the considered model of the pyloric network, synaptic
currents consume only a minor fraction of energy [~0.08% of
the total energy is consumed by synapses, whereas Attwell and
Laughlin (21) report 40% of energy being consumed by synaptic
mechanisms]. A potential reason for this difference is the low
number of connections in our model of the pyloric network:
each model neuron projects to up to three other model neurons,
whereas the synaptic energy consumption reported in Attwell and
Laughlin (21) is based on the assumption of 8,000 synaptic bou-
tons per neuron. Cabirol-Pol et al. (58) report only few synaptic
sites between the PD and LP neuron in the lobster Homarus
gammarus. Thus, models of more complex neural circuits driven
by excitatory, recurrent connectivity, such as the ones found in
the cortex, might spend a larger fraction of energy on synaptic
mechanisms.

We used a measure of energy consumption that is based on
an equivalent electrical circuit. This measure ignores a range of
internal processes taking place within biological neurons, e.g.,
the efficiency of ion pumps or the vesicle release at synapses
(21), and, therefore, underestimates the true energy consumption
of the biological circuit. We reproduced our main results for a
current-based energy measure taking into account the efficiency
of pumps (1 Appendix, Fig. S3). While the absolute values of the
energy consumption changed (see different ranges of energy in
SI Appendix, Fig. S3 A and D as compared to Figs. 2H and 7G),
the results are highly similar due to the proportionality between
the two measures (p = 0.999; SI Appendix, Figs. S1 and S2). In
addition, a more detailed model of synaptic energy consumption
(including, e.g., vesicle release) would likely change the cost of
synaptic activity, although synaptic cost constitutes only a very
small fraction (0.08%) of total energy consumption in our circuit
model. It is, thus, unlikely that the use of synapses with more
biophysical details would entirely change the conclusions of our
study. Additional factors such as glutamate recycling, presynaptic
Ca%* entry, and maintaining resting potentials would also modify
our estimate of the energy consumption, but these factors are
reported to consume a rather small fraction (<20%) of energy
expenditure in the brain (21).

Energy Efficiency in the Pyloric Network. Experimental studies
have shown that the parameters of the pyloric network vary across
wide ranges (1, 2, 59). This raises the question of whether these
disparate solutions are all tuned for energy efficiency. In our
study, we demonstrated that energy-efficient circuit function can
be compatible with many parameter configurations. Therefore,
despite the variability of the parameters, each configuration in the
crab C. borealis might be tuned for low energy consumption.
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APPENDIX

However, the pyloric network is a small subset of the nervous

system of the crab and, therefore, likely consumes a small fraction
of its total energy budget. Thus, even if the nervous system of
the crab is tuned for energy efficiency, it could still achieve this
without strict energy requirements for the pyloric network.

Increasing the Efficiency of Simulation-Based Inference. We
used a previously introduced tool, SNPE (14, 45), to identify all
models consistent with experimentally measured activity as well as
prior knowledge about realistic parameter ranges. We improved
the efficiency of SNPE by introducing a classifier that rejects
invalid simulations (31). By using this classifier, we were able to
improve the accuracy of SNPE while requiring only half as many
simulations (14). Because of this larger simulation budget, the
resulting posterior distributions became more accurate. Further-
more, the trained neural density estimator is amortized; i.e., one
can obtain the posterior distribution for multiple experimental
preparations without running further simulations or training a
new neural network.

The classifier-enhanced SNPE can be applied to other modeling

studies in neuroscience. In particular, the classifier to predict
invalid simulations is valuable whenever there are parameter val-
ues for which the computational model of interest produces ill-
defined features: e.g., the spike shape cannot be defined in cases
where a neuron model does not produce spikes. Our method has
the potential to significantly speed up inference in these scenarios.

Implications for the Operation of Neural Circuits. Our findings
suggest that neural circuits can be energy efficient with largely
disparate biophysical parameters, even with highly specific func-
tional requirements under naturally occurring perturbations. This
raises the question of whether such energy efficiency is present in
real biological systems and how these systems could be tuned for
metabolic efficiency.
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Materials and Methods

Code to reproduce the figures is available at https:/github.com/mackelab/stg-
energy. Code for running SNPE and training a classifier to reject invalid
simulations is available in our toolbox: https://github.com/mackelab/sbi (60).
A tutorial for how to use these features can be found on our website:
https://www.mackelab.org/sbi. The simulator of the pyloric network in Cython
(61) s available at https://github.com/mackelab/pyloric.

We analyzed extracellular recordings of the stomatogastric motor neurons

that are involved in the triphasic pyloric rhythm in the crab C. borealis (38,
39). The circuit model of the crustacean stomatogastric ganglion was adapted
from Prinz et al. (5). To compute the energy consumption of a specific network
activity, we followed the approach of Moujahid et al. (36). In order to find circuit
models that are consistent with the neural data, we used an extension of SNPE
(14). Further details about the data, modeling, and inference are available in
S Appendix, Sl Text.

Data, Materials, and Software Availability. Computer code has been de-
posited in GitHub (https://github.com/mackelab/stg_energy) (62). Previously
published data were used for this work (38).
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Supporting Information Text

Data from the crustacean stomatogastric ganglion. We analyzed extracellular recordings of the stomatogastric motor neurons
that are involved in the triphasic pyloric rthythm in the crab Cancer borealis (1). The first dataset as seen in Fig. 2 and Fig. 7
is from files 845 082 0044 and 845 082 0064, preparation 1. The second dataset as seen in SI Fig. S4 and SI Fig. S6 is
from files 857 _016_ 0049 and 857 016 _ 0069, preparation 1. The third dataset as seen in SI Fig. S7 and SI Fig. S9 is from
files 845 _078_ 0027 and 845 078 0040, preparation 2. All preparations were decentralized, i.e., the axons of the descending
modulatory inputs were severed. The data were recorded at 11°C and 27°C. Full experimental details in Haddad et al. (2).

Circuit model of the crustacean stomatogastric ganglion. The circuit model of the crustacean stomatogastric ganglion was
adapted from Prinz et al. (3). The model is composed of three single-compartment neurons, AB/PD, LP, and PY, where the
electrically coupled AB and PD neurons are modeled as a single neuron. Each of the model neurons contains 8 currents, a
Na't current INa, a fast and a slow transient Ca?t current Icat and Icas, a transient K* current Ia, a Caz+—dependent K+
current Ikca, a delayed rectifier Kt current Iq, a hyperpolarization-activated inward current Iy, and a leak current leak.
In addition, the model contains 7 synapses. As in Prinz et al. (3), these synapses are simulated using a standard model of
synaptic dynamics (4). The synaptic input current into the neurons is given by Is = g,s(Vpost — Vi), where g, is the maximal
synapse conductance, Vo5t the membrane potential of the postsynaptic neuron, and V; the reversal potential of the synapse.
The dynamics of the activation variable s are given by
ds  5(Vpre) — s
,

dt Ts
with
_ 1 1= 5(Vre)
Vore) = ———————— d 7= —7-—"=.
Vo) = T (Vo = Vo)) 24 ™ .

Here, Vire is the membrane potential of the presynaptic neuron, V;y, is the half-activation voltage of the synapse, ¢ sets the
slope of the activation curve, and k_ is the rate constant for transmitter-receptor dissociation rate.

As in Prinz et al. (3), we model two types of synapses, since AB, LP, and PY are glutamatergic neurons whereas PD is
cholinergic. For simplicity and given that varying the synaptic parameters (except synaptic conductances) does not influence
energy consumption as strongly as varying maximal conductances (SI Fig. S27), we kept these synaptic parameters fixed
throughout this study. We set E; = —70 mV and k- = 1/40 ms for all glutamatergic synapses and E; = —80 mV and
k— = 1/100 ms for all cholinergic synapses. For both synapse types, we set Vi, = —35 mV and § = 5 mV. The membrane area
is 0.628 - 107 cm?.

For each set of membrane and synaptic conductances, we numerically simulate the circuit for 10 seconds with a step size of
0.025 ms. We assumed a simple aggregate model of current noise, by adding a small Gaussian noise current with mean zero
and standard deviation 0.001 A at each time step. This approach could be extended by using more realistic noise models
which explicitly account for, e.g., channel noise, stochastic vesicle release, or stochastic calcium dynamics (5). We set the
amplitude of the intrinsic noise such that the model roughly matched the variability of the cycle duration across bursts of
the experimental traces, based on initial simulations. We did not systematically vary the noise level or noise source, but our
Bayesian inference algorithm and analysis pipeline could readily be applied to investigate more detailed noise models in future
work, and infer the corresponding parameters. In our current setting, replacing current noise with observation noise did not
drastically affect the posterior marginals or disparity of energy consumptions (SI Fig. S12). Nonetheless, we cannot exclude the
possibility that using other noise sources such as subunit noise or conductance noise will have a stronger effect on our results.

We applied SNPE to infer the posterior over 24 membrane parameters and 7 synaptic parameters, i.e., 31 parameters in total.
The 7 synaptic parameters are the maximal conductances g, of all synapses in the circuit, each of which is varied uniformly in
logarithmic domain from 0.01 nS to 1000 nS, with the exception of the synapse from AB to LP, which is varied uniformly in loga-
rithmic domain from 0.01 nS to 10000 nS. The membrane parameters are the maximal membrane conductances for each neuron.
The membrane conductances are varied over an extended range of previously reported values (3, 6): The prior distribution over
the parameters [Na, CaT, CaS, A, KCa, Kd, H, leak] is uniform with lower bounds piow = [0,0,0,0,0,25,0,0] mS cm™2 and
upper bounds phigh = [500, 7.5, 8, 60, 15,150, 0.2,0.01] mS cm~? for the maximal membrane conductances of the AB neuron,
Plow = [0,0,2,10,0,0,0,0.01] mS cm~2 and phign = [200, 2.5, 12,60, 10, 125, 0.06,0.04] mS cm ™2 for the maximal membrane con-
ductances of the LP neuron, and piow = [0,0,0,30,0,50,0,0] mS cm~2 and puign = [600, 12.5, 4, 60, 5,150, 0.06,0.04] mS cm~?2
for the maximal membrane conductances of the PY neuron.

We computed 15 summary features proposed by Prinz et al. (3), and 3 additional features (6). The features proposed by
Prinz et al. (3) are 15 salient features of the pyloric rhythm, namely: Cycle period T (s), AB/PD burst duration dip (s), LP
burst duration dPp (s), PY burst duration dpy (s), gap AB/PD end to LP start At$s p (s), gap LP end to PY start At{%_py
(s), delay AB/PD start to LP start AtXp_pp (s), delay LP start to PY start Atfp_py (s), AB/PD duty cycle dag, LP duty
cycle dip, PY duty cycle dpy, phase gap AB/PD end to LP start A¢ap-Lp, phase gap LP end to PY start A¢rp-py, LP start
phase ¢rLp, and PY start phase ¢py. Note that several of these values are only defined if each neuron produces rhythmic
bursting behavior. In addition, for each of the three neurons, we computed the maximal duration of its voltage being above
—30 mV. We did this as we observed—for many model simulations and in contrast with experimental data—long plateaus at
around —10 mV during the bursts, and wanted to detect such traces. If the maximal duration was below 5 ms, we set this
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feature to 5 ms. To extract the summary features from the observed experimental data, we first found spikes by searching for
local maxima above a hand-picked voltage threshold, and then extracted the 15 above described features. For the experimental
preparation, we set the additional 3 features to 5 ms.

At temperatures higher than 11°C, we include Q10 values to simulate the biochemical changes of the network parameters.
These are defined by an Arrhenius-type factor

T=Tre
Rr = RrefQ(m f)/107 (1]

where R,y is the parameter value at the reference temperature T;..; = 11°C, and Rr is the parameter value at temperature
T. Each maximal conductance has a different Q10, but the Q10 value is the same across neurons (7). We introduce one Q1o
for the maximal conductances of glutamatergic synapses and one for the cholinergic synapses. The prior distribution for the
Q10 values is a uniform distribution between 1 and 2 for all maximal conductances (8) but the hyperpolarization-activated
inward current, for which the prior bounds are 1 and 4 (9). Since we keep all time constants of the circuit fixed, we also fix the
respective Q1o values. The Q1o values for the time constants are fixed to 2.4 for most m-gates and 2.8 for all h-gates. Following
the results from Caplan et al. (10), the Q1o values for the time constants of m-gates of KCa and CaS as well as for the time
constant of the calcium buffer have lower values: 2.0 for CaS and the calcium buffer and 1.6 for KCa. The Q10 value for the
time constants of the synapses is 1.7 (within the range of values used in Alonso et al. (7)). Finally, the reversal potential of
calcium depends on temperature through the Nernst equation.

Energy consumption. To compute the energy consumption E of a specific network activity, we followed the approach of
Moujahid et al. (11). For each neuron, we computed the energy as:

E= / DoV =V + YV - Va)dt, 21

where gy, is the effective conductance of channel m (i.e., the product of the respective gating variables, maximal conductance
and membrane area) and gs is the effective synaptic conductance s into the specific neuron. V;, is the reversal potential of the
membrane current m and V; is the reversal potential of the synapse s. The units of energy are [S - V? - s = J], where S are
Siemens, V' are Volt, s are seconds, and J are Joules. The total energy consumption was defined as the sum of the energy
consumed by each of the three neurons. Throughout this study, we reported the energy per second, which we obtained by
dividing the total energy consumption by the duration of the simulation (10 seconds). In addition, as in Moujahid et al. (11),
all energy consumptions were normalized by the membrane area of the neurons 0.628 - 1072 cm?. The energy per spike was
defined as the energy consumed during bursts divided by the respective number of spikes.

We compared the above power-based measure of energy consumption with a current-based one (12, 13) (SI Fig. S1). To
compute this measure, we integrated the sodium and calcium currents over time to obtain the transferred charge:

Charge,, = /|gm<V — Vi)ldt, (3]

with m € {Na, CaT, CaS}. We then obtained the number of transferred electrons Ny :

_ Charge

Nom m [ 4]

€

where e & 1.6 - 107'9C is the elementary charge. The number of hydrolysed ATP molecules for each ion current was obtained
by dividing N,, by the valence of the ion and by the number of molecules that are transported with one molecule of ATP (3 for
sodium, 2 for calcium):

Nim

ATP, =
valence, - (molecules per ATP)

(5]
m

We estimated the energy consumption in Joule by multiplying the number of ATP molecules by the energy released during the
hydrolysis of one ATP molecule, which is approximately 107°.J (14). Finally, we divided by the length of the simulation (10
seconds) to obtain the energy in J/s.

In SI Fig. S1, we demonstrate that the power-based and current-based measures correlate very closely. In principle, the two
measures are not mathematically proportional: the terms corresponding to a particular current differ by a factor (V (t) — E;).
In practice, given that our models are constrained to have similar voltage waveforms, the factor (V(t) — E;) is close to a
constant across models, and thus the two energy measures are close to proportional. In SI Fig. S2, we demonstrate that slight
variations of the voltage waveform only weakly affect the proportionality between these energy measures.

Simulation-based inference. We extended Sequential Neural Posterior Estimation (6) by using a classifier to predict ‘invalid’
simulation outputs. The resulting algorithm is described in Algorithm 1.
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Input: simulator with (implicit) density p(x|@), observed data x., prior p(@), rejection criterion g(x) € {0,1},
classification neural network G¢(6), density family gy, neural network F(x,¢), number of cycles C' of classifier training,
simulation count for each cycle N,

randomly initialize ¢, ¢

P1(0) == p(6)

N:=0

for c=1 to C do

fori=1...N. do
sample On.; ~ Pe(6)
simulate x4 ~ p(x|0n+4)
evaluate whether ‘valid’ ry4s = g(Xn4i)

end
N <+ N+ N,
N
train ¢ < argmin Z Le(0;,rj) // classifier training
j=1

T < Tune classifier threshold s.t. false negative rate < 1%
U(0) < G¢(0) >T
5:(8) :ox U(O)p(6)

end

~

train ¢ < arg minz La(0;5,%5) // train neural density estimator
¢ =1

return gr(x,,¢)(6)

Algorithm 1: SNPE with classifier

Proof of convergence of SNPE with classifier. Below, we prove that the posterior distribution inferred by our method converges
to the true posterior distribution. SNPE—with the classifier—minimizes the following loss function with respect to the neural
network parameters ¢:

1

La=— D log(as(Bifx))
N
S — Ep(o.0 [108(20(61%))]
= —Ev@p@nxi0)[108(25 (0x))],
where U(0) is a constant U(0) = ¢ > 0 at least on the posterior support and U(0) = 0 elsewhere. Then:

- // U(8)p(8)p(x/6) log(as (61)) dBdx

Lq

- / p(x) / U(0)p(6]x) log(4s (0]x)) dBdx

Since the integrand of the integral over 6 is proportional to the Kullback-Leibler-divergence between U(6)p(6|x)/Z and the
inferred posterior ¢ (0|x), L4 is minimized if and only if ¢4(0|x) = U()p(0]x)/Z for all x on the support of p(x). Since
U(6) > 0 for all @ that can generate valid simulations, we obtain g4(0|x) = p(8|x) for all valid x.

The proof above ensures that the approximate posterior converges to the true posterior distribution if the training dataset is
infinitely large, the density estimator is sufficiently flexible, and the optimization finds the global minimum. While we cannot
guarantee these conditions in practice, the posterior distribution obtained is similar to that obtained by previous methods (6).

Classifier of ‘valid’ simulations. The algorithm includes a classifier U(8) trained to predict ‘valid’ simulations. We use a
cross-entropy loss L.. We enforce the classifier U(0) to be constant, with U(0) = ¢ > 0 at least on the posterior support and
U(0) = 0 elsewhere:

1. In order for U(0) to be uniform, we parameterize it as a thresholded binary classifier.
2. To ensure that ¢ > 0 at least on the posterior support, we choose the classifier threshold such that there are few
false-negatives, i.e., the classifier accepts the parameters if these lie within the posterior support.

If we train the classifier U(0) with a large enough number of simulations, so that some are ‘valid’, the trained classifier
includes the posterior support. In order to sample from U(6)p(6), we sample from the prior over parameters p(f) and accept
the sampled parameters according to the classifier output.
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Inference of the posterior distribution given experimental data at 11°C. Overall, we performed three cycles of simulation and
classifier training in order to learn the restricted prior. In the first round, we simulated 3 million parameter sets sampled from
the prior. Among these, only 0.97% produced ‘valid summary features. We trained a classifier to detect parameter sets leading
to ‘valid’ simulation outputs. We used a residual neural network with 80 hidden units, two blocks, a dropout rate of 43%,
and a batchsize of 199. To deal with ‘valid’/‘invalid’ unbalanced data, we subsampled ‘invalid’ samples in every epoch. We
post-hoc tuned the threshold of the classifier such that the ratio of false-negatives was below 1% on a held-out test set. We then
drew 3 million samples from the resulting restricted prior. Out of these, 5.17% produced ‘valid’ summary features. We then
repeated this procedure and out of 3 million simulations from the resulting restricted prior, 8.45% produced good simulations.
Overall, in comparison to Gongalves et al. (6), we used half as many simulations (9 million versus 18.5 million), but generated
a database of ‘valid’ simulations 2.5 times larger. We then used all 438,608 ‘valid’ parameter sets to obtain the posterior
distribution with SNPE (see Gongalves et al. (6) for details). As deep neural density estimator, we chose a neural spline flow
(NSF) (15) with 10 transform layers, each consisting of a residual block with two hidden layers, each with 200 hidden units.

Lastly, to ensure that the activity produced by samples from the posterior closely matched experimental data, we sampled 1
million parameter sets from the inferred posterior distribution and performed an additional rejection step, whereby posterior
samples had to produce activity within a prescribed distance to the experimental data:

o cycle duration and burst durations deviated from the experimental features by a maximum distance of 0.02 standard
deviations of all simulations accepted by the classifier, i.e., 20.6 ms for the cycle duration, and [15.0, 13.5, 11.5] ms for
the burst durations (of AB/PD, LP, and PY neurons).

o duty cycles, phase gaps, phase delays, and phases deviated from the experimental features by a maximum distance of 0.2
standard deviations.

Out of 1 million samples from the posterior, 35,939 samples fulfilled all these criteria. Notably, these samples are no longer
unbiased samples from the posterior distribution as estimated by SNPE, but they make up a database of model configurations
whose activity closely matches experimental data.

Linear regression from circuit parameters onto energy consumption. We performed a linear regression to identify the contri-
bution of the circuit parameters to the total energy consumption using scikit-learn (16). We z-scored the conductances by
the mean and standard deviation of the prior. Since the prior bounds of membrane conductances (and thus their standard
deviation) could be different between neurons, we chose the maximal standard deviation across the three neurons to z-score the
parameters. This ensured that the influence of a particular membrane conductance was comparable between neurons. We
z-scored the energy consumption by the mean and standard deviation of configurations within our database of 35,939 samples.
Finally, we normalized the linear regression weights w to unit-length.

Regression neural network. In order to test the robustness of the linear regression findings, we trained a regression network to
identify directions in the parameter space predictive of total energy consumption. The regression network had the following
characteristics: A Residual Network (ResNet) with one hidden layer with 20 hidden units, ReLU activation functions, and 50%
dropout rate (17, 18). We trained the network with a mean-squared error loss.

After training the regression network, we searched for directions that were most predictive of the network output f(-). To
do so, we followed the procedure described in Constantine et al. (19) and computed:

M = Egp(oix,)[Vo f(0) Vo f(0)"]. (6]

Intuitively, M captures how much the regression function f(-) changes in different directions of the parameter space, computed
as an expected value over posterior samples. We estimated this expected value with a Monte Carlo mean over 10,000 samples
from the posterior distribution. We then computed the eigenvalue decomposition of M: The eigenvectors of highest eigenvalue
are directions in the parameter space along which the output of the regression neural network is most sensitive to changes.

Minimal tuning mechanisms for low energy consumption. In order to find tuning mechanisms for low energy consumption, we
started by varying single or pairs of parameters on a grid while keeping all other parameters constant (at a value taken from
our database of 35,939 models). For the matrices in Fig. 5e,f, we repeated the analysis with ten of such models and reported
the average.

To predict the energy consumption for any parameter configuration, we used the linear regression model from circuit
parameters onto energy consumption described above. To evaluate whether a parameter set matches experimental data, we
computed its posterior probability p(@|x,). If the posterior probability was above a certain threshold ¢, we considered the
parameter set as matching the experimental data, otherwise we discarded the parameter set. To obtain the threshold ¢, we
evaluated the posterior probability of all 35,939 models in our database and used the 10% quantile of these probabilities as ¢:
within our database of models, 90% of the models would have been considered as matching experimental data, whereas 10% of
the models would have been (wrongly) discarded. We evaluated different choices for the quantile used to obtain ¢ and obtained
qualitatively similar results.

In order to obtain the directions in the parameter space along which energy consumption can be maximally reduced (arrows
in Fig. 5e,f), we searched the (1-dimensional or 2-dimensional) grids for the configurations with lowest and highest energy
consumption (subject to posterior probability > t). For each grid, we reported the sign of the direction between these two
points of highest and lowest energy consumption.
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Sampling synaptic conductances, given energy efficient single-neuron configurations. In order to investigate whether efficient
single-neuron parameters could lead to efficient and robust network activity, we first searched our database of 35,939 network
configurations for the five configurations that had the lowest metabolic cost in each neuron individually. We combined these
single neuron configurations to generate 5° = 125 configurations of membrane conductances. For each of the configurations, we
then sampled 1,000 synaptic configurations from the distribution:

P(05|0:m,%0) X p(Os,Om|Xo), 7

where 6, and 6,, are the synaptic and membrane conductances, respectively. We drew these samples with Markov chain
Monte Carlo: Specifically, we used Slice Sampling with axis-aligned updates (20). We then simulated each of these 5% - 1000
configurations. 72 out of the 5% configurations contained at least one sample that fulfilled our (distance to experimental data)
criteria, and 123 configurations contained a sample that fulfilled a slightly wider criteria (allowing twice as much distance from
the experimental data). For each of the other two experimental preparations, we drew another 10,000 samples with MCMC
and for each of them found at least one configuration whose activity fulfilled the slightly wider criteria. The histograms in
Fig. 6e,f are produced with all simulations that fulfilled the narrow criteria.

Posterior distribution given experimental data at 27°C. In order to infer the posterior distribution given experimental data at
27°C, we started by sampling 3 million parameter sets from the 31-dimensional posterior distribution at 11°C:

P(81x5") o p(x,'0)p(B).

We then drew 3 million sets of Q1o values from the prior distribution over Q1o values (Q10 prior in Methods). We simulated
these 3 million parameter sets at 27°C, from which approximately 18% were ‘valid’ and were used to train a deep neural
density estimator (see Methods). The hyperparameters of the neural density estimator were the same as the ones chosen for
the inference at 11°C. Since this density estimator was trained on parameters sampled from the posterior distribution at 11°C,
the inferred posterior is an approximation to:

p(O1x3, %) o< p(x570)p(0]x5") o< p(xz 0)p (x5 10)p(6),

where x:! and x27 are the features of the experimental data recorded at 11°C and 27°C, respectively. In other words, the
resulting posterior distribution matches prior knowledge about circuit parameters as well as experimental data at 11°C and
27°C. Note that we inferred the posterior distribution at 11°C while ignoring the Q1o values because the Q1o values, by
definition, do not influence the circuit activity at the reference temperature (which is assumed to be 11°C).

Metabolic efficiency at 27°C. For panels Fig. 7e,f and Fig. 7g (pink plot), we analyzed 967 simulations that closely matched

experimental data recorded at 11°C and 27°C. For Fig. 7g (purple plot), we simulated, at 27°C, the 35,939 circuit configurations
that match experimental data recorded at 11°C. Out of these, 8121 were robust, i.e., displayed pyloric activity at 27°C.
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Fig. S1. Comparison between power-based and current-based energy measures. Current-based measures versus power-based measure (11), and
respective Pearson correlation coefficients. In (a-c), the power-based measure is computed based on all currents in the model. The current-based measure is computed as a
sum of different subsets of currents: (a) Current-based measure based on the sodium, slow calcium, and transient calcium currents. (b) Current-based measure based on the
sodium current. (c) Current-based measure based on the slow calcium and transient calcium currents.
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Fig. S2. Different spike shapes weakly affect the proportionality between energy measures. (a) Top: two voltage traces of the AB/PD neuron
from different circuit configurations. Bottom: energy consumption—based only on sodium in the AB/PD neuron—of these traces as measured by the power-based measure
(orange) and the current-based measure (green). The current-based measure is converted to ;.J/s as described in Methods. (b) Ratio between the two time-averaged energy
measures for both configurations. Bar heights: 0.21836, 0.22197. (c) The two energy measures plotted against each other, along with the values for 18 additional parameter
configurations. The energy measures are strongly correlated (Pearson correlation coefficient p = 0.9991) and have a proportionality constant of w = 4.9449.
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Fig. S3. Reproduction of main results with current-based energy measure. (a) Distribution of current-based energy consumption of all models in our
database of 39, 939 model confi ion. (b) iation of for models with current-based energy consumption in the lowest 2% quantile. Standard deviation
is normalized to the standard deviation of the parameters across all 35, 939 models in our database. (c) Linear regression weights when predicting current-based energy
consumption from circuit parameters. (d) Green: Distribution of the current-based energy consumption of circuits matching experimental data at 11°C. Purple: Distribution of
the energy consumption of circuits that match data at 11°C and are robust at 27°C. Pink: Distribution of the energy consumption of circuits that match experimental data at
11°C and 27°C.
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Fig. S4. Analysis of a second experimental preparation. (a) Experimental data recorded at 11°C. (b) Sample from posterior distribution matches the

experimental data. (c) Energy consumption of 2804 model configurations that closely match experimental data. (d) Weights w of a linear regression from circuit parameters
onto total energy consumption.
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Fig. 5. Tuning neurons individually, for a second experimental preparation. (a) Black dots: Energy consumed by each neuron separately. Black line:
Linear regression (correlation coefficient » = —0.009, p-value p = 0.39; LP versus PY, = 0.21, p = 0.0012; AB/PD versus PY, = 0.059, p = 0.10). (b) The activity
produced by two parameter configurations produced with the strategy described in Fig. 6b. (c) A subset of the membrane (left) and synaptic (right) conductances for the
configurations in panel (c). The membrane conductances are scaled with the following factors (left to right): 100, 10, 10,000, 100, 10,000. (d) Histogram over the total energy
consumption of all 2804 model configurations in our database and the energy consumption of the configurations produced with the strategy described in Fig. 6b (red). (e)
Histogram of the posterior log-probability for samples from the prior distribution (grey), for the 2804 models in our database (black), and for the configurations produced with the
strategy described in Fig. 6b (red).
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Fig. $6. Analysis of temperature robustness of a second experimental preparation. (a) Experimental data recorded at 27°C. (b) Sample from posterior
distribution matches the experimental data. (c) Energy consumption at 11°C versus energy consumption at 27°C. (d) Green: Distribution of the energy consumption of circuits
matching experimental data at 11°C. Purple: Distribution of the energy consumption of circuits that match data at 11°C and are robust at 27°C. Pink: Distribution of the energy

consumption of circuits that match experimental data at 11°C and 27°C.
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Fig. S7. Analysis of a third experimental preparation. (a) Experimental data recorded at 11°C. (b) Sample from posterior distribution matches the experimental
data. (c) Energy consumption of 6926 model configurations that closely match experimental data. (d) Weights w of a linear regression from circuit parameters onto total energy
consumption.
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Fig. $8. Tuning neurons individually, for a third experimental preparation. (a) Black dots: Energy consumed by each neuron separately. Black line:
Linear regression (correlation coefficient » = —0.003, p-value p = 0.39; LP versus PY, » = 0.19, p = 0.007; AB/PD versus PY, » = 0.006, p = 0.77). (b) The activity
produced by two parameter configurations produced with the strategy described in Fig. 6b. (c) A subset of the membrane (left) and synaptic (right) conductances for the
configurations in panel (c). The membrane conductances are scaled with the following factors (left to right): 100, 100, 10,000, 100, 10,000. (d) Histogram over the total energy
consumption of all 6926 model configurations in our database and the energy consumption of the configurations produced with the strategy described in Fig. 6b (red). (e)
Histogram of the posterior log-probability for samples from the prior distribution (grey), for the 6926 models in our database (black), and for the configurations produced with the
strategy described in Fig. 6b (red).
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Fig. 9. Analysis of temperature robustness of a third experimental preparation. (a) Experimental data recorded at 27°C. (b) Sample from posterior
distribution matches the experimental data. (c) Energy consumption at 11°C versus energy consumption at 27°C. (d) Green: Distribution of the energy consumption of circuits
matching experimental data at 11°C. Purple: Distribution of the energy consumption of circuits that match data at 11°C and are robust at 27°C. Pink: Distribution of the energy
consumption of circuits that match experimental data at 11°C and 27°C.
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Fig. $10. Experimental recording over an extended duration. Scale bar corresponds to 500 ms.
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Fig. S11. Low variability of model simulations with the same underlying parameter set.
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Fig. S12. Posterior distribution and range of energy consumptions are largely unaffected by the noise source. As intrinsic noise, we

added Gaussian noise with mean zero and standard deviation 0.001 mV-ms =%

at each time step. As observation noise, we added Gaussian noise with mean zero and

standard deviation [10ms, 5ms, 5ms, 5ms, 0.005, 0.005, 0.005, 0.005, 0.005, 5ms, 5ms, 5ms, 5ms, 0.005, 0.005, 0.1ms, 0.1ms, 0.1ms] to the summary statistics. (a) Posterior
distribution for each combination of noise sources. (b) Histogram of energy consumption of those model configurations that are sufficiently close to experimental data (see

Methods for the closeness criterion).
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Fig. $13. Full posterior distribution over circuit parameters given experimental data at 11°C. Panels on the diagonal are marginals, panels on the
upper right are pairwise gi . The first 24 are conductances, the last 7 parameters are synaptic conductances. All membrane conductances are
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Fig. S14. Summary features of activity produced by sampling from the prior, the restricted prior, and the posterior. Experimentally

observed activity in green. The boxplots indicate maximum, 75% quantile, median, 25% quantile, and minimum. All summary features are z-scored with the mean and standard
deviation of all simulations from prior samples.
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Fig. S15. Accuracy of the enhanced version of SNPE versus accuracy in (6). While we used half as many simulations (9 million versus 18 million), the
accuracy of the method improved. (a) Median squared discrepancy between the experimentally measured activity and the activity produced by samples from the posterior.
When using the classifier (red), the activity produced by posterior samples is closer to experimental activity than without the classifier (blue). (b) Reduction of mean squared
discrepancy between our previous results and the p method. All di: are after z-scoring the summary features with the mean and standard deviation of
all prior samples.
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Fig. S16. Shift in the mean parameter value when enforcing low energy consumption. Difference between mean parameter value across all
configurations in our database of 35,939 samples and mean parameter value across the 2% most efficient ones (divided by the parameter range of the prior).
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Fig. $17. Change of parameter correlations when enforcing low energy consumption. (a) Parameter correlation matrix of all 35,939 models in our
database. (b) Parameter correlation matrix of the 2% most efficient models in our database. (c) Difference between correlation matrices shown in (a) and (b).
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Fig. S18. Constraining synaptic conductances when enforcing low energy consumption. Standard deviation of synaptic parameters for models with
energy consumption in the lowest 2% quantile divided by standard deviation of these parameters across all 35, 939 models in our database, evaluated for a range of quantiles.
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Fig. S19. Neural network regression from circuit parameters onto the total energy consumption. (a) Performance of a neural network predicting
the total energy from circuit parameters. (b) Eigenvalue-spectrum of the trained neural network reveals a single dominating direction (details in Methods). (c) The eigenvector
corresponding to the strongest eigenvalue is similar to the linear regression weights w (Fig. 4c).
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Fig. $20. Performance of linear regression. Left: Performance of linear regression from circuit parameters (taken from our database of 35, 393 models) onto energy
per spike in the PY neuron. Right: Performance of linear regression from circuit parameters onto the average number of spikes within a burst.
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Fig. S21. Influence of maximal conductance of slow calcium current on circuit function. Left: Voltage trace in the PY neuron during activity
produced by two circuit configurations (black and red) which are identical apart from the magnitude of g,s. Right: The average number of spikes per burst in the PY neuron for
the two configurations. The configuration with higher g¢,s produces more spikes.
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Fig. S22. Potential energy savings in a single neuron. (a) Fraction of energy that can be saved in a single neuron by modifying a single membrane parameter
(diagonal of each matrix) or pairs of membrane parameters (upper and lower diagonal) in that neuron. Unlike Fig. 5e, only the energy in the neuron whose parameters are
varied is considered. Colorbar as in panel (b). The arrows indicate the direction in which (pairs of) parameters should change in order to reduce energy: Left/right refers to the
parameter on the x-axis, top/bottom refers to the parameter on the y-axis. (b) Fraction of energy that can be saved by modifying a synaptic conductance (vector on the left) or
the synaptic conductance and one membrane conductance of the postsynaptic neuron (matrix on the right). The energy is computed in the postsynaptic neuron.
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Fig. S$23. Full posterior distribution over 31 circuit parameters and 10 Qo parameters given experimental data at 11°C and 27°C.
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Fig. S24. Energy consumption of the circuit at 11°C and at 27°C. Energy per spike (left) and number of spikes (right) for parameter configurations simulated
at 11°C and 27°C. The energy per spike is smaller at higher temperatures, but the number of spikes is higher at higher temperatures.
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Fig. S25. Scaling d with a factor does not produce activity that matches experimental data. We selected the 20 most

expensive circuit configurations from our database of 35,939 models and scaled all conductances by the same factor. The factor ranged from one to 1/3 (x-axis). All errors are
z-scored by the standard deviation of prior predictive simulations. (a) As the conductances are scaled down, the average error of the model simulations to the observation
increases. (b) The average error between the experimentally observed cycle duration and the simulations increases quickly as the conductances are scaled. (c) The average
error between the experimentally observed duty cycle of the AB/PD neuron and the simulations increases minimally as the conductances are scaled.
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Fig. S26. Intracellular calcium level is linear related to energy consumption. For 100 circuit configurations within our database of 35,939 parameter
configurations, we computed the time-average of the intracellular calcium concentration. This value correlates closely with time-averaged energy consumption. p is the Pearson
correlation coefficient.
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Fig. S$27. Varying synaptic parameters affects energy consumption less strongly than varying maximal conductances. We kept all maximal
conductances (including synaptic conductances) constant and varied all other 28 synaptic parameters (four values for each of the seven synapses: reversal potential of the
synapse E, rate constant for transmitter-receptor dissociation rate k_, half-activation voltage of the synapse V;;,, and A determining the slope of the activation curve). (a)
Two activities generated from disparate sets of synaptic parameters (but same maximal conductances). (b) Disparate synaptic parameters of the traces shown in (a). (c)
Diversity of energy consumption of 41 configurations with the same maximal conductances but different synaptic conductances. These 41 configurations are the closest to the
experimental data out of 50k sampled configurations. (d) We repeated the entire procedure for ten configurations of maximal conductances, taken from our database of 35, 939
configuration. The figure shows, for each such configuration of maximal conductances, the potential energy savings (Emax — Emin)/ Emax obtained by varying the synaptic
parameters. Green line is the potential energy savings when varying only maximal conductances (extracted from Fig. 2h).
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Abstract

Simulation-based inference (SBI) solves statistical inverse problems by repeatedly
running a stochastic simulator and inferring posterior distributions from model-
simulations. To improve simulation efficiency, several inference methods take a
sequential approach and iteratively adapt the proposal distributions from which
model simulations are generated. However, many of these sequential methods are
difficult to use in practice, both because the resulting optimisation problems can be
challenging and efficient diagnostic tools are lacking. To overcome these issues,
we present Truncated Sequential Neural Posterior Estimation (TSNPE). TSNPE
performs sequential inference with truncated proposals, sidestepping the optimi-
sation issues of alternative approaches. In addition, TSNPE allows to efficiently
perform coverage tests that can scale to complex models with many parameters.
We demonstrate that TSNPE performs on par with previous methods on established
benchmark tasks. We then apply TSNPE to two challenging problems from neuro-
science and show that TSNPE can successfully obtain the posterior distributions,
whereas previous methods fail. Overall, our results demonstrate that TSNPE is
an efficient, accurate, and robust inference method that can scale to challenging
scientific models.

1 Introduction

Computational models are an important tool to understand physical processes underlying empirically
observed phenomena. These models, often implemented as numerical simulators, incorporate
mechanistic knowledge about the physical process underlying data generation, and thereby provide an
interpretable model of empirical observations. In many cases, several parameters of the simulator have
to be inferred from data, e.g., with Bayesian inference. However, performing Bayesian inference in
these models can be difficult: Running the simulator may be computationally expensive, evaluating the
likelihood-function might be computationally infeasible, and the model might not be differentiable. In
order to overcome these limitations, Approximate Bayesian Computation (ABC) methods [Beaumont
et al., 2002, 2009], synthetic likelihood approaches [Wood, 2010], and neural network-based methods
[e.g., Papamakarios and Murray, 2016, Hermans et al., 2020, Thomas et al., 2022] have been
developed.

*Equal contribution
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estimation (NPE) [Papamakarios and Murray, 2016, Lueckmann et al.,
2017, Greenberg et al., 2019], train a neural density estimator on simulated
data such that the density estimator directly approximates the posterior.
Unlike other methods, NPE does not require any further Markov-chain

Monte-Carlo (MCMC) or variational inference (VI) steps. As it provides
an amortized approximation of the posterior, which can be used to quickly
evaluate and sample the approximate posterior for any observation, NPE

allows the application in time-critical and high-throughput inference scenar-
ios [Gongalves et al., 2020, Radev et al., 2020, Dax et al., 2021], and fast TsnPE
application of diagnostic methods which require posterior samples for many A A

A subset of neural network-based methods, known as neural posterior Ground
truth n
APT

different observations [Cook et al., 2006, Talts et al., 2018]. In addition,
unlike methods targeting the likelihood (e.g., neural likelihood estimation,
NLE [Papamakarios et al., 2019, Lueckmann et al., 2019]), NPE can learn
summary statistics from data and it can use equivariances in the simulations  Figure 1: ~ APT vs
to improve the quality of inference [Dax et al., 2021, 2022]. TSNPE. Top: Prior

If inference is performed for a particular observation x,, sampling effi- (gray) and true pos-
ciency of NPE can be improved with sequential training schemes: Instead ~ terior (black). — APT
of drawing parameters from the prior distribution, they are drawn adaptively Mmatches true posterior
from a proposal (e.g., a posterior estimate obtained with NPE) in order to w1th‘m the prior boupds
optimize the posterior accuracy for a particular x,. These procedures are Put ‘leaks into region
called Sequential Neural Posterior Estimation (SNPE) [Papamakarios and without prior support.
Murray, 2016, Lueckmann et al., 2017, Greenberg et al., 2019] and have TSNPE (0‘.“ s) matches
been reported to be more simulation-efficient than training the neural net- (Tu¢ pOsterior.

work only on parameters sampled from the prior, across a set of benchmark

tasks [Lueckmann et al., 2021].

Despite the potential to improve simulation-efficiency, two limitations have impeded a more
widespread adoption of SNPE by practitioners: First, the sequential scheme of SNPE can be unstable.
SNPE requires a modification of the loss function compared to NPE, which suffers from issues that
can limit its effectiveness on (or even prevent their application to) complex problems (see Sec. 2).
Second, several commonly used diagnostic tools for SBI [Talts et al., 2018, Miller et al., 2021,
Hermans et al., 2021] rely on performing inference across multiple observations. In SNPE (in contrast
to NPE), this requires generating new simulations and network retraining for each observation, which
often prohibits the use of such diagnostic tools [Lueckmann et al., 2021, Hermans et al., 2021].

Here, we introduce Truncated Sequential Neural Posterior Estimation (TSNPE) to overcome these
limitations. TSNPE follows the SNPE formalism, but uses a proposal which is a truncated version
of the prior: TSNPE draws simulations from the prior, but rejects them before simulation if they
lie outside of the support of the approximate posterior. Thus, the proposal is (within its support)
proportional to the prior, which allows us to train the neural network with maximum-likelihood in
every round and, therefore, sidesteps the instabilities (and hence ‘hassle’) of previous SNPE methods.
Our use of truncated proposals is strongly inspired by Blum and Frangois [2010] and Miller et al.
[2020, 2021], who proposed truncated proposals respectively for regression-adjustment approaches
in ABC and for neural ratio estimation (see Discussion). Unlike methods based on likelihood(-ratio)-
estimation [Miller et al., 2021, Hermans et al., 2021], TSNPE allows direct sampling and density
evaluation of the approximate posterior, and thus permits computing expected coverage of the full
posterior quickly (without MCMC) and at every iteration of the algorithm, thus allowing to diagnose
failures of the method even for high-dimensional parameter spaces (we term this ‘simulation-based
coverage calibration” (SBCC), given its close connection with simulation-based calibration, SBC,
Cook et al. [2006], Talts et al. [2018]).

We show that TSNPE is as efficient as the SNPE method ‘Automatic Posterior Transformation’ (APT,
Greenberg et al. [2019]) on several established benchmark problems (Sec. 4.1). We then demonstrate
that for two challenging neuroscience problems, TSNPE—but not APT—can robustly identify the
posterior distributions (Sec. 4.2).
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prior simulated data density estimator posterior truncated
estimate proposal
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6 ~p(9) x ~ p(x|6) E[—log g¢(0]x)] q5(01%0) p(9)

Propose parameters for new simulations

Figure 2: Truncated Sequential Neural Posterior Estimation (TSNPE). The method starts by
sampling from the prior, running the simulator, and training a neural density estimator with maximum-
likelihood to approximate the posterior. In subsequent rounds, parameters are sampled from the prior,
but rejected if they lie outside of the support of the approximate posterior. With these proposals, the
neural density estimator can be trained with maximum-likelihood in all rounds.

2 Background

In Neural Posterior Estimation (NPE), parameters are sampled from the prior p(@) and simulated
(i.e., x is sampled from p(x|@)). Then, a neural density estimator g4 (6|x) (in our case a normalizing
flow), with learnable parameters ¢, is trained to minimize the loss:

m‘;n L= mdi>n Egp(6) Ex~p(x|0)[— log ¢4 (8]x)],

which is minimized if and only if, for a sufficiently expressive density estimator, g4 (6|x) = p(0|x)
for all x € supp(p(x)) [Paige and Wood, 2016, Papamakarios and Murray, 2016]. Throughout this
study, we refer to training with this loss function as maximum-likelihood training, although the neural
density estimator targets the posterior directly.

Sequential Neural Posterior Estimation (SNPE) aims to infer the posterior distribution p(8|x,) for a
particular observation x,. SNPE initially performs NPE and, thereby, obtains an initial estimate of
the posterior distribution. It then samples parameters from a proposal (), which is often chosen to
be the previously obtained estimate of the posterior p(0) = g4(0|%,), and retrains the neural density
estimator [Papamakarios and Murray, 2016]. This procedure can be repeated for several rounds.

Importantly, if parameters 6 are sampled from the proposal p(8) rather than from the prior p(6),
the estimator g (0|x) that minimizes the maximum-likelihood loss function no longer converges
to the true posterior. If one used the maximum-likelihood loss on data sampled from 5(8), i.e.,
L = Eoj(6) Exp(x|o)[—10g 45 (0|x)], then £ would be minimized by ¢4(0]x) o p(O\x)%,
which is not the true posterior. Multiple schemes have been developed to overcome this [Papamakarios
and Murray, 2016, Lueckmann et al., 2017]. The most recent of these methods, Automatic Posterior
Transformation (APT, or SNPE-C, in its atomic version) [Greenberg et al., 2019, Durkan et al., 2020]
employs a loss that aims to classify the parameter set that generated a particular data point among
other parameter sets (details in Appendix Sec. 6.5).

While APT has been reported to significantly outperform previous methods, several studies have also
described cases in which the approach exhibits performance issues: Both the original APT paper
[Greenberg et al., 2019] and Durkan et al. [2020] reported that APT can show ‘leakage’ of posterior
mass outside of bounded priors. We demonstrate this issue on a simple 1-dimensional simulator with
bounded prior (Fig. 1, Appendix Fig. 7). The posterior estimated by APT is only required to match
the true posterior density within the support of the prior (details in Appendix Sec. 6.5). Thus, after
five rounds of APT, while the approximate posterior matches the true posterior within the bounds of
the prior, a substantial fraction of posterior mass lies in regions with zero prior probability. In simple
models, approximate posterior samples that lie outside of the prior bounds can be efficiently rejected.
However, in models with high numbers of parameters, the rejection rate can become so large that
drawing posterior samples which lie inside of the prior bounds is prohibitive. For example, Glockler
et al. [2022] reported a rejection rate of more than 99.9999% in a model with 31 parameters, thus
requiring approximately one minute to draw a single posterior sample from within the prior bounds.
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Algorithm 1: TSNPE

Inputs: prior p(@), observation x,, simulations per round N, number of rounds R, € that defines
the highest-probability region (HPR,)
Outputs: Approximate posterior q.
Initialize: Proposal p(0) = p(0), dataset X = {}
forr € [1,..., R] do
foric [1,...,N]do
0; ~ p(6)
simulate x; ~ p(x|6;)
add (60;,x;)to X
" = argming — & o, 4 108 45 (6:1x:)
Compute expected coverage(p(0), g¢) ; // see Alg. 2
p(0) x p(0) - Lgenpr, ; // see Alg. 3

We overcome these limitations by using ‘truncated’ proposal distributions. This allows us to train
with maximum-likelihood at every round, thereby sidestepping issues of previous SNPE methods.

3 Methodology

3.1 Truncated proposals for SNPE

Given a particular observation x,, we suggest to restrict the proposals p(8) to be proportional to the
prior p(0) at least in the 1 — € highest-probability-region (HPR,, the smallest region that contains
1 — € of the mass) of p(0|x,), i.e.

p(8) o< p(6) - Loer
with HPR. (p(0]x,)) C M. Thus, p(0) is a ‘truncated” proposal. The key insight is that, when using
such a proposal and € = 0, one can train g4 (0|x) with maximum likelihood:

m(gn L= m¢i>n Eg-5(0) Ex~p(x|0)[— 10g 45 (0]%)],

and g4 (0|x,) will still converge to p(€|x,) (Proof in Appendix Sec. 6.2).

We estimate M as the HPR, of the approximate posterior M = HPR((qg(6|x,)). Since the
maximum-likelihood loss employed to train g4 (6|x) is support-covering, the HPR, of g4 (6[x,)
tends to cover the HPR, of p(0|x,) [Bishop and Nasrabadi, 2006].

In order to obtain the HPR, of ¢4 (0|x, ), we define a threshold 7 on the approximate posterior density
q¢(0|x,). To do so, we use a normalizing flow as g4 (60|x), which allows for closed-form density
evaluation and fast sampling. We then approximate the HPR. of g (6|x,) as

HPRE(‘I(P(O‘XD)) ~ ]lq¢(9\xo)>-r-

We chose T as the e-quantile of approximate posterior densities of samples from gg(6]%,), and
evaluated TSNPE for ¢ = 1073, 1074, and 10~°. Values of € > 0 yield a proposal prior which has
smaller support than the current estimate of the posterior, e.g., using € = 10~3 neglects 0.1% of mass
from the approximate-posterior support. Thus, this approach leads to errors in posterior estimation,
e.g., to ‘under-covered’ posteriors (Appendix Sec. 6.10). However, empirically, the error induced
by this truncation is negligible, as we will demonstrate on several benchmark tasks. We note that
TSNPE can be trained on data pooled from all rounds (Appendix Sec. 6.2). TSNPE is summarized in
Alg. 1 (Fig. 2).

3.2 Sampling from the truncated proposal

To generate training data for subsequent rounds, we have to draw samples from the truncated proposal
p(0), and here we explored rejection sampling and sampling importance resampling (SIR) [Rubin,
1988]. For rejection sampling, we sample the prior & ~ p(0) and accept samples only if their
probability under the approximate posterior g, (0|x) is above threshold 7.
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Figure 3: Diagnostic tool. (a)
Parameter 6* (green) lies within
the 1-a confidence region (gray)
of the estimated posterior. (b)
log(p(0*|z)) is above the 1-«
quantile of posterior samples. (c)
0 log(p(8]x)) 0 1 1-a versus empirical coverage,
Confidence level averaged over 0*.

N

underconf.

Empirical coverage

o

overconf.

This strategy samples from the truncated proposal exactly, but can fail if the rejection rate be-
comes too high. To deal with these situations, we used SIR. For each sample from the truncated
proposal, SIR draws K samples from the approximate posterior, computes weights w;—1. g =
p(0:)1o,ert/q4(0;:]x), normalizes w; such that they sum to one, draws from a categorical dis-
tribution with weights s ~ Categorical(w; ), and selects the posterior sample with index s. SIR
requires a fixed sampling budget of K posterior samples per sample from the truncated proposal and
returns exact samples from the truncated proposal for K — oo. Too low values of K lead to too
narrow proposals and posterior approximations. When run for a number of rounds, this behaviour
reinforces itself and can lead to divergence of TSNPE (Appendix Fig. 13). We, thus, chose a high
value K = 1024. In our experiments, we did not observe poor SIR performance, but we emphasise
the importance of using tools to diagnose potential failures of TSNPE (see below) or SIR (e.g. by
inspecting the effective sample size, Appendix Sec. 6.12). When SIR fails, methods such as nested
sampling, adaptive multi-level splitting, or sequential Monte-Carlo sampling could be viable alterna-
tives [Skilling, 2004, Cérou and Guyader, 2007, Doucet et al., 2001]. We discuss computational costs
of rejection sampling and SIR in Appendix Sec. 6.11.

3.3 Coverage diagnostic

In order for the estimated posterior g4(0|x,) to converge to p(@|x,), TSNPE requires
supp(p(0|x,)) € HPR.(gy(0]%,)), i.e., the estimated posterior must be broader than the true
posterior (proof in Appendix Sec. 6.2). In order to diagnose whether the posterior is, on average,
sufficiently broad, we perform expected coverage tests as proposed in Dalmasso et al. [2020], Miller
et al. [2021], Hermans et al. [2021].

As described in Dalmasso et al. [2020], Rozet et al. [2021] and illustrated in Fig. 3, the coverage of
the approximate posterior can be computed as

1= [ ao(0x)106(6"x") = 04(61x)do

where 0™ is sampled from the truncated proposal and x* is the corresponding simulator output.
In order to approximate this integral, one has to either evaluate the approximate posterior on a
grid [Dalmasso et al., 2020, Hermans et al., 2021] or apply a Monte-Carlo average which includes
repeatedly sampling (and evaluating) the (unnormalized) approximate posterior [Miller et al., 2021,
Rozet et al., 2021]. The first option does not scale to high-dimensional spaces whereas the second
is computationally expensive for methods estimating likelihood(-ratios) and, thus, require MCMC.
In contrast, the TSNPE-posterior can be sampled from and evaluated in closed-form, leading to a
computationally efficient and scalable diagnostic which can be run after every training round.

Expected coverage can be computed as an average of the coverage across multiple pairs (6", x*)
[Miller et al., 2021, Hermans et al., 2021] and should match the confidence level for all confidence
levels (1 — «) € [0,1] (Fig. 3c). We term this procedure of computing the empirical coverage
‘simulation-based coverage calibration* (SBCC), due to its close connection with SBC [Cook et al.,
2006, Talts et al., 2018] (identical under certain conditions, Appendix Sec. 6.6). For TSNPE, it is
important that the empirical expected coverage matches the confidence level for high confidence
levels (i.e., for small «), since overconfidence in these regions would indicate that ground-truth
parameters 0™ are falsely excluded from the HPR.—,,. SBCC is summarized in Appendix Alg. 2.
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Figure 4: Performance on six benchmark tasks. Left three columns: classifier two-sample test
accuracy (C2ST) of NPE (left), APT (middle), and TSNPE (right) for three simulation budgets. Forth
column: Fraction of prior samples within the approximate-posterior HPR, in each round for each
simulation budget. Fifth column: Fraction of true-posterior samples within the approximate-posterior
HPR.. TSNPE with ¢ = 10~ and rejection sampling from truncated proposal.

4 Results

We evaluated TSNPE on several benchmark tasks and on two complex problems from neuroscience.
We found that TSNPE performs as well as APT on the benchmark tasks and that it is robust to choices
of €. In addition, we found that, in contrast with APT, TSNPE can successfully infer the posterior
distribution for complex models with large numbers of parameters.

4.1 Performance on benchmark tasks

We compared TSNPE with NPE and APT on six benchmark tasks for which samples from the
ground-truth posterior are available (see Appendix Sec. 6.9 for tasks) [Lueckmann et al., 2021]. We
quantified the performance with a classifier two-sample test (C2ST), for which 0.5 indicates that
the approximate posterior is identical to the ground-truth posterior, whereas 1.0 implies that the
distributions can be completely separated by a classifier. Overall, APT and TSNPE perform similarly
well and both outperform NPE (Fig. 4, left three columns). On two of the six tasks (Gaussian Linear
and SLCP), APT has slightly better performance than TSNPE, whereas on two other tasks (SIR
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Figure 5: Pyloric network inference. (a) Data [Haddad and Marder, 2021]. (b) APT approximate
posterior (1D-marginal) exhibits leakage (red: prior bounds). (c) APT approximate posterior when
forcing the density estimator into constrained space. The spike at the upper prior bound is at odds with
previously published posterior distributions [Gongalves et al., 2020, Deistler et al., 2021, Glockler
et al., 2022] and produces poor predictive samples (Appendix Fig. 19). (d) TSNPE posterior predictive
sample matches summary statistics of the experimental data.

and Lotka-Volterra), TSNPE outperforms APT. Overall, TSNPE and APT perform similarly well,
demonstrating that TSNPE is competitive with previous methods on benchmark tasks.

In order to get insights into the improved performance of TSNPE as compared to NPE, we computed
the fraction of prior samples that lie within the HPR, of the approximate posterior (Fig. 4, fourth
column). In tasks with broad posteriors and few simulations, the HPR, is almost as wide as the

prior and thus the performances of NPE and TSNPE are similar (e.g., SLCP with 1k simulations).

In other tasks and with more simulations, the HPR, is much narrower than the prior, leading to an
improvement in simulation efficiency (e.g., Lotka-Volterra with 100k simulations).

Finally, we evaluated whether the HPR, of the approximate posterior contains the support of the true
posterior (Fig. 4, fifth column). We computed the fraction of true-posterior samples within the HPR,
of the approximate posterior. For most tasks, fewer than 0.1% of samples were excluded, and the rate
of erroneously rejected samples decreased as more simulations were used. In the Lotka-Volterra task
with 1k and 10k simulations, many ground-truth samples were rejected and TSNPE performed poorly,
but NPE and APT also failed to solve the task. Thus, while truncated proposals can potentially induce
posterior biases, these only have a negligible effect on the performance of TSNPE. We note that
TSNPE performance is qualitatively unaffected by the choice of ¢ < 10~* and proposal sampling
scheme (Appendix Fig. 8, Fig. 9, Fig.10). Applying truncated proposals to APT leads to equally good
or worse performance than ’standard” APT, depending on the task (Appendix Fig. 14).

4.2 Efficient and robust inference in two complex neuroscience problems

Next, we evaluate the performance of TSNPE on two challenging neuroscience problems, where the
competitive advantage of TSNPE is fully realized.

Pyloric network We applied TSNPE to a challenging real-world simulator from neuroscience: The
pyloric network of the stomatogastric ganglion in the crab Cancer Borealis [Prinz et al., 2003, 2004].
The model has 31 parameters and simulates 3 voltage traces that we reduce to 18 summary statistics.
The prior distribution is uniform within previously described parameter ranges [Prinz et al., 2004,
Gongalves et al., 2020]. We identify the posterior distribution given experimentally observed data
[Haddad and Marder, 2021] (Fig. 5a) with APT and TSNPE (13 rounds, 30k simulations per round).

When applying APT ‘out of the box’ (from ‘sbi’ toolbox [Tejero-Cantero et al., 2020]), the rate
of approximate-posterior samples within the prior bounds was 0.02% after the second round and
0.0000% after the third round (Fig. 5b), which rendered a fourth round too computationally expensive.

We attempted to overcome these issues by appending a transformation 7" to the density estimator
G4 (0]x) such that its support is constrained to match the support of the prior. In practice, we used a
sigmoid transformation. While the resulting approximate posterior exhibited no leakage, this setup
revealed another problem when running APT: In transformed (i.e., unbounded) space, the density
estimator g4 (60|x) can put significant mass in regions outside of the training data. When forced into
constrained space, these ‘leaking’ regions lead to spikes at the bounds of the parameter space (Fig. Sc,
further details in Appendix Sec. 6.5; illustration, additional tests and full posterior in Appendix
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Figure 6: TSNPE on L5PC. (a) Cell morphology. (b) Observation. (c) Four prior samples for the
Step 1 protocol. (d) Coverage for 1 and 10 neural nets. () Posterior. True parameter in red. (f) Three
posterior predictives for the Step 1 protocol. (g) One posterior predictive for all protocols.

Figs. 17, 16 and 18). These spikes are at odds with previously published posterior distributions
[Gongalves et al., 2020, Deistler et al., 2021, Glockler et al., 2022] and samples from these parameter
regions do not produce good simulations (Appendix Fig. 19). This demonstrates that leakage occurs
in APT even when the density estimator is forced into constrained space and that these issues lead to
an incorrect posterior approximation as well as to poor predictive samples.

We applied TSNPE to this task for 13 rounds without any issue. The resulting posterior produces
samples that closely match the observed data (Fig. 5d, more samples in Appendix Fig. 15, posterior
distribution across all 31 parameters in Appendix Fig. 20). The obtained posterior is similar to
previously published posteriors [Gongalves et al., 2020, Deistler et al., 2021, Glockler et al., 2022].

Multicompartment model of a single neuron Finally, we turn to a landmark problem in neuro-
science for which the posterior has not yet been identified: A morphologically detailed model of a
thick-tufted layer 5 pyramidal cell (L5PC) from the neocortex [Ramaswamy et al., 2015, Markram
et al., 2015, Van Geit et al., 2016]. The model describes the response of a neuron to current stimuli
of different strengths. The model has approximately 7000 separate compartments which compose
the anatomy of the cell (Fig. 6a). Each compartment has dynamics based on the Hodgkin-Huxley
equations [Hodgkin and Huxley, 1952] and contains multiple ion channels (details in Van Geit et al.
[2016]). The model has 20 free parameters which are the maximal channel conductances and time
constants of the ion channels. The simulation consists of four separate simulations corresponding to
experimental protocols which describe the voltage response to different stimuli. For the first three
protocols (Step 1, Step 2, Step 3), each voltage response is characterized by 10 summary statistics.
The fourth protocol models the back-propagation of the voltage response through the dendritic tree
and is captured by 5 additional summary statistics (bAP soma, bAP dend. 1, bAP dend. 2). In total,
the model produces 35 summary statistics, to which we add Gaussian noise with diagonal covariance
matrix capturing the response variability of previously reported measurements [Hay et al., 2011].

Our goal is to infer the posterior distribution over 20 parameters given 35 summary statistics that
were simulated—and thus have a known ground-truth parameter set— to resemble experimentally
observed activity (Fig. 6b). The prior is a uniform distribution within previously established bounds
[Van Geit et al., 2016]. A major difficulty in fitting this model is that a large fraction of prior samples
generate summary statistics that are very different from the observed data: In particular, about 99.98%
of prior predictives contain at least one summary statistic that is undefined, e.g., time to first spike is
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undefined in the absence of spikes (Fig. 6¢). When a summary statistic is undefined, we assign it a
value that is substantially outside the range of the observed data (Appendix Sec. 6.14).

We ran TSNPE over six rounds (hyperparameters in Appendix Sec. 6.15). In each round, we ran 30k
simulations, leading to a total of 180k simulations. After every round, we evaluated the expected
coverage with SBCC. After the first round, the approximate posterior exhibited poor expected
coverage (Fig. 6d top). Therefore, as suggested by Hermans et al. [2021], we used an ensemble of 10
neural density estimators to ensure that the approximate posterior is sufficiently broad (Fig. 6d bottom).
Although the approximate posterior remains underconfident, the empirical expected coverage closely
matches the confidence level for high-confidence levels, which is crucial for TSNPE (Sec. 3.3).

The TSNPE-posterior has several parameters with broad marginals, demonstrating that this model
exhibits ‘degeneracy’, a widespread phenomenon in biological systems [Marder and Taylor, 2011]
(Fig. 6e, Appendix Sec. 6.14 for parameter names). Other marginals are narrow, demonstrating that
the model is sensitive to changes in these parameters. Posterior predictive samples closely match
the observed data (Fig. 6f,g; more samples in Appendix Fig. 22). We emphasize that fitting such
morphologically-detailed neuron models is a challenging and widespread problem in neuroscience,
one for which commonly used methods [e.g., genetic algorithms, Druckmann et al., 2007, Van Geit
et al., 2016] are often simulation-inefficient or do not estimate the full posterior distribution. We show
promising results, suggesting that TSNPE could be applied to other complex single-neuron models.

In contrast, with ‘out of the box’ APT, none of the 10M approximate-posterior samples was within
the prior bounds after the second round. This rendered a third round too computationally expensive.
Overall, the results on the pyloric network model and on the multicompartment model demonstrate
that TSNPE is an efficient and robust method that scales to complex and high-dimensional models
that were inaccessible to the state-of-the-art method APT.

5 Discussion

We presented a new method to perform Bayesian inference in implicit models, which we call Trun-
cated Sequential Neural Posterior Estimation (TSNPE). Like previous methods, TSNPE adaptively
selects parameters to improve simulation-efficiency and allow posterior inference in complex models
with many parameters. The key ingredient is that TSNPE samples parameters from a ‘truncated’
region of the prior, and thus overcomes instabilities of previous methods while maintaining simulation
efficiency. In order to diagnose potential errors of TSNPE, we developed a coverage test that can be
run quickly and at every round of TSNPE. TSNPE presents a new variant of SNPE which is at least
as powerful as previous variants on benchmark tasks, but provides a powerful alternative which is
able to solve inference problems on which the state-of-the-art method APT failed.

Related work TSNPE differs from automatic posterior transformation (APT, SNPE-C) in its
proposal and its loss function: TSNPE uses a truncated prior as proposal, while APT can flexibly use
any proposal, which, e.g., allows for more sophisticated active learning rules [Lueckmann et al., 2019,
Jarvenpid et al., 2019]. However, APT’s flexibility requires a modification of NPE loss function,
which can be an impediment to its usage in practice: First, the modification can lead to ‘leakage’,
which can make it prohibitive to draw samples within prior bounds. Second, APT loss requires an
explicit prior and thus, cannot be applied to models in which the prior can only be sampled [Ramesh
et al., 2022]. Third, current formulations of APT cannot discard parameters leading to invalid
simulations as the posterior mass would ‘leak’ into parameter regions which only produce invalid
simulations (Appendix Sec. 6.5). It might be possible that these issues are resolved using a modified
formulation of APT, e.g., by combining its atomic loss with additional loss terms, or preventing
leakage by penalizing ‘bad’ parameters [Greenberg et al., 2019]. In cases in which leakage prevents
application of APT (in particular, in high-dimensional problems), TSNPE provides an alternative.

Our method is inspired by previous work that introduced a mechanism to post-hoc correct samples
obtained by an Approximate Bayesian Computation (ABC) algorithm [Blum and Francois, 2010],
i.e., ‘regression adjustment ABC’. Their method draws samples from a truncated region of the prior
to avoid correction terms, but estimates the posterior density with ABC samples—rather than using a
flexible neural density estimator—and estimates the support by training a dedicated support-vector
machine. In addition, the method runs a single round of truncation and retraining, whereas we
demonstrate that TSNPE can be robustly applied across 10 rounds.
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Truncated proposals have also been proposed for neural ratio estimation [Truncated Marginal Neural
Ratio Estimation (TMNRE) Miller et al., 2021]: TMNRE uses truncated proposals to efficiently
infer selected posterior marginals while being amortised around the observation, allowing to test the
coverage properties of the selected marginals, e.g., with SBC [Cook et al., 2006, Talts et al., 2018].
In addition, truncating based on the marginals allows TMRNE to sample from the truncated proposal
without rejection or SIR sampling. In contrast, TSNPE aims at efficiently inferring the full posterior
distribution by proposals that avoid the correction of SNPE loss function. Truncating the proposal
based on the full posterior rather than on the marginals can lead to drastically narrower proposals:
E.g., on the pyloric network problem, truncation based on posterior marginals rejects 20% of prior
samples versus 99.94% rejection based on the posterior joint. In addition, while TMNRE uses the
expected coverage to test the consistency of the posterior marginals, TSNPE can test the expected
coverage of the full posterior distribution.

Possible failure modes The main failure mode of TSNPE will occur if the truncated proposal
excludes significant portions of density mass of the true posterior (e.g., if the estimate misses posterior
modes). In these cases, the learned approximate posterior will put systematically too little mass in the
excluded regions. We recommend the use of diagnostic tools such as SBCC to identify such failures
[Cook et al., 2006, Miller et al., 2021, Hermans et al., 2021, Rozet et al., 2021].

In addition, if the true posterior has unbounded support, any finite values of e > 0 will lead to a
biased approximate posterior which puts too little weight in the posterior tails. In that case, and
when running TSNPE across many rounds, the errors from each individual round could accumulate.
Although we did not observe this bias to significantly affect the algorithm performance on several
benchmark tasks, we cannot exclude the possibility of a substantial performance degradation when
running TSNPE for a larger number of rounds (>>10).

Finally, unlike SNPE methods that use the previous estimate of the posterior as the proposal distribu-
tion, our method requires a scheme to sample from a truncated proposal. If the sampling scheme is
inaccurate (i.e., if it does not produce a proposal distribution that is proportional to the prior within the
truncated region), the results of TSNPE will be biased. To avoid this, we recommend using rejection
sampling by default and using SIR or sequential Monte-Carlo methods only if rejection sampling is
too computationally expensive. For SIR, it is important to use a large oversampling factor K (e.g.,
K = 1024) and use diagnostic tools such as effective sample size (Appendix Sec. 6.12, Fig. 13).

Simulation-based coverage calibration In order to diagnose whether the approximate posterior is
broader than the true posterior, we applied SBCC, a coverage test for TSNPE [Cook et al., 2006, Rozet
etal., 2021]. SBCC evaluates the expected coverage of the approximate posterior without evaluating it
on a grid [Dalmasso et al., 2020, Hermans et al., 2021] and, unlike diagnostic tools for methods based
on learning the likelihood(-ratio), does not require MCMC runs for multiple observations x [Miller
et al., 2021]. This allows SBCC to be run quickly and for models with many parameters. In addition,
in contrast to diagnostic tools for likelihood-free inference with Approximate Bayesian Computation,
SBCC does not require an additional step to estimate the density of approximate posterior samples
[Prangle et al., 2014]. We note that, since SBCC is a variation of SBC [Cook et al., 2006, Talts et al.,
2018], it only ensures that the HPR, is correct on average across observations, not for a particular
observation. In principle, SBCC could be applied to other SNPE variants, although empirically the
impact of arbitrary proposals on SBCC performance is currently unclear.

Conclusion Overall, TSNPE combines the simulation-efficiency of sequential neural posterior
estimation with the robustness and coverage-tests of non-sequential methods. We demonstrated that
it allows to scale neural posterior estimation to complex and high-dimensional scientific problems.
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6 Appendix

6.1 Reproducibility statement

We used the configuration manager hydra to track the configuration and seeds of each run [Yadan,
2019]. All code to reproduce the results can be found at https://github. com/mackelab/tsnpe_
neurips. We implemented TSNPE on top of the publicly accessible sbi toolbox [Tejero-Cantero
et al., 2020]. All simulations and runs were performed on a high-performance computer. For each
run, we used between 8 and 48 CPU cores.

6.2 Proof of convergence

Below, we prove that, for a given observation X, the posterior distribution obtained with TSNPE
q4(0]x,) converges to the true posterior distribution p(0|x,) under the assumption that the HPR,
of the approximate posterior at every TSNPE round covers the support (i.e., the HPR, for € = 0) of
the true posterior given the observation x,. We call the support of the true posterior M, i.e. M =
supp(p(0]%,)). The proof proceeds in two steps: First, we derive the effective proposal distribution
when pooling data from all rounds. Second, we show that, for such proposal distributions, the neural
density estimator converges to the true posterior.

Deriving the proposal distribution We denote by 5" (8) the proposal distribution from which
are drawn in round 7. In the first round, we use the prior, i.e., "=1(6) = p(@). In later rounds, we
sample from the prior but reject samples that lie outside of the HPR, of the approximate posterior
given x,,. The samples drawn in round r are thus drawn from

p'(8) =U"(0)p(0)/2", (M

where Z" is the normalization constant and U" () is 1 on the HPR, of the approximate posterior at
round r and zero otherwise. Given our assumption that the HPR, of the approximate posterior covers
the support of the true posterior M, U () is 1 on the support of the true posterior M.

When pooling simulations from all rounds, after R rounds, the parameters are sampled from a mixture
of all proposal distributions:

R R
70)= > 7 (6) = p(6)- (}V > U*w)/zr) = 0(6) - 1(6). @

In this equation, we assumed that all rounds contain equally many simulations, but the proof can
easily be extended to rounds with different numbers of simulations by adding weights to the above
sum.

As can be seen above, the distribution p(8) is the prior times a function f (@) which is made up of
several steps and whose steps are defined by the HPR, of the approximate posterior of every round
(illustration in Appendix Fig. 23). Finally, under the assumption that all U (@) are 1 on the support
of the true posterior M, we have, for any 8 € M

R R
] 1 T T 1 T __ J—
f(0) = N;U (0)/27] = NZI/Zl = constant = c,

r=1
i.e., f(0) is not a function of 6. Thus, for any 6 € M, we have
p(0) = p(0) - c x p(6)
We emphasise that this proportionality holds only for @ € M, but not necessarily for 8 outside of the

support of the true posterior.

Training the neural density estimator Next, we show that, for a proposal distribution of the form
derived in the paragraph above, the approximate posterior g,(8|x,) for an observation x,, converges
to the true posterior distribution p(6|x,).
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TSNPE minimizes the following loss function:

L= fleog 46(0ilx:))

N—o0

— —E,0,%)log(ge(0x))]
- ]Ep(e)p(x\e) [lOg(Q¢(0|X))]
Plugging in the proposal distribution defined above:

//f 0)p(x|6) log(qs(6|x)) dOdx
/ / —f(8)p(0]x) log(qs(0]x)) dOdx.

The term within the integral over 6 is proportional to the Kullback-Leibler-divergence between
F(0)p(8]x)/Z (with Z = [ f(0)p(0]x)d) and the approximate posterior gs(0|x). Thus, L is
minimized if and only if
q6(01x) o< f(0)p(0]x)
for all x within the the support of p(x) [Papamakarios and Murray, 2016].

This means that, for arbitrary x € supp(p(x)), g4(€|x) will not converge to the true posterior p(0|x),
but to f(6)p(0|x)/Z. However, for the observed data x = x,,, we have:

4(01%0) o f(0)p(0]x,) = {j(é’)(g‘é” iel;sie -

The first case follows from the fact that f(6) is constant on the support of the true posterior. The
second case follows because the true posterior has zero probability density for € outside of its own
support M. Thus:

45(01%0) o p(0]x,).
Since ¢4(0|x,) is a (conditional) normalizing flow, it is normalized and, thus:

46(01%0) = p(0]x,).
6.3 Simulation-based coverage calibration (SBCC)

The algorithm for computing the coverage (SBCC) is shown in Alg. 2.

Algorithm 2: Simulation-based coverage calibration (SBCC)

Inputs: proposal p(8), approximate posterior ¢ trained on 6 ~ p(8), number of simulations M,
number of posterior samples per simulation P. Database of empirical coverages &, initialized as
the empty set.

Outputs: Coverage for different confidence levels 1 — a.

foric[l,..,M]do
0; ~ i(6)
simulate x} ~ p(x|07)
1¥ =1og(ge(071x7)) 5 // compute log-prob of ground-truth
c=0
forj € [1,...,P] do
8; ~ 4s(6];)
lj =log(ge(0;1x7)) ; // compute log-probs of posterior samples
if [; > [ then
| c=c+1
e=c¢/P; // fraction of posterior samples whose log-prob is larger
than ground-truth log-prob
to &

Plot CDF of 5
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Algorithm 3: Obtaining the HPR, of the approximate posterior and sampling the truncated
proposal with rejection sampling

Inputs: Prior p(6), Approximate posterior g, observation x,, number of posterior samples M,
e that defines the HPR, number of desired samples from (#) N. Database of log-probabilities
‘P, initialized as an empty set.

Outputs: Samples S from truncated proposal p(6).

foric[l,..,M]do

6: ~ 4(6]x,)

li = log(qe(8i[xo)

add l1 to P

& = quantile.(P) ; // threshold for HPR.

// sample truncated proposal with rejection sampling
while s < N do
0 ~ p(0)
I = log(qe(61x,))
if [ > x then
add@toS
s+=1

6.4 Algorithm description for sampling from the HPR of the approximate posterior

The algorithm for sampling from the HPR, of the approximate posterior is shown in Alg. 3.

6.5 Alleviating issues of APT

We compared TSNPE to Automatic Posterior Transformation (APT) [Greenberg et al., 2019]. In
this section, we briefly review how APT works, and why ‘leakage’ occurs, and how we attempted to
improve it.

APT review Broadly, APT exists in two versions. Its first version can be applied only if the density
estimator g4 (0|x) is a mixture of Gaussians, the proposal 5(0) is a mixture of Gaussians, and the
prior p(0) is either uniform or Gaussian. We did not compare TSNPE to APT in this form because we
wanted to use more expressive density estimators for g4 (6|x). The second version of APT, known
as atomic APT, allows to use any density estimator g (€|x), any proposal 5(@) and any explicit
prior p(@). One must be able to evaluate the density estimator and the prior, but the proposal can be
implicit (i.e., without closed form density). Atomic APT minimizes the loss:

) ) 46(6:1x)/p(6)
Lo =~ NZ 8 4o @) P8 + ). 1 4o0;%) /p(0;)

with number of atoms A. In this loss, 8; and 8; can be sampled from any proposal distribution. x; is
sampled from p(x6;).

Leakage issue Notice that the above loss is the same for ¢4 (6|x) and for c- g4 (6|x). In other words,
the approximate posterior has to be correct only up to a proportionality constant [Greenberg et al.,

2019, Durkan et al., 2020]. Thus, an approximate posterior g (6|x) which is ¢ - p(@|x) will have
aminimal loss. Since the dataset on which g4(6|x) is trained contains no 6 that lies outside of the
prior bounds, the approximate posterior can be anything outside of the prior bounds without affecting
the value of the loss function. This is what is called ‘leakage’, and which has been pointed out as
a potential problem both in the original APT paper Greenberg et al. [2019] and work studying the
relationship of APT with contrastive learning approaches Durkan et al. [2020]: While the approximate
posterior might be proportional to the true posterior within the bounds of the prior p(8), it can put
significant mass outside of the prior bounds (because the loss does not penalize this behaviour).

Transforming the parameter space We tried to fix the leakage issue by appending a transformation
such that the density estimator has constrained support. This requires that the bounds of the parameter
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space are known and that such a transformation can be implemented. If this fix can be applied, the
leakage will be zero by definition. In all our experiments, such a transformation substantially helped
with the leakage problem.

Leakage into regions of no training data However, even when possible, such transformation does
not completely prevent ‘leakage’: When inspecting the loss of APT, we see that the approximate
posterior can put mass into any region of the parameter space in which no parameter sets € in the
training data lie. For example, if the prior distribution is standard Gaussian and one trains APT on
100 parameter sets sampled from the prior, the training dataset will unlikely contain values that are
smaller than -3 or larger than 3. Therefore, APT can ‘leak’ into the regions below -3 or above 3 and
still have an optimal loss. While, in the limit of infinite data, APT would correct its ‘leakage’ as soon
as parameters from these regions are used as training data, given a finite number of simulations, the
approximate posterior can ‘leak’ into new regions which have not been explored (yet). The (potential)
problem of leakage does not affect all applications equally: High-dimensional parameter spaces
suffer more from this behavior than low-dimensional ones, as there are many regions into which the
mass of the approximate posterior can ‘leak’. This behaviour is illustrated in Appendix Fig. 17.

Leakage because of invalid data Another way in which leakage can occur is if the simulator
produces invalid data (e.g. NaN or infinity). Often, such invalid simulations are discarded from the
training dataset [Lueckmann et al., 2017] and the approximate posterior is trained only on samples
that produce valid outputs. For example, assume that a small region of the prior always produces
invalid simulations. In this case, the approximate posterior will never be trained on simulations from
this parameter region and APT can ‘leak’ into this region. Thus, the approximate posterior might
contain significant mass in parameter regions that produce invalid simulations.

Explicit recommendations for running APT We will now give explicit recommendations for
running APT. These modification greatly improved the performance of APT in our experiments, but
were not able to avoid the failure of the algorithm on challenging real-world problems such as the
pyloric network (Fig. 5).

1. For priors with bounded supports: If possible, transform the parameter space into unbounded
space.

2. Do not discard invalid simulations. Instead, replace invalid entries (such as NaN) with a
substantially different value than the observed data and train on all available simulations.

3. Check if the posterior contains a lot of mass in regions with very low prior probability. If
this is the case, it can hint at a failure of APT through leakage into regions of no training
data.

4. If you transformed the parameter space, check if many posterior samples lie very close to
the bounds. Again, this can hint at a failure of APT through leakage into regions of no
training data.

6.6 Relation between simulation-based calibration and our diagnostic

As discussed above, our method is closely related to simulation-based calibration (SBC) [Cook
et al., 2006, Talts et al., 2018]. Briefly, SBC samples 6" from the prior, samples the likelihood
x* ~ p(x|0") and then draws samples from the posterior 8; ~ p(8|x*) (e.g., with MCMC). It then
projects the (potentially high-dimensional) parameters ; into a one-dimensional space T'(;). Often,
this projection is the 1D-marginal distribution of parameters [Carpenter et al., 2017]. It then ranks
T'(6*) under all posterior samples 7'(01.. n). Repeated across several prior samples, the distribution
of ranks should be uniform. For high-dimensional parameter spaces, the marginal distribution of each
parameter is checked independently.

Notably, other projections into a one-dimensional space are possible. Below, we explain that our
method is identical to running SBC with projection T' : 6 — g4 (0|x) and with posterior samples
exactly following g4 (0|x).

In SBC and in our diagnostic method, samples are drawn from the prior 8* ~ p(6) and simulated
x* ~ p(x]0). In our diagnostic method, as well as in SBC with projection being the log-probability
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of the approximate posterior, one then samples the posterior to obtain 8; and evaluates the log-
probability of all samples, i.e., [; = T(0;) = log(q(0;|x*) as well as of the initial parameter set
I* =log(g(0"|x*). SBC then ranks [* under all /;, which is equivalent to computing its quantile (as
in our method). In our diagnostic tool, one then evaluates whether this quantile is above or below
several confidence levels (evaluation on a 1D evenly spaced grid, same as rank binning in SBC).
This generates a step-function with the step occuring at the quantile of [*. This step function is the
cumulative distribution function of a dirac at the quantile of [*. Therefore, repeated across several 6™,
our coverage plots (e.g., Fig 3c) correspond to the cumulative distribution function of the histograms
generated by SBC (with projection T" : @ — log(ge(0|x)) and posterior samples exactly following

99 (01x))-
6.7 SBCC in a multi-round setting

We run our diagnostic tool after every round of training. If one trains only on simulations that were
run in the most recent round, SBCC can be run as in the first round. However, if one wishes to train
on simulations from all rounds, then the deep neural density estimator converges to:

49(01x) o f(0)p(0]x).

Proof in Sec. 6.2. As is described in Sec. 6.2, this means that g,4(0|x) will not converge to the true
posterior for arbitrary x, but only for the observation x,.

This poses a problem for SBCC: As described in Alg. 2, SBCC measures whether the coverage is
correct (on average) for many x generated by the proposal distribution. Since the loss employed by
TSNPE only ensures convergence for x,, it will by construction not provide correct results for other
X.

This issue can be solved in two ways:

1. When running SBCC, instead of drawing samples from the proposal prior of the most
recent round p" (@), one can draw samples 8 from p(8), i.e., the distribution that emerges
from pooling data from all rounds (notation as in Sec. 6.2 and Alg. 2). This is the method
described in Appendix Alg. 2.

2. One can truncate the approximate posteriors g4 (6|x*) while running SBCC (see Alg. 2 for
notation). With this strategy, when running SBCC in round r, we draw parameters from
6" ~ p"(0) (the truncated proposal from round r), simulate them x* ~ p(x|6*), sample
from the posterior 8; ~ g4(0|x*), reject samples that lie outside of HPR. (¢4 (0;|%,)), and
then continue as described in Alg. 2. Strategy 2 only ensures that the posterior regions which
lie within HPR (¢ (0|x,)) are well-calibrated. It does not ensure that the full posterior
(g¢(0]x*) with x* ~ p(x*|0*) and 8" ~ p"(8)) is well-calibrated.

6.8 Toy model

The toy model shown in Fig. 1 is given by a uniform prior within [—2, —1] and [1, 2]. The simulator
is & ~ 02 + ¢, where ¢ is a Gaussian distribution with mean zero and standard deviation 0.2. We ran
APT [Greenberg et al., 2019] and TSNPE for 5 rounds with 500 simulations per round. For APT, all
hyperparameters are the default values from the sbi package [Tejero-Cantero et al., 2020], but we
used a neural spline flow (NSF) for both APT and TSNPE [Durkan et al., 2019].

6.9 Benchmark tasks

Below, we briefly describe the benchmark tasks. For details, please see Lueckmann et al. [2021].

Gaussian linear: 10 parameters which are the mean of a Gaussian model. The prior is Gaussian,
resulting in a Gaussian posterior.

Bernoulli GLM: Generalized linear model with Bernoulli observations. Inference is performed
on 10-dimensional sufficient summary statistics of the originally 100 dimensional raw data. The
resulting posterior is 10-dimensional, unimodal, and concave.

Lotka Volterra: A traditional model in ecology [Wangersky, 1978], which describes a predator-prey
interaction between species, illustrating a task with complex likelihood and unimodal posterior.
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SLCP: A task introduced by Papamakarios et al. [2019] with a simple likelihood and complex
posterior. The prior is uniform, the likelihood has Gaussian noise but is non-linearly related to the
parameters, resulting in a posterior with four symmetrical modes.

Two moons: This model has two parameters with a uniform prior. The simulator is non-linear,
generating a posterior with both local and global (bimodal) structure [Greenberg et al., 2019].

SIR: Epidemiological model with two parameters and ten summary statistics [Kermack and McK-
endrick, 1927].

6.10 Errors due to truncation

As described in Appendix Sec. 6.2, the approximate posterior converges to the true posterior if the
truncated proposal covers the support of the true posterior. The truncated support is defined as the
high probability region that contains 1-€ of mass of the approximate posterior (HPR.). For € > 0, the
HPR, will likely not be a superset of the support of the true posterior and hence, there will be errors
in posterior approximation. In this section, we discuss the effect of these errors on inference accuracy.

When the value of € is chosen too large, the tails of the approximate posterior are excluded from
the truncated proposal. In the following training round, the approximate posterior converges to
a distribution that is correct, up to proportionality, within the HPR, of the previous approximate
posterior, but that underestimates the tails of the posterior distribution. We demonstrate this behavior
in Appendix Fig. 11 for a linear Gaussian simulator, uniform prior, 50k simulations per round, and a
neural spline flow with 20 bins as neural density estimator. After round 1, the approximate posterior
closely matches the true posterior (Fig. 11a). When using a large ¢, e.g., € = 0.1, the proposal for
the second round is narrower than the true posterior and, thus, the proposal obtained by pooling data
from both rounds is not constant on the support of the true posterior (Fig. 11b, blue). This leads to
the approximate posterior underestimating the tails of the true posterior (Fig. 11b, purple). When
using a smaller €, e.g., ¢ = 0.01, the errors induced by truncation become small and inference errors
are mostly due to finite data and imperfect convergence of the neural network (Fig. 11c¢). We note
that, throughout our study, we evaluated € = {10_37 10_47 10_5}, i.e., values that are at least one
order of magnitude smaller than ¢ = 0.01.

Overall, this analysis demonstrates that the truncation performed by TSNPE can negatively impact
inference quality in the tails of the posterior distribution. We, thus, do not recommend TSNPE in
scenarios in which users are particularly interested in the tails of the posterior. In all our benchmark
tasks, however, we did not find that the truncation negatively impacted inference quality as measured
by C2ST accuracy (Fig. 4, Appendix Fig. 8, Fig. 8). This indicates that, for many (real-world) tasks,
the errors due to truncation are outweighed by errors due to finite simulation budgets or imperfect
convergence of neural network training.

6.11 Computational cost of rejection sampling and SIR

In this section, we quantify the computational costs of rejection sampling and sampling-importance
resampling (SIR). The computational cost of both sampling methods comprises the computational
cost of sampling and evaluating the approximate posterior. On an AMD Ryzen Threadripper 1920X
12-Core Processor, drawing (or evaluating) 100k samples takes approximately 10 seconds. On a
GeForce RTX 2080 GPU, drawing (or evaluating) 100k samples takes approximately 0.17 seconds.
Thus, in SIR (with an oversampling factor K = 1024), one can draw (or evaluate) 100 samples from
the truncated proposal in 0.17 seconds on a GPU (versus 10 seconds on a CPU). For most real-world
simulators, this constitutes a small fraction of the compute time required to simulate the model: e.g.,
for the multicompartment model, a single simulation takes approximately 30 seconds and, thus, SIR
sampling from the truncated support takes up only 0.012% of the total compute time with a GPU.
For rejection sampling, the time required to draw samples from the truncated support depends on
the rejection rate. However, as long as the acceptance rate is above 0.001%, the cost of rejection
sampling is still small compared to the cost of running the simulator.

6.12 Accuracy of SIR

Here, we investigate the (potential) error induced by using sampling-importance resampling (SIR).
SIR is an approximate sampling technique and does not produce exact samples for finite /. This
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raises the question of how strongly the errors induced by SIR influence the results of TSNPE. In
order to investigate this, we performed three analyses: 1) We ran all benchmarking tasks with
SIR and K = 1024 and compared the results to rejection sampling. Across all benchmark tasks,
the performance of TSNPE with SIR matches the performance of TSNPE with rejection sampling
(Appendix Fig. 10). 2) In a simple 1D toy model, we investigated how closely the samples produced
by SIR match the samples produced by rejection sampling. As can be seen in Appendix Fig. 12,

the distribution of SIR samples is quite different from rejection sampling for X' = 16 and K = 64.

However, for K = 1024, the distribution of samples from SIR very closely matches the distribution
of rejection samples. 3) Finally, we investigated the performance of SIR by inspecting the effective
sample size (ESS), which we computed as

K
ESS =1/ w}

with w; being the normalized importance weights [Kong, 1992, Djuric et al., 2003, Martino et al.,
2017]. For K = 1024, across all benchmark tasks, the ESS was on average 25.154 and was never
below 2.547, i.e. it was always significantly higher than 1 (the number of resampled samples). All of
these results indicate that SIR is expected to be a useful and robust sampling method for TSNPE.

6.13 Pyloric network model

For the pyloric network model, we used the same prior, simulator, and summary statistics as previous
work [Gongalves et al., 2020, Deistler et al., 2021, Glockler et al., 2022]. The model has a total of 31
parameters and 18 summary statistics. We replaced invalid summary statistics with a value that is 2
standard deviations (of prior predictives) below the observation. The experimental data [Haddad and
Marder, 2021] is also the same as used in these previous works.

6.14 Multicompartment model of a single neuron

We performed Bayesian inference in a complex model of single-neuron dynamics. The model is
the same as used in Van Geit et al. [2016]. We added observation noise with standard deviations
taken from previously published measurements [Hay et al., 2011]. The prior is a uniform distribution
within the same bounds as previously used [Van Geit et al., 2016]. The parameters are shown in Table
1. The summary statistics are also the same as in Van Geit et al. [2016].

We replaced NaN values by the minimal value among prior samples minus two standard deviations
of prior samples. Several summary statistics had heavy tailed distributions, which led to very high
standard deviations. For these summary statistics, we picked the replacement value by hand. The
final values are shown in Table 2.

6.15 Choices of hyperparameters

For the results on the benchmark tasks, we picked the same hyperparameters for TSNPE as those that
were used in Lueckmann et al. [2021] for APT (called SNPE in Lueckmann et al. [2021]).

For both neuroscience tasks, we used a neural spline slow (NSF) as density estimator [Durkan et al.,
2019]. The hyperparameters of the NSF are the defaults from the ‘sbi’ package [Tejero-Cantero et al.,
2020]. On both of these tasks, we used € = 10~3. All other hyperparameters are the defaults from
the ‘sbi” package with one exception: We used a batchsize of 500 (instead of the default value 50).

For the pyloric network task, we ran APT with 2 atoms. We reduced the number of atoms from the
default value in the ‘sbi’ package (10 atoms) because a larger number of atoms increased training
time. When using 10 atoms, the training time exceeded the simulation time of the model on the
pyloric network task. With 2 atoms, the training time of APT was comparable to the training time of
TSNPE (albeit still a bit higher). We implemented the transformation of the parameter space with
the pytorch method ‘biject_to()’ [Paszke et al., 2019]. For TSNPE, we initially sampled from the
truncated proposal with rejection sampling. After the eighth round of training, the rejection rate
became exceedingly high and we switched sampling importance resampling (SIR, with K = 1024
see Sec. 3.2).

For the multicompartment model of single-neuron dynamics, we initially sampled parameters from
the truncated proposal with rejection sampling and switched to SIR after the third round. For this
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task, in the first round of training, we used an ensemble of 10 neural networks. From the second
round onward we used only a single neural network. For all other runs (toy example, benchmark,
pyloric network), we did not use ensembles but always trained only a single network.

APT

10 rounds

N

‘ Index ‘ Parameter Ground truth
01 gnats2_tbar_nats2_t_apical 0.026145
[ gskv3_1bar_skv3_1_apical 0.004226
03 gimbar_im_apical 0.000143
04 gnata_tbar_nata_t_axonal 3.137968
05 gk_tstbar_k_tst_axonal 0.089259
Og gamma_cadynamics_e2_axonal 0.00291
0 gnap_et2bar_nap_et2_axonal 0.006827
Os gsk_e2bar_sk_e2_axonal 0.007104
[ gca_hvabar_ca_hva_axonal 0.00099
610 gk_pstbar_k_pst_axonal 0.973538
011 gskv3_1bar_skv3_1_axonal 1.021945
012 decay_cadynamics_e2_axonal 287.19873
013 gca_lvastbar_ca_lvast_axonal 0.008752
614 gamma_cadynamics_e2_somatic 0.000609
015 gskv3_1bar_skv3_1_somatic 0.303472
016 gsk_e2bar_sk_e2_somatic 0.008407
017 gca_hvabar_ca_hva_somatic 0.000994
015 gnats?2_tbar_nats2_t_somatic 0.983955
619 decay_cadynamics_e2_somatic 210.48529
(20 gca_lvastbar_ca_lvast_somatic 0.000333

Figure 7: APT performance after 10 rounds. Same setup as in Fig. 1, but after running APT for 10

Table 1: L5PC parameters.

rounds. Leakage gets worse when additional rounds are run.
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Summary statistic Observation | Replacement value
stepl_soma_ahp_depth_abs -62.1358 -110.974
stepl_soma_ahp_depth_abs_slow -62.2882 -151.52
stepl_soma_ahp_slow_time 0.140599 -0.8473
stepl_soma_ap_height 28.43591 -33.959
stepl_soma_ap_width 0.67857 -2.132
stepl_soma_isi_cv 0.03328 -1.202
stepl_soma_adaptation_index2 -0.0039499 -0.3790
stepl_soma_doublet_isi 67.00 -1.699
stepl_soma_mean_frequency 7.106 -52.343
stepl_soma_time_to_first_spike 33.3000 -719.1
step2_soma_ahp_depth_abs -60.6933 -110.974
step2_soma_ahp_depth_abs_slow -60.8186 -151.066
step2_soma_ahp_slow_time 0.1496 -0.8481
step2_soma_ap_height 26.5820 -33.958
step2_soma_ap_width 0.67058 -2.1747
step2_soma_isi_cv 0.03598 -1.0649
step2_soma_adaptation_index2 -0.001467 -0.47684
step2_soma_doublet_isi 44.600 -1.6999
step2_soma_mean_f{requency 8.8444 -67.842
step2_soma_time_to_first_spike 23.000 -719.1
step3_soma_ahp_depth_abs -56.759 -110.744
step3_soma_ahp_depth_abs_slow -55.903 -149.126
step3_soma_ahp_slow_time 0.2168 -0.83586
step3_soma_ap_height 16.968 -34.01
step3_soma_ap_width 0.5968 -2.6932
step3_soma_isi_cv 0.09933 -1.1164
step3_soma_adaptation_index2 0.007206 -0.5326
step3_soma_doublet_isi 21.100 -1.699
step3_soma_mean_frequency 16.086 -125.30
step3_soma_time_to_first_spike 10.600 -719.1
bap_dend1_ap_amplitude_from_voltagebase 53.267 -60.701
bap_dend2_ap_amplitude_from_voltagebase 30.592 -31.779
bap_soma_ap_height 37.519 -33.95
bap_soma_ap_width 0.800 -1.583
bap_soma_spikecount 1.0 -0.8855

Table 2: LSPC summary statistics.
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Figure 8: Benchmark results for a less conservative threshold. All hyperparameters are the same
as in Fig. 4. The only difference is that we used ¢ = 10~3 (compared to 10~* in Fig. 4).
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Figure 9: Benchmark results for a more conservative threshold. All hyperparameters are the
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same as in Fig. 4. The only difference is that we used ¢ = 10~° (compared to 10~* in Fig. 4).
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Figure 10: Benchmark results for sampling importance resampling (SIR). All hyperparameters
are the same as in Fig. 4 (¢ = 10~*) but we use SIR to sample from the truncated proposal (instead
of rejection sampling in Fig. 4).
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Figure 11: Errors induced by truncation. Inference in a linear Gaussian toy model with uniform
prior. (a) The approximate posterior after round 1 closely matches the true posterior. (b) For a large
truncation value € = 0.1, the approximate posterior after round 2 systematically underestimates the
tails of the true posterior distribution. (c) For a smaller truncation value e = 0.01, the error induced

by truncation is small.
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Figure 12: Comparison of truncated proposal between rejection and importance sampling. (a)
Left: Gaussian prior as well as two posteriors. Middle: Density of 100k samples from the truncated
proposal for posterior A. Green is rejection sampling, purple shaded colors are SIR with different
oversampling factors K. Right: Same as middle, but for posterior B. (b) Same as panel a, but for a
uniform prior.
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Figure 13: Poor hyperparameter choices can lead SIR to diverge. We applied TSNPE to a model
with uniform prior (in [-1, 1]) and a linear Gaussian simulator. In each round, we ran 500 simulations,
trained only on data from the most recent round, and used a Gaussian approximate posterior. We
sampled from the truncated proposal with SIR (with different oversampling factors K). As more
rounds are being run, the TSNPE approximate posterior can become too narrow for small K. Larger
values of K are robust across 50 rounds.
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Figure 14: Comparison between APT and truncated APT. In order to investigate the effect of
the truncated proposals on inference quality, we evaluated two versions of APT: In one scenario
(middle column), we draw proposal samples from the previously estimated posterior, whereas in the
second scenario (right column), we draw proposal samples from the truncated prior (with ¢ = 10™%).
In both versions, we used the atomic loss function proposed in Greenberg et al. [2019]. Therefore,
all differences stem from the different proposals. We also compare to standard NPE (trained with
maximum-likelihood loss, left column). The two columns on the right are the same as in Fig. 4,
evaluated for truncated APT.

TSNPE posterior predictives

Figure 15: Four posterior predictives of TSNPE applied to the pyloric network model. The
generated activity closely matches the summary statistics of the experimental data (Fig. 5a).
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Figure 16: Further explanation of issues when the parameter space is constrained. (a) Marginal
distribution of ggc, of the AB/PD neuron when running APT for 5, 10, and 13 rounds. (b) Marginal
distribution of this parameter, but when transformed into unconstrained space. This is the training
data that the normalizing flow is ‘effectively’ seeing. (c) We evaluated those samples that were at
the very right bounds of the marginal distribution under the current posterior (blue) as well as under
the posterior from approximately 5 rounds before (orange). The samples have consistently lower
log-probability under the previous posterior, which shows that the location of the leaking mass is
moving.

o 6~p(6) e 8 =T(8) e 8'=T(9) o 6~p(6)
9L = Leaking samples T(®")

Figure 17: Illustration of ‘leakage’ when prior is transformed to unconstrained space. Note
that these results are not based on an actual run of APT, but are purely for illustrative purposes. (a)
The prior is a two-dimensional distribution on a constrained space (yellow region). Samples from the
prior are in blue. (b) When the prior is transformed with an inverse sigmoid, its support becomes
unconstrained. (c) APT will fit the posterior within the region of the training data (white region, blue
samples). Outside of the training data, the trained density estimator can put arbitrary mass without
affecting the loss (black region). Samples from this region are in orange. (d) When these ‘leaking’
samples (obtained with APT) are transformed back into constrained space, the ‘leaking’ mass ends
up on the bounds of the prior.
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Figure 18: Posterior distribution inferred by APT for the pyloric network model.

APT posterior predictives b APT posterior predictives from 'leaking' region
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Figure 19: Failure of APT when transformed to constrained space. (a) Activity generated by
two parameter sets sampled from the posterior distribution obtained with APT. We ensured that the
shown parameter sets are not sampled from the very bounds of posterior distribution (i.e., that they
were not sampled from the peak shown in Fig. 5c). (b) Activity generated by two parameter sets
sampled from the posterior distribution obtained with APT. We specifically selected parameter sets
whose value of gic, in the AB-PD neuron was above 14.999 (i.e., those samples which are in the
peak shown in Fig. 5c).
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Figure 20: Posterior distribution inferred by TSNPE for the pyloric network model.
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Figure 21:
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Parameter names can be found in Appendix Sec. 6.14. Red dots are the ground-truth parameters.
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Figure 23: Truncated proposals when pooling data from multiple rounds. Assume a uniform
prior. Left: Proposal that is the average of the proposal over three rounds. Middle: true posterior.

Right: the approximate posterior converges to p(60|x,) % [Papamakarios and Murray, 2016, Lueck-
mann et al., 2017, Greenberg et al., 2019]. This matches the true posterior even though the proposal
is not constant outside of the HPR, of the true posterior.
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Abstract

Simulation-based inference (SBI) enables amortized Bayesian inference for sim-
ulators with implicit likelihoods. But when we are primarily interested in the
quality of predictive simulations, or when the model cannot exactly reproduce
the observed data (i.e., is misspecified), targeting the Bayesian posterior may be
overly restrictive. Generalized Bayesian Inference (GBI) aims to robustify infer-
ence for (misspecified) simulator models, replacing the likelihood-function with a
cost function that evaluates the goodness of parameters relative to data. However,
GBI methods generally require running multiple simulations to estimate the cost
function at each parameter value during inference, making the approach compu-
tationally infeasible for even moderately complex simulators. Here, we propose
amortized cost estimation (ACE) for GBI to address this challenge: We train a
neural network to approximate the cost function, which we define as the expected
distance between simulations produced by a parameter and observed data. The
trained network can then be used with MCMC to infer GBI posteriors for any obser-
vation without running additional simulations. We show that, on several benchmark
tasks, ACE accurately predicts cost and provides predictive simulations that are
closer to synthetic observations than other SBI methods, especially for misspecified
simulators. Finally, we apply ACE to infer parameters of the Hodgkin-Huxley
model given real intracellular recordings from the Allen Cell Types Database. ACE
identifies better data-matching parameters while being an order of magnitude more
simulation-efficient than a standard SBI method. In summary, ACE combines the
strengths of SBI methods and GBI to perform robust and simulation-amortized
inference for scientific simulators.

1 Introduction

Mechanistic models expressed as computer simulators are used in a wide range of scientific domains,
from astronomy, geophysics, to neurobiology. The parameters of the simulator, 8, encode mechanisms
of interest, and simulating different parameter values produces different outputs, i.e., sim(6;) — x;,
where each model-simulation x; can be compared to experimentally observed data, x,. Using such
simulators, we can quantitatively reason about the contribution of mechanisms behind experimental

37th Conference on Neural Information Processing Systems (NeurIPS 2023).
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measurements. But to do so, a key objective is often to find all those parameter values that can
produce simulations consistent with observed data.

One fruitful approach towards this goal is simulation-based inference (SBI) [1], which makes it
possible to perform Bayesian inference on such models by interpreting simulator outputs as samples
from an implicit likelihood [2], x ~ p(x|@). Standard Bayesian inference targets the parameter

posterior distribution given observed data, i.e., p(0|x,) = %, where p(0) captures prior

knowledge and constraints over model parameters, and the likelihood function p(x,|@) is evaluated
as a function of @ for a fixed x,. SBI methods can differ in whether they aim to approximate the
likelihood [3, 4, 5, 6] or the posterior directly [7, 8, 9], and can be amortized, i.e., do not require
new simulations and retraining for new data [10, 11]. In the end, each method provides samples
from the posterior, which are all, in theory, capable of producing simulations that are identical to
the observation we condition on. Furthermore, by definition, the posterior probability of drawing a
sample scales as the product of its prior probability and, critically, the likelihood that this sample can
produce a simulation that is exactly equal to the observation.

However, targeting the exact posterior may be overly restrictive. In many inference scenarios,
modelers are primarily interested in obtaining a diverse collection of parameter values that can
explain the observed data. This desire is also reflected in the common usage of posterior predictive
checks, where seeing predictive simulations that resemble the data closely (in some specific aspects)
is used to gauge the success of the inference process. In particular, it is often clear that the scientific
model is only a coarse approximation to the data-generating process, and in some cases even cannot
generate data-matching simulations, i.e., is misspecified [12]. For example, in the life-sciences, it is
not uncommon to use idealized, theoretically motivated models with few parameters, and it would be
unrealistic to expect that they precisely capture observations of highly complex biological systems. In
such cases, or in cases where the model is fully deterministic, it is nonsensical to use the probability
of exactly reproducing the data. In contrast, it would still be useful to find parameter values that
produce simulations which are ‘close enough’, or as close as possible to the data. Therefore, instead
of sampling parameters according to how often they produce simulations that match the data exactly,
many use cases call for sampling parameters according to how closely their corresponding simulations
reproduce the observed data.

Generalized Bayesian Inference (GBI) [13] of-
fers a principled way to do so by replacing the
(log) likelihood function with a cost function that

parameter space (8) data space (x)

simulate: x ~ p(x|6)

simply scores a parameter given an observation, T ~

such as the expected distance between x,, and all e g 0

possible simulations x produced by 6; (Fig. 1). , % e o
Several recent works have leveraged this frame- \ 3 >

work to perform inference for models with implicit
or intractable likelihoods, especially to tackle
model misspecification: Matsubara et al. [14] use
a Stein Discrepancy as the cost function (which
requires the evaluation of an unnormalized likeli-

—1(0;%)
—=m
/
[
/

—0 ¢
X <
cost function: e(e‘;x‘) = Enx \ ,[d(,\:,x‘)] target EH

M xM

Figure 1: Estimating cost from simulations.

hood and multiple i.i.d. data samples), and Cherief- Using the expected distance between simulated
Abdellatif et al. and Dellaporta et al. [15, 16] use nd target data as the cost function, GBI assigns
simulator samples to estimate maximum mean high probability to parameter values that, on av-
discrepancy and directly optimize over this cost €rage, produce simulations that are close—but
function via stochastic gradient descent (which Not necessarily equal—to the observation.
requires a differentiable simulator). More broadly, cost functions such as scoring rule estimators
have been used to generalize approximate Bayesian computation (ABC) [17] and synthetic likelihood
approaches [3, 18], where the Monte Carlo estimate requires (multiple) simulations from p(x|0).

Thus, existing GBI approaches for SBI either require many simulations to be run during MCMC
sampling of the posterior (similar to classical ABC methods), or are limited to differentiable simula-
tors. Moreover, performing inference for new observations requires re-running simulations, rendering
such methods simulation-inefficient and expensive at inference-time, and ultimately impractical for
scientific simulators with even moderate computational burden.

We here propose to perform GBI for scientific simulators with amortized cost estimation (ACE),
which inherits the flexibility of GBI but amortizes the overhead of simulations by training a neural
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network to predict the cost function for any parameter-observation pair. We first outline the GBI
formalism in Sec. 2, then introduce ACE in Sec. 3. In Sec. 4, we show that ACE provides GBI
posterior predictive simulations that are close to synthetic observations for a variety of benchmark
tasks, especially when the simulator is misspecified. We showcase its real-world applicability in
Sec. 5: using experimental data from the Allen Cell Types Database, ACE successfully infers
parameters of the Hodgkin-Huxley single-neuron simulator with superior predictive performance
and an order of magnitude higher simulation efficiency compared to neural posterior estimation [10].
Finally, we discuss benefits and limitations of GBI and ACE, and related work (Sec. 6).

2 Background

To construct the GBI posterior, the likelihood, p(x,|@), is replaced by a ‘generalized likelihood
function’, L(0;x,), which does not need to be a probabilistic model of the data-generating process,
as long as it can be evaluated for any pair of 8 and x,. Following the convention in Bissiri et al. [13],
we define L(0;x,) = e P4(0) where £(0;x,) is a cost function that encodes the quality of @
relative to an observation x,, and 3 is a scalar inverse temperature hyperparameter that controls how
much the posterior weighs the cost relative to the prior. Thus, the GBI posterior can be written as

p(0]x,) e‘ﬁz(e;x")p(ﬂ). 1)

As noted previously [13], if we define £(0;x,) = — log p(x,|0) (i.e., self-information) and 5 = 1,
then we recover the standard Bayesian posterior, and "tempered" or "power" posterior for § # 1
[19, 20]. The advantage of GBI is that, instead of adhering strictly to the (implicit) likelihood, the
user is allowed to choose arbitrary cost functions to rate the goodness of @ relative to an observation
X,, Which is particularly useful when the simulator is misspecified. Previous works have referred to
£(8;x,) as risk function [21], loss function [13], or (proper) scoring rules when they satisfy certain
properties [22, 18] (further discussed in Section 6.1). Here we adopt ‘cost’ to avoid overloading the
terms ‘loss’ and ‘score’ in the deep learning context.

3 Amortized Cost Estimation for GBI

3.1 Estimating cost function with neural networks

In this work, we consider cost functions that can be written as an expectation over the likelihood:
0(6:%0) = Eppujo [d(x,%,)] = / d(x, x,)p(x]6)dx. )

Many popular cost functions and scoring rules can be written in this form, including the average
mean-squared error (MSE) [13], the maximum mean discrepancy (MMD?) [23], and the energy score
(ES) [22] (details in Appendix A2). While ¢(8; x,) can be estimated via Monte Carlo sampling, doing
so in an SBI setting is simulation-inefficient and time-intensive, since the inference procedure must be
repeated for every observation x,, and simulations must be run in real-time during MCMC sampling
of the posterior. Furthermore, this does not take advantage of the structure in parameter-space or
data-space around neighboring points that have been simulated.

We propose to overcome these limitations by training a regression neural network (NN) to learn
£(0;x,). Our first insight is that cost functions of the form of Eq. 2 can be estimated from a dataset
consisting of pairs of parameters and outputs—in particular, from a single simulation run per 6 for
MSE, and finitely many simulation runs for MMD? and ES. We leverage the well-known property
that NN regression converges to the conditional expectation of the data labels given the data: If we
compute the distances d(x, X,) between a single observation x,, and every x in our dataset, then
a neural network fy4(-) trained to predict the distances given parameters 6 will denoise the noisy
distance labels d(x, x,) and converge onto the desired cost f3(0) — £(0;%,) = Ep,xj0)[d(X, %X,)],
approximating the cost of any 6 relative to x,, (see Appendix A3.1 for formal statement and proof).

3.2 Amortizing over observations

As outlined above, a regression NN will converge onto the cost function £(8;x,) for a particular
observation x,. However, naively applying this procedure would require retraining of the network
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for any new observation x,, which prevents application of this method in time-critical or high-
throughput scenarios. We therefore propose to amortize cost estimation over a target distribution
p(x:). Specifically, a NN which receives as input a parameter 8 and an independently sampled target
datapoint x; will converge to £(8; x;) for all x; on the support of the target distribution (Fig. 2a,b),
enabling estimation of the cost function for any pair of (6,x;) (see Appendix A3.2 for formal
statement and proof).

Naturally, we use the already simulated x ~ p(x) as target data during training, and therefore do not
require further simulations. In order to have good accuracy on potentially misspecified observations,
however, such datapoints should be within the support of the target distribution. Thus, in practice,
we augment this target dataset with noisy simulations to broaden the support of p(x;). Furthermore,
if the set of observations (i.e., real data) is known upfront, they can also be appended to the target
dataset during training. Lastly, to keep training efficient and avoid quadratic scaling in the number of
simulations, we randomly subsample a small number of x; per 6 in each training epoch (2 in our
experiments), thus ensuring linear scaling as a function of simulation budget. Fig. 2a,b summarizes
dataset construction and network training for ACE (details in Appendix A4.1).

3.3 Sampling from the generalized posterior

Given a trained cost estimation network f, (-, -), an observed datapoint x,, and a user-selected inverse
temperature 3, the generalized posterior probability (Eq. 1) can be computed up to proportionality
for any 0: p(0|x,) x exp(—pS - f»(0,%,))p(0) and, thus, this term can be sampled with MCMC
(Fig. 2c). The entire algorithm is summarized in Algorithm 1.

Algorithm 1: Generalized Bayesian Inference with Amortized Cost Estimation (ACE)

Inputs: prior p(@), simulator with implicit likelihood p(x|@), number of simulations NV,
feedforward NN f, with parameters ¢, NN learning rate 7, distance function d(-, -), noise level
o, number of noise-augmented samples S, inverse temperature 3, number of target datapoints

. (1,00 K)
per € Niger, K observations x, .
Outputs: M samples from generalized posteriors given K observations.

Generate dataset:
sample prior and simulate: 0,x <+ {6; ~ p(0),x; ~ p(x|0;)}i1.. N
add noise and concatenate: Xereer = [X, X1..5 + €, Xo|, € ~ N(0,02I)

Training:
while not converged do
for (0,x) in batch do
x‘jsec‘ < sample Nyyger datapoints from Xegrget
for x; in x4 do
| L L+ (fp(0,%x:) — d(x,%4))>
¢ < ¢ —n-Adam(V4L) ; // and reset L to zero

Sampling:
fork e[1,..,K]do
‘ Draw M samples, with MCMC, from: exp(—/ - f¢(0,xf)k))) p(0)

3.4 Considerations for choosing the value of 5

We note that the choice of value for /3 is an important decision, though this is an issue not only for
ACE but GBI methods in general [13]. A good “baseline" value for /3 is such that the average distance
across a subset of the training data is scaled to be in the same range as the (log) prior probability, both
of which can be computed on prior simulations. From there, increasing 3 sacrifices sample diversity
for predictive distance, and as [ approaches infinity, posterior samples converge onto the minimizer
of the cost function. In practice, we recommend experimenting with a range of (roughly) log-spaced
values since, as we show below, predictive sample quality tend to improve with increasing 3.
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Figure 2: Schematic of dataset construction, network training, and inference. (a-b) The neural
network is trained to predict the distance between pairs of x (red) and x, (green), as a noisy sample
of the cost function (i.e., expected distance) evaluated on 6 (grey) and x;. (c¢) At inference time,
the trained ACE network predicts the cost for any parameter 8 given observation x, (top row),
which is used to evaluate the GBI posterior under different 5 (bottom row, darker for larger ) for
MCMC sampling without running additional simulations. The distance is well-defined and can be
approximated even when the simulator is misspecified (dashed lines).

4 Benchmark experiments

4.1 Experiment setup

Tasks We first evaluated ACE on four benchmark tasks (modified from Lueckmann et al. [24]) with
a variety of parameter- and data-dimensionality, as well as choice of distance measure: (1) Uniform
1D: 1D 6 and x, the simulator implements an even polynomial with uniform noise likelihood, uniform
prior (Fig. 2¢); (2) 2 Moons: 2D 6 and x, simulator produces a half-circle with constant mean radius
and radially uniform noise of constant width, translated as a function of 8, uniform prior; (3) Linear
Gaussian: 10D 6 and x, Gaussian model with mean € and fixed covariance, Gaussian prior; (4)
Gaussian Mixture: 2D 6 and x, simulator returns five i.i.d. samples from a mixture of two Gaussians,
both with mean 6, and fixed covariances, one with broader covariance than the other, uniform prior.

For the first three tasks, we use the mean-squared error between simulation and observation as the
distance function. For the Gaussian Mixture task, we use maximum mean discrepancy (MMD?)
to measure the statistical distance between two sets of five i.i.d. samples. Importantly, for each of
the four tasks, we can compute the integral in Eq. 2 either analytically or accurately capture it with
quadrature over x. Hence, we obtain the true cost £(0; x,,) and subsequently the ‘ground-truth’ GBI
posterior (with Eq. 1), and use that to draw, for each value of 8 and x,, 5000 samples (GT-GBI, black
in Fig. 3). See Appendix A4.2 for more detailed descriptions of tasks and distance functions.

Training data For each task, we simulate 10,000 pairs of (6, x) and construct the target dataset
as in Fig. 2a, with 100 additional noise-augmented targets and 20 synthetic observations—10 well-
specified and 10 misspecified—for a total of 10120 x; data points. Well-specified observations are
additional prior predictive samples, while misspecified observations are created by moving prior
predictive samples outside the boundaries defined by the minimum and maximum of 100,000 prior
predictive simulations (e.g., by successively adding Gaussian noise). See Appendix A4.3 for details.

Test data To evaluate inference performance, we use ACE to sample approximate GBI posteriors
conditioned on 40 different synthetic observations, 20 of which were included in the target dataset x,
and 10 additional well-specified and misspecified observations which were not included in the target
dataset. We emphasize that including observations in the target data is not a case of test data leakage,
but represents a real use case where some experimental data which one wants to perform inference on
are already available, while the network should also be amortized for unseen observations measured
after training. Nevertheless, we report in Fig. 3 results for ‘unseen’ observations, i.e., not in the target
dataset. Results are almost identical for those that were in the target dataset (Appendix Al). We drew
5000 posterior samples per observation, for 3 different 5 values for each task.

Metrics We are primarily interested in two aspects of performance: approximate posterior pre-
dictive distance and cost estimation accuracy. First, as motivated above, we want to find parameter
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Figure 3: Performance on benchmark tasks. ACE obtains posterior samples with low average
distance to observations, and accurately estimates cost function. Rows: results for each task.
Columns: average predictive distance compared to SBI methods and GT (1st and 2nd), cost estimation
accuracy evaluated on ACE posterior samples for different 5 (lighter blue shades are lower values of
6) (3rd), and C2ST accuracy relative to GT GBI posterior (4th, lower is better).

configurations which produce simulations that are as close as possible to the observation, as mea-
sured by the task-specific distance function. Therefore, we simulate using each of the 5000 ACE
GBI posterior samples, and compute the average distance between predictive simulations and the
observation. Mean and standard deviation are shown for well-specified and misspecified observations
separately below (Fig. 3, 1st and 2nd columns). Second, we want to confirm that ACE accurately
approximates £(0; x,,), which is a prerequisite for correctly inferring the GBI posterior. Therefore,
we compare the ACE-predicted and true cost across 5000 samples from each GBI posterior, as well
as the classifier 2-sample test (C2ST, [25, 24]) score between the ACE approximate and ground-truth
GBI posterior (Fig. 3, 3rd and 4th columns). Note that cost estimation accuracy can be evaluated for
parameter values sampled in any way (e.g., from the prior), but here we evaluate accuracy as samples
become more concentrated around good parameter values, i.e., from GBI posteriors with increasing
5. We expect that these tasks become increasingly challenging with higher values of 3, since these
settings require the cost estimation network to be highly accurate in tiny regions of parameter-space.

Other algorithms As a comparison against SBI methods that target the standard Bayesian posterior
(but which nevertheless might produce good predictive samples), we also tested approximate Bayesian
computation (ABC), neural posterior estimation (NPE, [7]), and neural likelihood estimation (NLE,
[4, 26]) on the same tasks. NPE and NLE were trained on the same 10,000 simulations, and 5000
approximate posterior samples were obtained for each x,. We used the amortized (single-round)
variants of both as a fair comparison against ACE. Additionally, to rule out the possibility that ACE
is simply benefiting from the additional inverse temperature hyperparameter, we implemented a
"tempered" version of NLE by scaling the NLE-approximated log-likelihood term (by the same
Bs) during MCMC sampling. For ABC, we used the 10,000 training samples as a reference set,
from which 50 were drawn as posterior samples with probability scaling inversely with the distance
between their corresponding simulation and the observation, i.e., ABC with acceptance kernel [27].
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4.2 Benchmark results

Overall, we see that for well-specified x, (i.e., observations for which the simulator is well-specified),
ACE obtains GBI posterior samples that achieve low average posterior predictive simulation distance
across all four tasks, especially at high values of 5 (Fig. 3, 1st column). In comparison, ABC is
worse for the Linear Gaussian task (which has a higher parameter dimensionality than all other tasks),
whereas NPE, NLE, and tempered NLE achieve similarly low posterior predictive distances.

On misspecified observations, across all tasks and simulation-budgets (with the exception of Gaussian
mixture on 10k simulations) we see that ACE achieves lower or equally low average posterior
predictive simulation distance as neural SBI methods, even at moderate values of /3 (Fig. 3, 2nd
column, Figs. A4, AS). This is in line with our intuition that ACE returns a valid and accurate cost
even if the simulator is incapable of producing data anywhere near the observation, while Bayesian
likelihood and posterior probabilities estimated by NLE and NPE are in these cases nonsensical
[28, 29, 30, 31]. Furthermore, simply concentrating the approximate Bayesian posterior via tempering
does not lead to more competitive performance than ACE on such misspecified observations, and
is sometimes even detrimental (e.g., tempered NLE at high $ on Uniform 1D and Linear Gaussian
tasks). Therefore, we see that ACE can perform valid inference for a broad range of simulators,
obtaining a distribution of posterior samples with predictive simulations close to observations, and is
automatically robust against model-misspecification as a result of directly targeting the cost function.

For both well-specified and misspecified observations, ACE-GBI samples achieve posterior predictive
distance very close to ground-truth (GT)-GBI samples, at all values of 3 (Fig. 3, 1st and 2nd column),
suggesting that ACE is able to accurately predict the expected distance. Indeed, especially for low to
moderate values of /3, the ACE-predicted cost closely matches the true cost (Fig. 3, 3rd column, light
blue for well-specified x,, Fig. A2 for misspecified). For higher values of 3, ACE-predicted cost is
still similar to true cost, although the error is, as expected, larger for very large 8 (Fig. 3, 3rd column,
dark blue).

As a result, highly concentrated generalized posteriors are estimated with larger (relative) discrepan-
cies, which is reflected in the classifier 2-sample score (C2ST) between ACE and GT GBI posteriors
(Fig. 3, 4th column): ACE posterior samples are indistinguishable from GT samples at low 3, even for
the 10D Linear Gaussian task, but becomes less accurate with increasing /3. Nevertheless, predictive
simulation distance dramatically increases with 5 even when ACE is less accurate, suggesting that
sampling to explicitly minimize a cost function which targets parameters with data-similar simula-
tions is a productive goal. Relative performance results across algorithms are qualitatively similar
when using a training simulation budget of 200 (Fig. A4) and 1000 (Fig. AS), but ABC required a
sufficiently high simulation budget and performed poorly for 1000 training simulations or less.

5 Hodgkin-Huxley inference from Allen Cell Types Database recordings

Finally, we applied ACE to a commonly used scientific simulator and real data: we used a single-
compartment Hodgkin-Huxley (HH) simulator from neuroscience and aimed to infer eight parameters
of the simulator given electrophysiological recordings from the Allen Cell Types Database [32, 33, 34].
While this simulator can generate a broad range of voltage traces, it is still a crude approximation
to real neurons: it models only a subset of ion channels, it ignores the spatial structure of neurons,
and it ignores many intracellular mechanisms [35]. It has been demonstrated that parameters of
the HH-model given synthetic recordings can be efficiently estimated with standard NPE [10], but
estimating parameters given experimental recordings has been challenging [36] and has required
ad-hoc changes to the inference procedure (e.g., Bernaerts et al. [37] added noise to the summary
statistics, and Gongalves et al. [10] used a custom multi-round scheme with a particular choice of
density estimator). We will demonstrate that ACE can successfully perform simulation-amortized
inference given experimental recordings from the Allen Cell Types Database (Fig. 4a).

We trained NPE and ACE given 100K prior-sampled simulations (details in Appendix A4.4). After
training, ACE accurately predicts the true cost of parameters given experimental observations (Fig. 4b).
We then used slice sampling to draw samples from the GBI posterior for three different values of
B = {25,50,100} and for ten observations from the Allen Cell Types Database. Interestingly,
the marginal distributions between NPE and ACE posteriors are very similar, especially for rather
low values of 3 (Fig. 4c, cornerplot in Appendix Fig. A7). The quality of posterior predictive
samples, however, strongly differs between NPE and ACE: across the ten observations from the Allen
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Figure 4: Applicaton of ACE to Allen data. (a) Three observations from the Allen Cell Types
Database. (b) True cost (evaluated as Monte-Carlo average over 10 simulations) per 8 vs ACE-
predicted cost. Colors are different observations. (¢) Marginals of posterior distributions for NPE
(orange) and ACE (shades of blue. Light blue: 5 = 25, medium blue: S = 50, dark blue: 5 = 100).
(d) Top: Two GBI predictive samples for each observation. Bottom: Two NPE predictive samples.
Additional samples in Appendix A8-Al1. (e) Average predictive distance to observation for NPE and
ACE with 8 = {25,50,100}.

Cell Types database, only 35.6% of NPE posterior predictives produced more than five spikes (all
observations have at least 12 spikes), whereas the ACE posterior predictives closely match the data,
even for low values of 3 (Fig. 4d, samples for all observations and all /3 values in Figs. A8,A9,A10
and for NPE in Fig. A11. 66% (8 = 25), 87% (5 = 50), 96% (6 = 100) of samples have more than
five spikes). Indeed, across all ten observations, the average posterior predictive distance of ACE
was significantly smaller than that of NPE, and for large values of ( the distance is even less than
half (Fig. 4e). Finally, for rejection-ABC, only the top 35 samples (out of the full training budget of
100K simulations) had a distance that is less than the average posterior predictive distance achieved
by ACE.

To investigate these differences between NPE and ACE, we also evaluated NPE posterior predictive
performance on synthetic data (prior predictives) and found that it had an average predictive distance
of 0.189, which roughly matches the performance of ACE on the experimental observations (0.174 for
(5=50). This suggest that, in line with previous results [37], NPE indeed struggles with experimental
observations, for which the simulator is inevitably imperfect. We then trained NPE with 10 times
more simulations (1M in total). With this increased simulation budget, NPE performed significantly
better than with 100K simulations, but still produced poorer predictive samples than ACE trained
with 100K simulations (for 8 = {50, 100}), although the marginals were similar between NPE (1M)
and ACE (100K) (Fig. A6, samples for all observations in Appendix Fig. A12).

Opverall, these results demonstrate that ACE can successfully be applied to real-world simulators on
which vanilla NPE fails. On the Hodgkin-Huxley simulator, ACE generates samples with improved
predictive accuracy despite an order of magnitude fewer simulations and despite the marginal
distributions being similar to those of NPE.

6 Discussion

We presented ACE, a method to perform distance-aware inference for scientific simulators within the
Generalized Bayesian Inference (GBI) framework. Contrary to ‘standard’ simulation-based inference
(SBI), our method does not target the Bayesian posterior, but replaces the likelihood function with a
cost function. For real-world simulators, doing so can provide practical advantages over standard
Bayesian inference:
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First, the likelihood function quantifies the probability that a parameter generates data which exactly
matches the data. However, in cases where the model is a rather crude approximation to the real
system being studied, scientists might well want to include parameters that can generate data that
is sufficiently close (but not necessarily identical) in subsequent analyses. Our method makes this
possible, and is advantageous over other GBI-based methods since it is amortized over observations
and the inverse temperature 5. Second, many simulators are formulated as noise-free models, and
it can be hard to define appropriate stochastic extensions (e.g., [38]). In these cases, the likelihood
function is ill-defined and, in practice, this setting would require ‘standard’ SBI methods, whose
density estimators are generally built to model continuous distributions, to model discrete jumps
in the posterior density. In contrast, our method can systematically and easily deal with noise-free
simulators, and in such situations more closely resembles parameter-fitting algorithms. Lastly,
standard Bayesian inference is challenging when the model is misspecified, and the performance of
neural network-based SBI methods can suffer drastically in this scenario [30].

6.1 Related work

GBI for Approximate Bayesian Computation Several studies have proposed methods that perform
GBI on simulators with either an implicit (i.e., simulation-based) likelihood or an unnormalized
likelihood. Wilkinson et al. [39] argued that rejection-ABC performs exact inference for a modified
model (namely, one that appends an additive uniform error) instead of approximate inference for
the original model. Furthermore, ABC with arbitrary probabilistic acceptance kernels can also be
interpreted as having different error models, and Schmon et al. [17] integrate this view to introduce
generalized posteriors for ABC, allowing the user to replace the hard-threshold kernel (i.e., e-ball
of acceptance) with an arbitrary loss function that measures the discrepancy between x and x,, for
MCMC-sampling of the approximate generalized posterior.

Other recent GBI methods require a differentiable simulator [16, 15] or build tractable cost functions
that can be sampled with MCMC [14, 18], but this still requires running simulations at inference
time (i.e., during MCMC) and does not amortize the cost of simulations and does not reuse already
simulated datapoints.

Finally, Bayesian Optimization for Likelihood-free Inference (BOLFI, [40]) and error-guided LFI-
MCMC [41] are not cast as generalized Bayesian inference approaches, but are related to ACE.
Similarly as in ACE, they train models (for BOLFI, a Gaussian process and, for error-guided LFI-
MCMOC, a classifier) to estimate the discrepancy between observation and simulation. In BOLFI, the
estimator is then used to iteratively select new locations at which to simulate. However, contrary to
ACE, neither of these two methods amortizes the cost of simulations over observations.

Misspecification-aware SBI  Several other methods have been proposed to overcome the problem
of misspecification in SBI: For example, Bernaerts et al. [37] add noise to the summary statistics
in the training data, Ward et al. [42] use MCMC to make the misspecified data well-specified, and
Kelly et al. [43] introduce auxiliary variables to shift the (misspecified) observation towards being
well-specified. All of these methods, however, maintain that the inference result should be an ‘as close
as possible’ version of the posterior distribution. Contrary to that, our method does not aim to obtain
the Bayesian posterior distribution (which, for misspecified models, can often be nonsensical or even
undefined if the evidence is zero), but is specifically targeted towards parameter regions that are a
specified distance from the observation. More broadly, recent advances in uncertainty quantification
in deep neural networks, where standard mean-predicting regression networks are supplemented with
a uncertainty- or variance-predicting network [44, 45], may serve to further connect loss-minimizing
deep learning with (misspecification-aware) SBI.

6.2 Limitations

While our method amortizes the cost of simulations and of training, it still requires another method to
sample from the posterior distribution. We used multi-chain slice-sampling [46] for efficiency, but
any other MCMC algorithm, as well as variational inference, could also be employed [47, 48]. While
sampling incurs an additional cost, this cost is generally small in comparison to potentially expensive
simulations.
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In addition, our method can perform inference for distance functions which can be written as
expectations over the likelihood. As we demonstrated, this applies to many popular and widely used
distances. Our method can, however, not be applied to arbitrary distance functions (e.g., the minimum
distance between all simulator samples and the observation). While the distances we investigated
here are certainly useful to practioners, they do not necessarily fulfill the criterion of being ‘proper’
scoring rules [22, 18]. Furthermore, we note that the cost functions considered here by default give
rise to unnormalized generalized likelihoods. Therefore, depending on whether the user aims to
approximate the generalized posterior given the normalized or unnormalized likelihood, different
MCMC schemes should be used in conjunction with ACE (standard MCMC vs. doubly-intractable
MCMC, e.g., the Exchange algorithm [49]).

Compared to ‘standard” SBI, GBI introduces an additional hyperparameter to the inference procedure,
the inverse temperature 3. This hyperparameter has to be set by the user and its choice strongly
affects inference behaviour: low values of 5 will include regions of parameter-space whose data do
not necessarily match the observation closely, whereas high values of 3 constrain the parameters to
only the best-fitting parameter values. While we provide heuristics for selecting 5, we acknowledge
the inconvenience of an additional hyperparameter. However, our method is amortized over 3, which
makes exploration of different /3 values possible, and which could simplify automated methods for
setting 3, similar to works where /3 is taken as the exponent of the likelihood function [50].

Finally, as with any method leveraging deep neural networks, including neural density estimator-based
SBI methods (such as NPE), sensitivity to the number of training samples and the dimensionality
of the task should always be considered. As we demonstrate above, increasing simulation budget
improves the performance of any algorithm, and a reasonable number of training simulations yielded
improved performance on a real-world neuroscience application, while the amortization property
shifts the cost of simulations up front. In addition, we consider tasks up to 10 dimensions here, as
most existing SBI methods have been benchmarked and shown to perform adequately on such tasks
[24], though it remains to be seen how ACE can extend to higher dimensional parameter-space and
data-space and whether embedding networks will be similarly helpful.

7 Conclusion

We presented a method that performs generalized Bayesian inference with amortized cost estimation.
Our method produces good predictive samples on several benchmark tasks, especially in the case
of misspecified observations, and we showed that it allows amortized parameter estimation of
Hodgkin-Huxley models given experimental recordings from the Allen Cell Types Database.
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Appendix
Al Software and Data

We used PyTorch for all neural networks [51] and hydra to track all configurations [52]. Code to
reproduce results is available at https://github. com/mackelab/neuralgbi.

A2 Common cost functions as expectations of the likelihood

As described in Sec. 3, our framework includes all cost functions which can be written as expectations
over the likelihood: £(0;x,) = E,xe)[d(x,X,)]. Below, we demonstrate that the average mean-

squared error (MSE), the maximum mean discrepancy (MMD?) [23], and the energy score [22] fall
into this category.

Average Mean-squared error The average mean-squared error between samples from the likeli-
hood p(x|@) and an observation x, is defined as:

MSE(])(X|9) XU) = Ex~p(x|9) [HX - X0||2]

which is trivially of the form required for our framework.

Maximum mean discrepancy Throughout this paper, we use the maximum mean discrepancy
squared (MMD?) [23]. The MMD? between the likelihood p(x|@) and the data distribution p(x,) is
defined as:

MMD?(p(x(6), p(x,)) =
B srp(oc10) R (3 X)) - B, st opoe,) [F (%0, %0)] 4 Exp(x10) xoep () [F (X, X0
Assume we are given K iid samples as observations x,(}"“"K). Thus, the MMD? becomes:

MMD? (p(x(6), p(x,)) =

| KK o s v
Ex,x’wp(x\e) UC(X, xl>] + ﬁ Z Z k(xza XZ)) + IEXNP(X\G)? Z k(X7 XZ;)
A

i=1 j=1
which can be written as a single expectation over p(x|0)

MMD?(p(x|80), p(x,)) =
K
B0 [Bsino ] + 2 33 kxhxd) = > k)

and follows the form required for our framework.

Energy score Following Gneiting et al. [22], the (negative, in order to fit our notation) energy score
(ES) is defined as

ES(p(x16) o) = ~3 B wrmpixio) [ = X [1°] + Excepiiop 1% — 1
This can straight-forwardly be written as a single expectation over the likelihood
ES(p(x|0)x,) = E [FEx [l = x'[7] = [ = %o||”]
PIX|T) X0 x~p(x]0) 15 Eox ~p(x|0) L% — X X —Xo
and, thus, falls within our framework.

A3 Convergence proofs

The proofs closely follow standard proofs that regression converges to the conditional expectation.
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A3.1 Proposition 1 and proof

Proposition 1. Let p(0,x) be the joint distribution over parameters and data. Let ((0;%,) be a
cost function that can be written as £(0;X,) = Eyxjo)[d(x,%,)] = [, d(x,%,)p(x|0)dx and let
fs(+) be a function parameterized by ¢. Then, the lossfunctwn L =E,0.%[(fs(0) — d(x,%,))?] is
minimized if and only if, for all @ € supp(p(0)), f4(6) = Ey(xje)ld (x xo)]

Proof. We aim to prove that
IE't9,x~p(9,x) [(d(X, XO) - g(e))Q] > IE9,x~p(9,x) [(d(X, XO) - ]Ex’fvp(x\e) [d(xl7 XU)])Q]
for every function ¢(@). We begin by rearranging terms:
]EH,XNp(H,X) [(d(xv XO) - g(e))ﬂ =
Ee¢x~p(0¢x) [(d(xv xo) - ]Ex’Np(x\G) [d(xl7 xo)] + Ex’~p(x|9) [d(xlv XO)] - g(a))2] =
EQ,xrvp(O,x)[(d(X7 xo) - ]Ex’Np(x\@) [d(xlv XO)])2 + (Ex’Np(x|9) [d(xla xo)} - g(e))Q] +X
with
X = IEt9,x~p(0,x) [(d(X, XU) - IEx’Np(x|0) [d(X/7 XO)D(EX’NP(X\G) [d(X/7 XU)] - 9(0))]
By the law of iterated expectations, one can show that X = 0:

X =Egnp(0)Eomp(0) Excnpx|o) (X, Xo) =By (x10) [A(X'; X0)]) (B ep(xjg) [A(X', X0)]| — 9(8))].
The first term in the products reads a difference of the same term, and, thus, is zero.
Thus, since X = 0 and since Exs p(xj0) [d(X', X0)] — g(8)* > 0, we have

EO,XNp(O,x) [(d(x7 Xo) - g(a))2] Z ]EQ,XN;D(G,X) [(d(xv xn) - ]Ex’wp(x\@) [d(X/, Xo)])2]~

A3.2 Proposition 2 and proof

Proposition 2. Let p(0,x) be the joint distribution over parameters and data and let p(x;) be a
distribution of target samples. Let £(0;X,) be a cost function and f4(-) a parameterized function as
in proposition 1. Then, the loss function £ = Epg xyp(x.) [(f6(0,%¢) — d(x,%¢))?] is minimized if
and only if, for all 6 € supp(p(0)) and all x, € supp(p(x;)) we have fy(0,%;) = By jg)[d(x, %¢)].

Proof. We aim to prove that
E&,xrvp(e,x).,mfvp(x,)[(d(x> Xt) - g(gaxt))Q] >
E97x~p(07x)7xf~p(xg) [(d(X7 Xt) - ]Ex’wp(x\e) [d(xl7 Xt)])z]
for every function g(6, x;). We begin as in proposition 1:
E05x~p(05x),xf~p(xt) [(d(x7 Xt) - 9(07 Xt))z] =
E])(xt) [Eeﬁxwp(eﬁx) [(d(xv xt) - g(67 xf,))Q}
Below, we prove that, for any x;, the optimal ¢(0,x;) is the conditional expectation
Esrmp(xio) (X, x1)]:
Ep x~p(o.x)[(d(x, %) — 9(8,%x,))%] =
E0,x~p(9,x)[(d(x7xt) - IEx’fvp(xlﬂ [ (X Xt)] +Eyx /~p(x|0) [d(X Xt)] - 9(0 Xt)) } =
EO,X~p(9,X)[(d(x7Xt) - IEX’NIJ(XIG [d (x Xt)]) (EX’fvp(XIB) [d(x X)) — (0, xt))z} + X
with
X = Egxp(6,0[(d(%,%0) = Exrap(xio) [d(x', %0)]) (Exrnp(xio) [d(x', %0)] — 9(6,%1))],
which, as above, is X = 0 (proof is identical to proposition 1). Thus, since Ey/.,(x|0)[d(X',%¢)] —
9(0,x:)? > 0, we have:
EQ,XNp(G,x) [(d(x7 Xt) - 9(07 xt))Q] > ]EB,pr(G,x) [(d(X7 Xo) - Ex’wp(xw) [d(xl7 XO)DQ]

Because this inequality holds for any x;, the average over p(x;) will also be minimized if and only if
9(6,x)) matches the conditional expectation Ey/p,(x|0)[d(X’, X,)] for any x; within the support of

p(X¢)- O
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A4 Further experimental details

A4.1 Details on training procedure

Dataset construction We generate samples from the prior 8; ~ p(8) and corresponding simulations
x; ~ p(x]0;), to obtain parameter-simulation pairs, ©, X = {60;,x;};=1..n. Next, a dataset of
target data points, X, is constructed by concatenating in the batch-dimension: 1) X, 2) a random
subset of X augmented with Gaussian noise with a specified variance, i.e., x; + €;, €; ~ N(0, 021),
and 3) any number of real experimental observations the user wishes to include, X, ; in total,
Niarget = N + Nioised + Nieal. Note that Xi,e does not technically need to include any simulated
or real data, only ‘realistic’ targets in the neighborhood of the observed data that one eventually
wants to perform inference for. Practically, 1) has already been simulated, and 2) and 3) does
not require additional simulations while improving performance through noise augmentation and
having access to real data targets. Finally, a pairwise distance matrix D is computed with elements
d; ;= d(xi,%¢),X; € X,X¢ € Xarger. D can either be pre-computed in full, or partially within the
training loop.

Network optimization and convergence to GBI loss Given dataset O, X, Xiei, D, a fully
connected feed-forward deep neural network with weights ¢ is trained to minimize the mean squared
error loss: N“mimw ZZ]\;{‘ 1o (NNg(0;,%;) — d(x;,%;))%. In other words, for a parameter
configuration @; and a target data point x;, the network is trained to predict the distance d; ; between
the corresponding single (stochastic) simulation x; and the target X;. In every training epoch, 7rget
target simulations (usually 1-10, compared to Nigrge; > 10000) are randomly sub-sampled per 6;,
drastically reducing training time and allowing the relevant d; ; to be computed on the fly.

Note that we do not wish to accurately predict the distance d(x;, X;) in data-space for individual
simulations x;, but rather the loss ¢(6;; x;). Conveniently, with mean squared error as the objective
function for network training, for a fixed pair of 8;, x;, the trained network predicts the mean distance,
E,(x|0,)[d(x, x¢)], precisely the loss function we target in Eq.2 (proof in Appendix).

A4.2 Description of benchmark tasks, distance and cost functions
A4.2.1 Uniform 1D

A one-dimensional task with uniform noise to illustrate how expected distance from observation can
be used as a cost function for inference, especially in the case of model misspecification:
Prior U(-1.5,1.5)

Simulator x|0 = g(z) + €, where € ~ U(—0.25,0.25),z = 0.8 x (6 + 0.25), and
Tnoiseless = §(2) = 0.1627 + 0.9073z — 1.219722 — 1.46392% + 1.43812%.

Dimensionality 0 € R!,x ¢ R!

Cost function  d(x,x,): MSE; p(x|€) computed exactly given uniform noise. For obtaining
the true cost, Eq. 2 is analytically integrated over Zpgiseless = 0.25

Posterior Ground-truth GBI posterior samples are obtained via rejection sampling. We
used the prior as proposal distribution.

A4.2.2 Two Moons

A two-dimensional task with a posterior that exhibits both global (bimodality) and local (crescent
shape) structure to illustrate how algorithms deal with multimodality:

17



168 APPENDIX

Prior Uu-1,1)

2|0 — rcos(a) + 0.25
rsin(«)

and r ~ N(0.1,0.01%)

Dimensionality 0 c R? x ¢ R?

Simulator +

—01 + 02/\/5} , where a ~ U(—m/2,7/2),
(=61 + 62)/V2

Cost function  d(x,x,): MSE; and p(x|0) computed exactly. To obtain the true cost, Eq. 2
is numerically integrated over a 2D grid of dx with 500 equal bins in both
dimensions, where (1) € [~1.2,0.4], z® € [~1.6,1.6].

Posterior Ground-truth GBI posterior samples are obtained via rejection sampling with
the prior as proposal distribution.
References [24, 8]

A4.2.3 Linear Gaussian

Inference of the mean of a 10-d Gaussian model, in which the covariance is fixed. The (conjugate)
prior is Gaussian:

Prior N(0,0.101)

Simulator x|0 ~ N(x|lmg =60,S=01061)

Dimensionality 0 ¢ R'?,x ¢ R!°

Cost function  d(x,x,): MSE; and p(x|0) computed exactly. The true cost (Eq. 2) can be
computed analytically.

Posterior Ground-truth GBI posterior samples are obtained following the procedure in
Lueckmann et al. [24]: We first ran MCMC to generate 10k samples from the
GBI posterior. We then trained a neural spline flow on these 10k samples and,
finally, used the trained flow as proposal distribution for rejection sampling.

References [24, 8]

A4.2.4 Gaussian Mixture

The single-trial version of this task is common in the ABC literature. It consists of inferring the
common mean of a mixture of two two-dimensional Gaussian distributions, one with much broader
covariance than the other. In this study, we used this task to infer the common mean of the two
distributions from five i.i.d. simulations:

Prior U(-10,10)

Simulator x|0 ~ 0.5 N(x|mg = 0,S =I)+ 0.5 N (x|mg = 0,S =0.01 0 I)
Dimensionality 0 ¢ R? x ¢ R?

Cost function d(x,%,): MMD?. The true cost (Eq. 2) is obtained by integrating the distance
function on a grid for every trial independently and multiplying over the trials.

Posterior Ground-truth GBI posterior samples are obtained via rejection sampling. As
proposal, we used a Normal distribution centered around the ground truth
parameter and with variance 22

N
References [24, 53]
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A4.3 Training, inference, and evaluation for benchmark tasks

ACE For the benchmark tasks, the cost estimation network is a residual network with 3 hidden
layers of 64 units [54]. The training dataset was split 90:10 into training and validation sets, with
Nurger = 2 and 5 x; randomly sampled each epoch for evaluating training and validation loss,
respectively. We used a batchsize of 500, i.e., 500 6, 2 x,, for 1000 cost targets per training batch.
Networks usually converge within 500 epochs, with 100 epochs of non-decreasing validation loss as
the convergence criterion. For inference, we ran multi-chain slice sampling with 100 chains to sample
the potential function. For the Gaussian Mixture task with 5 i.d.d. samples per simulation/observation,
we appended to the cost estimation network a fully connected, permutation-invariant embedding
network [55] (2 layers, 100 units each), which preprocessed the i.d.d. datapoints into a single
20-dimensional vector (but was trained end-to-end).

Kernel ABC We compared our algorithm with a version of kernel ABC on the benchmark tasks.
For kernel ABC, we accepted samples (from the fixed set of 10000 prior simulations) with probability
exp(—p - d(x,%,)), where d(-, -) is the distance function. In many cases, and especially for large (3,
this yielded very few or no accepted samples. We, therefore, reduced /3 until at least 50 samples were
accepted.

NPE We used the implementation in the sbi toolbox [56], with neural spline flow [57] as density
estimator (five transformation layers) to approximate the posterior. For tasks with bounded priors (all
except Linear Gaussian), we appended a sigmoidal transformation to the flow such that its support
matches the support of the prior [58]. For the Gaussian Mixture task, the same permutation-invariant
embedding net was used as for ACE. Posterior samples were directly obtained from the trained flow.
All other hyperparameters were the same as in the sbi toolbox, version 0.19.2 [56].

NLE and tempered NLE We used the implementation in the sbi toolbox [56], with neural spline
flow [57] as density estimator (five transformation layers) to approximate the likelihood. For the
Gaussian Mixture task with 5 i.d.d. simulations per sample/observation, they were split up as 5
independent simulations with the same 6 repeated 5 times, effectively having 5 times the training
simulation budget. We ran multi-chain slice sampling with 100 chains to sample the potential function
as the sum of log-prior probability and flow-approximated log-likelihood. Tempered NLE uses the
same learned likelihood estimator, but the log-likelihood term in the potential function is scaled by 3
during MCMC sampling (same values as used for ACE). All other hyperparameters were the same as
in the sbi toolbox, version 0.19.2 [56].

Noise augmentation For each task, we randomly subsampled 100 of all simulated datapoints (x),
and added Gaussian noise with zero-mean and standard deviation equaling two times the standard
deviation of all prior predictives, i.e., N(0, (20,)%I). We additionally varied noise amplitude
(0,20, 50,) and found little to no effect on benchmark performance (see Appendix A3).

Synthetic misspecified observations For the Uniform 1D, 2 Moons, and Linear Gaussian task, we
generated an additional 100,000 prior predictive simulations and defined the prior predictive bound
as the minimum and maximum (of each dimension) of those simulations and o, as their standard
deviation. Then, to create 20 misspecified observations, we generated 20 model-simulations and added
Gaussian noise with zero-mean and standard deviation equaling 0.5 o, (i.e., € ~ N (0, (0.50,,)2I)) to
the 20 observations iteratively until they are outside of the prior predictive bounds in every dimension.
For the Gaussian Mixture task, we replaced the second Gaussian above by NV'(12.5 x sign(), 0.5°T),
i.e. displacing the mean to the corner of the quadrant whose signs match 6, and slightly increasing
the variance.

Metrics For the metrics in Fig. 3, in columns 1, 2, and 4 and all corresponding figures in the
Appendix, results were aggregated across the 10 well-specified and misspecified samples separately,
where marker and error bars represent mean and standard deviation over 10 observations. Columns 1
and 2 show average distance between observation and 5000 posterior predictive simulations from
each algorithm (except ABC, for which there were 50 posterior samples). Column 3 shows, for
each of the 10 well-specified observations and 3 S values, 3 random posterior samples for which we
compare the ACE-estimated and ground-truth cost, i.e., 10 X 3 x 3 = 90 points are shown for each
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task. Column 4 shows C2ST score between 5000 ground-truth GBI posterior samples and ACE GBI
posterior samples.

A4.4 Training procedure for Hodgkin-Huxley model

For NPE, we used the implementation in the sbi toolbox [56]. As density estimator, we used a neural
spline flow [57] with five transformation layers. We used a batchsize of 5,000. We appended a
sigmoidal transformation to the flow such that its support matches the support of the prior [58]. All
other hyperparameters were the same as in the sbi toolbox, version 0.19.2 [56].

For ACE, we used a residual neural network [54] with 7 layers and 100 hidden units each. We used
10% of all simulations as held-out validation set and stopped training when the validation set did not
decrease for 100 epochs. We used a batchsize of 5000. For sampling from the generalized posterior,
we ran multi-chain slice sampling with 100 chains. As distance function, we used mean-absolute-
error, where the distance in each summary statistic was z-scored with the standard deviation of the
prior predictives. To generate x;, we used all simulations which generated between 5 and 40 spikes
(since any reasonable experimental recording would fall within this range) and we appended 1000
augmented simulations to which we added Gaussian noise with two times the standard deviation of
prior predictives that produce between 5 and 40 spikes. We did not use the experimental recordings
from the Allen Cell Types database in x;.

A5 Hodgkin-Huxley model

We used the same model as Gongalves et al. [10], which follows the model proposed in Pospischil et
al. [34]. Briefly, the model contains four types of conductances (sodium, delayed-rectifier potassium,
slow voltage-dependent potassium, and leak) and has a total of eight parameters that generate a time
series which we reduce to seven summary statistics (spike count, mean resting potential, standard
deviation of the resting potential, and the first four voltage moments mean, standard deviation, skew,
curtosis, same as in Gongalves et al. [10]).
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A6 Supplementary figures
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Figure Al: Benchmark performance for ‘seen’ observations Panels are the same as in Fig. 3, but
for the 20 x, that were included in the target dataset during training.

21



172 APPENDIX

well-specified, unseen well-specified, seen misspecified, unseen misspecified, seen
0.4 o 0.4 o
[=]
- o
E 3
5 5 0.5 0.2 = 0.5 02 -
= [ P > > 1Y
s s “ s el ”
0.0 & r 00 4= r 0.0 & . 00 = .
0.0 0.5 0.0 0.2 0.0 0.5 0.0 0.2
g 3
g 3 o024 02 02 - 0.2 4
= 3
N 5
-
0.0 T 0.0 T 0.0 T 0.0 T
0.0 0.2 0.0 0.2 0.0 0.2 0.0 0.2
10 o 10 o
s T
©
2o 5 5 5
S35 9
- = -
¢ s »” » ” »
0 T T 0 T 0 T T 0 T
0 5 10 0 5 0 5 10 0 5
.EEE 0.50 - 0.50
83 0.2 - 0.2
ﬁé 3 0.25 . 0.25 o -
0= &5 / o s »
000 EE—— 1 00 % T 0.00 r T 0.0 2 T
0.0 0.2 04 0.0 0.2 0.0 0.2 0.4 0.0 0.2
true cost true cost true cost true cost

Figure A2: Cost estimation accuracy for all observations Columns are same as 3rd column in
Fig. 3, but for all combinations of (unseen, seen) and (well-specified, misspecified) observations (10
each, 40 total) for each task. 1st column here is identical to Fig. 3 3rd column.

uniform 1d two moons linear gaussian gaussian mixture

]
; 0.10 = 4 - 0.10 = <+ o=2
3 ¥ o0=5
5 01 + =0
2 0.05 2 - 0.05 = o=
2 -4 noaugm.
@
* 00 d —— 000 4 — 0-—1— 000 ~r—T

4 20 100 10 100 1000 1 10 100 10 25 75
: +
x
o ~
£ 058 0.2 - e AN 0.2-#‘~ ==
g \ Y
@ N\ Y
% - -

00 =pF—T— 00~ O 00~ pr—T
4 20 100 10 100 1000 1 10 100 10 25 75
beta beta beta beta

Figure A3: Benchmark performance for ACE trained with various augmentation noise levels.
Results based on 10k training budget plus 100 noise augmented samples with varying noise amplitudes
(blue, orange, green), as well as removing data augmentation altogether (i.e., no noise augmented
simulated nor observed data, red). Overall, changing o does not significantly impact performance
compared to the original results (20, blue).
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Figure A4: Benchmark performance with simulation budget of 200 Panels are the same as in
Fig. 3, but all algorithms trained with simulation budget of 200.
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Figure AS5: Benchmark performance with simulation budget of 1000 Panels are the same as in
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Figure A6: NPE performance with 1 million simulations. Panels are the same as in Fig. 4, but
NPE was run with 1 million simulations. ACE is still run with 100K simulations and, thus, the ACE
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Figure A8: Posterior predictive samples of ACE (with 100K simulations) with 5 = 25. Top
row (black): 10 experimental recordings from the Allen Cell Types database. Below: nine predictive
samples given each of the ten observations.
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Figure A9: Posterior predictive samples of ACE (with 100K simulations) with 5 = 50. Top row
(black): 10 experimental recordings from the Allen Cell Types database. Below: Nine predictive
samples given each of the ten observations.

M

L

T wmr

L

i
LR R R A S B B

E

H m

I 1 o e

o WO Ommwe on m

| B

I e me i ;_’
L/ O 11

O M i ﬁ\‘\‘ll”ﬂ“!‘f )

e




III GENERALIZED BAYESIAN INFERENCE FOR SCIENTIFIC SIMULATORS... 177

M
I
I
1

W»
\T
N, T

M~

[

1

i T

T

T
T I ome me

d) 30V

(001

o M I e
Ll 1 11

e — o ymr
e W wme T W e

|
T e e T TN

-
Ty

MMM

(N 1 O
T I
T
T T

OO T W o oo e e v
OO T T T wes e

EEEEREEE

Figure A10: Posterior predictive samples of ACE (with 100K simulations) with 5 = 100. Top
row (black): 10 experimental recordings from the Allen Cell Types database. Below: Nine predictive
samples given each of the ten observations.
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Summary

Scientists and engineers employ stochastic numerical simulators to model empirically observed
phenomena. In contrast to purely statistical models, simulators express scientific principles that
provide powerful inductive biases, improve generalization to new data or scenarios and allow for
fewer, more interpretable and domain-relevant parameters. Despite these advantages, tuning
a simulator’'s parameters so that its outputs match data is challenging. Simulation-based
inference (SBI) seeks to identify parameter sets that a) are compatible with prior knowledge
and b) match empirical observations. Importantly, SBI does not seek to recover a single ‘best’
data-compatible parameter set, but rather to identify all high probability regions of parameter
space that explain observed data, and thereby to quantify parameter uncertainty. In Bayesian
terminology, SBI aims to retrieve the posterior distribution over the parameters of interest. In
contrast to conventional Bayesian inference, SBI is also applicable when one can run model
simulations, but no formula or algorithm exists for evaluating the probability of data given
parameters, i.e. the likelihood.

We present sbi, a PyTorch-based package that implements SBI algorithms based on neu-
ral networks. sbi facilitates inference on black-box simulators for practising scientists and
engineers by providing a unified interface to state-of-the-art algorithms together with docu-
mentation and tutorials.

Motivation

Bayesian inference is a principled approach for determining parameters consistent with em-
pirical observations: Given a prior over parameters, a stochastic simulator, and observations,
it returns a posterior distribution. In cases where the simulator likelihood can be evaluated,
many methods for approximate Bayesian inference exist (e.g., Metropolis, Rosenbluth, Rosen-
bluth, Teller, & Teller, 1953; Baydin et al., 2019; Graham & Storkey, 2017; Le, Baydin, &
Wood, 2017; Neal, 2003). For more general simulators, however, evaluating the likelihood of
data given parameters might be computationally intractable. Traditional algorithms for this
‘likelihood-free' setting (Cranmer, Brehmer, & Louppe, 2020) are based on Monte-Carlo re-
jection (Pritchard, Seielstad, Perez-Lezaun, & Feldman, 1999; Sisson, Fan, & Tanaka, 2007),
an approach known as Approximate Bayesian Computation (ABC). More recently, algorithms
based on neural networks have been developed (Greenberg, Nonnenmacher, & Macke, 2019;
Hermans, Begy, & Louppe, 2020; Lueckmann et al., 2017; Papamakarios & Murray, 2016;

Tejero-Cantero et al., (2020). sbi: A toolkit for simulation-based inference. Journal of Open Source Software, 5(52), 2505. https://doi.org/ 1

10.21105/joss.02505

181



182

APPENDIX

The Journal of Open Source Software

Papamakarios, Sterratt, & Murray, 2019). These algorithms are not based on rejecting simu-
lations, but rather train deep neural conditional density estimators or classifiers on simulated
data. To aid in effective application of these algorithms to a wide range of problems, sbi
closely integrates with PyTorch and offers state-of-the-art neural network-based SBI algo-
rithms (Greenberg et al., 2019; Hermans et al., 2020; Papamakarios et al., 2019) with flexible
choice of network architectures and flow-based density estimators. With sbi, researchers can
easily implement new neural inference algorithms, benefiting from the infrastructure to man-
age simulators and a unified posterior representation. Users, in turn, can profit from a single
inference interface that allows them to either use their own custom neural network, or choose
from a growing library of preconfigured options provided with the package.

Related software and use in research

We are aware of several mature packages that implement SBI algorithms. elfi (Lintusaari
et al., 2018) is a package offering BOLFI, a Gaussian process-based algorithm (Gutmann &
Corander, 2016), and some classical ABC algorithms. The package carl (Louppe, Cranmer,
& Pavez, 2016) implements the algorithm described in Cranmer, Pavez, & Louppe (2015).
Two other SBI packages, currently under development, are hypothesis (Hermans, 2019) and
pydelfi (Alsing, 2019). pyabc (Klinger, Rickert, & Hasenauer, 2018) and ABCpy (Dutta,
Schoengens, Onnela, & Mira, 2017) are two packages offering a diversity of ABC algorithms.

sbi is closely integrated with PyTorch (Paszke et al., 2019) and uses nflows (Durkan,
Bekasov, Papamakarios, & Murray, 2019) for flow-based density estimators. sbi builds on
experience accumulated developing delfi (mackelab.org, 2017), which it succeeds. delfi
was based on theano (Al-Rfou et al., 2016) (development discontinued) and developed both
for SBI research (Greenberg et al., 2019; Lueckmann et al., 2017) and for scientific applications
(Gongalves et al., 2019). The sbi codebase started as a fork of 1£i (Durkan, 2020), developed
for Durkan et al. (2020).

Description

sbi currently implements three families of neural inference algorithms:

= Sequential Neural Posterior Estimation (SNPE) trains a deep neural density estimator
that directly estimates the posterior distribution of parameters given data. Afterwards,
it can sample parameter sets from the posterior, or evaluate the posterior density on
any parameter set. Currently, SNPE-C (Greenberg et al., 2019) is implemented in sbi.

Sequential Neural Likelihood Estimation (SNLE) (Papamakarios et al., 2019) trains a
deep neural density estimator of the likelihood, which then allows to sample from the
posterior using e.g. MCMC.

Sequential Neural Ratio Estimation (SNRE) (Durkan et al., 2020; Hermans et al., 2020)
trains a classifier to estimate density ratios, which in turn can be used to sample from
the posterior e.g. with MCMC.

The inference step returns a NeuralPosterior object that represents the uncertainty about
the parameters conditional on an observation, i.e. the posterior distribution. This object can
be sampled from —and if the chosen algorithm allows, evaluated— with the same APl as a
standard PyTorch probability distribution.

An important challenge in making SBI algorithms usable by a broader community is to deal
with diverse, often pre-existing, complex simulators. sbi works with any simulator as long
as it can be wrapped in a Python callable. Furthermore, sbi ensures that custom simulators
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work well with neural networks, e.g. by performing automatic shape inference, standardizing
inputs or handling failed simulations. To maximize simulator performance, sbi leverages
vectorization where available and optionally parallelizes simulations using joblib (Varoquaux,
2008). Moreover, if dimensionality reduction of the simulator output is desired, sbi can use
a trainable summarizing network to extract relevant features from raw simulator output and
spare the user manual feature engineering.

In addition to the full-featured interface, sbi provides also a simple interface which consists
of a single function call with reasonable defaults. This allows new users to get familiarized
with simulation-based inference and quickly obtain results without having to define custom
networks or tune hyperparameters.

With sbi, we aim to support scientific discovery and computational engineering by making
Bayesian inference applicable to the widest class of models (simulators with no likelihood
available), and practical for complex problems. We have designed an open architecture and
adopted community-oriented development practices in order to invite other machine-learning
researchers to join us in this long-term vision.
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ABSTRACT

Scientists and engineers use simulators to model empirically observed phenomena. However, tuning
the parameters of a simulator to ensure its outputs match observed data presents a significant
challenge. Simulation-based inference (SBI) addresses this by enabling Bayesian inference for
simulators, identifying parameters that match observed data and align with prior knowledge. Unlike
traditional Bayesian inference, SBI only needs access to simulations from the model and does not
require evaluations of the likelihood-function. In addition, SBI algorithms do not require gradients
through the simulator, allow for massive parallelization of simulations, and can perform inference for
different observations without further simulations or training, thereby amortizing inference. Over
the past years, we have developed, maintained, and extended sbi, a PyTorch-based package* that
implements Bayesian SBI algorithms based on neural networks. The sbi toolkit implements a wide
range of inference methods, neural network architectures, sampling methods, and diagnostic tools. In
addition, it provides well-tested default settings but also offers flexibility to fully customize every step
of the simulation-based inference workflow. Taken together, the sbi toolkit enables scientists and
engineers to apply state-of-the-art SBI methods to black-box simulators, opening up new possibilities
for aligning simulations with empirically observed data.

1 Statement of need

Bayesian inference is a principled approach for determining parameters consistent with empirical observations: Given a
prior over parameters, a forward-model (defining the likelihood), and observations, it returns a posterior distribution.
The posterior distribution captures the entire space of parameters that are compatible with the observations and the prior

*Maintainer.

fCore contributor.

#Major contributor.

4sbi is available at github. com/sbi-dev/sbi under the Apache 2.0 license.
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and it quantifies parameter uncertainty. When the forward-model is given by a stochastic simulator, Bayesian inference
can be challenging: (1) the forward-model can be slow to evaluate, making algorithms that rely on sequential evaluations
of the likelihood (such as Markov-Chain Monte-Carlo, MCMC) impractical, (2) the simulator can be non-differentiable,
prohibiting the use of gradient-based MCMC or variational inference (VI) methods, and (3) likelihood-evaluations can
be intractable, meaning that we can only generate samples from the model, but not evaluate their likelihoods.

Recently, simulation-based inference (SBI) algorithms based on neural networks have been developed to overcome
these limitations [1-3]. Unlike classical methods from Approximate Bayesian Computation (ABC [4]), these methods
use neural networks to learn the relationship between parameters and simulation outputs. Neural SBI algorithms (1)
allow for massive parallelization of simulations (in contrast with sequential evaluations in MCMC methods) (2) do not
require gradients through the simulator, and (3) do not require evaluations of the likelihood but only samples from the
simulator. Finally, many of these algorithms allow amortized inference, that is, after a large upfront cost of simulating
data for the training phase, they can return the posterior distribution for any observation without requiring any further
simulations or retraining.

To aid in the effective application of these algorithms to a wide range of problems, we developed the sbi toolkit. sbi
implements a variety of state-of-the-art SBI algorithms, offering both high-level interfaces, extensive documentation and
tutorials for practitioners, as well as low-level interfaces for experienced users and SBI researchers (giving full control
over simulations, the training loop, and the sampling procedure). Since the original release of the sbi package [5], the
community of contributors has expanded significantly, resulting in a large number of improvements that have made sbi
more flexible, performant, and reliable. sbi now supports a wider range of amortized and sequential inference methods,
neural network architectures (including normalizing flows, flow- and score-matching, and various embedding network
architectures), samplers (including MCMC, variational inference, importance sampling, and rejection sampling),
diagnostic tools, visualization tools, and a comprehensive set of tutorials on how to use these features.

The sbi package is already used extensively by the machine learning research community [6-18] but has also fostered
the application of SBI in various fields of research [19-37].

2 Description

sbi is a flexible and extensive toolkit for running simulation-based Bayesian inference workflows. sbi supports any
kind of (offline) simulator and prior, a wide range of inference methods, neural networks, and samplers, as well as
diagnostic methods and analysis tools (Fig. 1).

Simulator & prior I Method classes I I Neural networks I Training I I Sampling I I Diagnostics I Analysis
o Use pre-simulated e Neural Posterior e (Continuous) * Preconfigured * MCMC (with * Simulation-based e Marginal plot
data or... Estimation (NPE) Normalizing flows  training loop with parallel chains calibration (SBC) « Conditional plot
o ...use utilities for e Neural Likelihood e Score-matching good defaults or...  across data) * Expected o _
parallel simulation  Estimation (NLE) Fl tchi o ...complete access e Variational coverage ¢ Sensitivity analysis
. " ¢ Flow-matching to the training loop  inference
¢ Combine ¢ Neural Ratio P i d for full flexibilit eLocal C2ST
independent priors  Estimation (NRE) ~® "ré-configured or Yy « Importance
R customizable sampling & SIR * TARP
* Build truncated * Amortized and embedding o
priors sequential versions  networks ¢ Rejection
of all algorithms sampling

Figure 1: Features of the sbi package. Components that were added since the initial release described in Tejero-
Cantero et al. [5] are marked in red.

A significant challenge in making SBI algorithms accessible to a broader community lies in accommodating diverse
and complex simulators, as well as varying degrees of flexibility in each step of the inference process. To address this,
sbi provides pre-configured defaults for all inference methods, but also allows full customization of every step in the
process (including simulation, training, sampling, diagnostics and analysis).

Simulator & prior: The sbi toolkit requires only simulation parameters and simulated data as input, and no direct
access to the simulator itself. However, if the simulator can be provided as a Python callable, sbi can optionally
parallelize running the simulations from a given prior using Joblib [38]. Additionally, sbi can automatically handle
failed simulations or missing values, it supports both discrete and continuous parameters and observations (or mixtures
thereof) and it provides utilities to flexibly define priors.

Methods: sbi implements a wide range of neural network-based SBI algorithms, among them Neural Posterior Esti-
mation (NPE) with various conditional estimators, Neural Likelihood Estimation (NLE), and Neural Ratio Estimation
(NRE). Each of these methods can be run either in an amortized mode, where the neural network is trained once on a
set of pre-existing simulations results and then performs inference on any observation without further simulations or
retraining, or in a sequential mode, where inference is focused on one observation to improve simulation efficiency
with active learning.

Neural networks and training: sbi implements a wide variety of state-of-the-art conditional density estimators for
NPE and NLE, including normalizing flows [39, 40] (via nflows and Zuko [41, 42]), diffusion models [43-45], mixture
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density networks [46], and flow matching [47, 48] (via Zuko [42]), as well as ensembles of any of these networks. sbi
also implements a large set of embedding networks that can automatically learn summary statistics of (potentially)
high-dimensional simulation outputs (including multi-layer-perceptrons, convolutional networks, and permutation
invariant networks). The neural networks can be trained with a pre-configured training loop with established default
values, but sbi also allows full access over the training loop when desired.

Sampling: For NLE and NRE, sbi implements a large range of samplers, including MCMC (with chains vectorized
across observations), variational inference, rejection sampling, or importance sampling, as well as wrappers to use
MCMC samplers from Pyro and PyMC [49, 50]. sbi can perform inference for single observations or for multiple
i.i.d. observations, and can use importance sampling to correct for potential inaccuracies in the posterior if the likelihood
is available.

Diagnostics and analysis: The sbi toolkit also implements a large set of diagnostic tools, such as simulation-based
calibration (SBC) [51], expected coverage [6, 16], local C2ST [17], and TARP [52]. Additionally, sbi offers visualiza-
tion tools, including marginal and conditional corner plots to visualize high-dimensional distributions, calibration plots,
and wrappers for Arviz [53] diagnostic plots.

With sbi, our goal is to advance scientific discovery and computational engineering by making Bayesian inference
accessible to a broad range of models, including those with inaccessible likelihoods, and to a broader range of users,
including both machine learning researchers and domain-practitioners. We have created an open architecture and
embraced community-driven development practices to encourage collaboration with other machine learning researchers
and applied scientists to join us in this long-term vision.

3 Related software

Since the original release of the sbi package, several other packages that implement neural network-based SBI
algorithms have emerged. The Lampe [54] package offers neural posterior and neural ratio estimation, primarily
targeting SBI researchers with a low-level API and full flexibility over the training loop®. The BayesFlow [55] package
focuses on a set of amortized SBI algorithms based on posterior and likelihood estimation. The Swyft [56] package
specializes in algorithms based on neural ratio estimation. The sbijax [57] package implements a set of inference
methods in JAX.
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Abstract Biophysical neuron models provide insights into cellular mechanisms underlying neural computations.
However, a central challenge has been the question of how to identify the parameters of detailed biophysical models
such that they match physiological measurements at scale or such that they perform computational tasks. Here, we
describe a framework for simulation of detailed biophysical models in neuroscience—JAXLEY—which addresses this
challenge. By making use of automatic differentiation and GPU acceleration, JAXLEY opens up the possibility to
efficiently optimize large-scale biophysical models with gradient descent. We show that JAXLEY can learn parameters
of biophysical neuron models with several hundreds of parameters to match voltage or two photon calcium recordings,
sometimes orders of magnitude more efficiently than previous methods. We then demonstrate that JAXLEY makes
it possible to train biophysical neuron models to perform computational tasks. We train a recurrent neural network
to perform working memory tasks, and a feedforward network of morphologically detailed neurons with 100,000
parameters to solve a computer vision task. Our analyses show that JAXLEY dramatically improves the ability to build
large-scale data- or task-constrained biophysical models, creating unprecedented opportunities for investigating the
mechanisms underlying neural computations across multiple scales.

Introduction

Computational models are used to devise hypotheses about neural systems and to design experiments to investigate
them. When building such models, a central question is how much detail they should include: Models of neural systems
range from simple rate-based point neuron models to morphologically detailed biophysical neuron models [1—4]. The
latter provide fine-grained mechanistic explanations of cellular processes underlying neural activity, typically described
as systems of ordinary differential equations [5-10].

However, it has been highly challenging for neuroscientists to create biophysical models that can explain physio-
logical measurements [10—13] or that can perform computational tasks [14—16]. It is hardly ever possible to directly
measure all relevant microscopic properties of the system with sufficient precision to constrain all parameters directly,
necessitating the use of inference or fitting-approaches to optimize free model parameters [17]. However, finding the
right parameters for even a single neuron model with only a few parameters can be difficult [13, 18], and large-scale
morphologically detailed biophysical network models may have thousands of free parameters. Therefore, neuroscien-
tists work with simplified models that sacrifice biophysical detail for interpretability and computational efficiency (e.g.,
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rate-based or leaky-integrate and fire neuron models, or models with simplified morphologies) [17, 19-21], or build
biophysical simulations in a purely bottom-up way [11, 22, 23], without constraining the resulting network models by
data or computational tasks as a whole.

Recently, in many domains of science such as particle physics, geoscience, and quantum chemistry, differentiable,
GPU-accelerated simulators have enabled parameter inference for even complicated models using modern automatic
differentiation techniques [24—28]. Such differentiable simulators make it possible to train simulators with gradient-
descent methods from deep learning [29]: Backpropagation of error (‘backprop’) makes the computational cost of
computing the gradient of the model with respect to the parameters independent of the number of parameters, making
it possible to efficiently fit large models. In addition, GPU acceleration allows computing the gradient for many inputs (or
model configurations) in parallel, which allows fitting simulations to large datasets with stochastic gradient descent [30].

Numerical solvers for biophysical models in neuroscience are used extensively, and several software packages exist
[31, 32], in particular the commonly used NEURON simulation environment [33-35]. Yet, none of these simulators allows
performing backprop, and currently used simulation engines are primarily CPU-based, with GPU-functionality only
added post-hoc [36—38]. As a consequence, state-of-the-art methods for parameter estimation in biophysical neuron
models are based on gradient-free approaches such as genetic algorithms [18, 39] or simulation-based inference [40],
which do not scale to models with many parameters.

In principle, biophysical models of neurons are mathematically differentiable with respect to the parameters [41].
Thus, an efficient and scalable differentiable simulator would open up the possibility of optimizing such models with
gradient descent. Such simulators would also need to handle the fact that the computation graph—a crucial ingredient
for backpropagation of error—may be too large to keep in memory [42].

To close this gap, we developed a new framework for simulation and inference of (morphologically detailed)
biophysical models in neuroscience, called JAXLEY. JAXLEY has in-built automatic differentiation capabilities and
makes training efficient with native GPU-acceleration and just-in-time (JIT) compilation, building on computationally
efficient engineering solutions developed in the machine learning community. This framework allows researchers to
simulate large-scale biophysical models with thousands of parameters efficiently and even fit such models either to
physiological data or to perform a computational task.

We demonstrate the power of this approach on a series of tasks covering different scales, data modalities, and levels
of biophysical detail. Regarding fitting physiological data, we first show that we can efficiently recover the parameters
of multicompartment models of single neurons based on experimental intracellular recordings or simulated voltage
imaging recordings using gradient descent. In some cases, gradient descent is orders of magnitude more accurate and
efficient than previous gradient-free methods. Second, we show that we can fit synaptic and cellular parameters of a
hybrid model of the presynaptic circuit of a retinal ganglion cell to match dendritic calcium recordings in response to light
stimuli. Regarding solving computational tasks, we show that we can train recurrent networks of Hodgkin—Huxley-type
models (with detailed channel dynamics and multiple compartments) to solve working memory tasks. Finally, we build
a large feedforward network with more than 800 cells, of which 64 are modelled at full morphological detail, and show
that such a network can solve the classical MNIST task from machine learning without any additional nonlinearities.
Our numerical experiments show that JAXLEY is a flexible and easy-to-use simulation framework, running natively on
CPUs, GPUs or TPUs and which, unlike previous neuroscience simulators, makes efficient automatic differentiation
possible, unlocking new possibilities for data-driven biophysical simulations in neuroscience.

Results

JAXLEY: A new toolbox for simulation and inference in neuroscience

Our goal was to optimize biophysical neuron models so that they either quantitatively fit data (e.g., match experimental
recordings such as voltage or calcium measurements [11, 12, 18, 44]) or can achieve high performance in computational
tasks such as short-term memory retrieval [45-47] or image classification [16, 48] (Fig. 1a). As the datasets that define
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Figure 1. Differentiable simulation enables training biophysical nheuron models. (a) Schematic of goal. Given input stimuli (left,
step currents, or sensory stimuli encoded into input currents), we aim to train biophysically detailed neural networks (middle) either
to match physiological recordings (right, voltage or calcium recordings), or to solve supervised machine learning tasks by predicting
labels. To perform such tasks, we have to infer biophysical parameters such as channel conductances, synaptic conductances, or
morphological parameters such as branch radii or lengths. (b) Schematic of method. Our simulator, JAXLEY, allows to simulate
biophysically detailed neural systems, and it can also compute the gradient of any cost function with respect to biophysical
parameters via backpropagation of error. (c) Computational efficiency of JAXLEY. JAXLEY can parallelize simulations on (multiple)
GPUs/TPUs across parameter sets, data (e.g., protocols), or branches and cells in a network. It can also just-in-time (JIT) compile
code to further speed up simulation and training. (d) Simulated voltage traces at three locations, based on a reconstruction of a CA1
neuron [43] in response to a step current obtained with the NEURON simulator and with JAXLEY. Inset is a zoom-in to the peak of the
action potential. Scalebars: 3 ms and 30 mV. (e) Left: Time to run 10k simulations with NEURON on CPU and with JAXLEY on GPU.
Right: Simulation time (top) for the CA1 neuron shown in panel d and for a point neuron, as a function of number of simulations.
Bottom: Same as top, for computing the gradient with backprop. (f) JAXLEY scales to large networks. JAXLEY can simulate and
differentiate a biophysically detailed network built from reconstructions of CA1 neurons (left, network consists of 2,000 neurons and
1M synapses) in response to step currents to the first layer (voltage responses to the right). Runtimes were evaluated on an A100
GPU.

these tasks are becoming increasingly complex, one has to adjust many (potentially thousands of) free parameters
governing the behavior of ion channels (e.g., maximal conductance), synapses (e.g., synaptic conductance or time
constant), or neural morphologies (e.g., radius or branch length). Inspired by the capabilities of deep learning to adjust
millions (or even billions) of parameters given large datasets, we here suggest to adjust these parameters with gradient
descent and to speed up training with GPUs.

No current toolbox for biophysical simulation, however, allows to perform backprop as required for efficient gradient
descent. Therefore, we built JAXLEY, a new Python toolbox for simulation of biophysical neuron models. JAXLEY allows
to compute the gradient with respect to biophysical parameters with backprop, provides utilities to robustly perform
gradient descent, and speeds up simulation and training using GPU acceleration and just-in-time (JIT) compilation
(Fig. 1b). To achieve this, JAXLEY implements numerical routines required for efficiently simulating biophysically-detailed
neural systems, so-called implicit Euler solvers, in the deep learning Python framework JAX [49]. In particular, for
multicompartment models, bespoke implicit solvers are key to accurate and stable simulation [50], but are not provided
by any other toolbox for simulation of differential equations [51, 52]. Building on JAX, JAXLEY inherits the capability to
perform automatic differentiation, such that errors can be propagated back through the implicit Euler solvers, which
makes it possible obtain the gradient with respect to any parameter.

Training biophysical models with gradient descent leads to instabilities resulting from parameters having different

3 0of 34

195



196

100

101

102

103

104

105

106

107

108

109

110

112

APPENDIX

bioRxiv preprint doi: https://doi.org/10.1101/2024.08.21.608979; this version posted August 21, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

scales, networks having a large computation graph [42], loss surfaces being non-convex [53], and so on. JAXLEY imple-
ments methods that have been developed to overcome these specific issues in deep neural networks (Supp. Fig. S1).
JAXLEY also provides native support for parallelization: It implements the differential equations such that, for example,
different branches of a single neural morphology can be solved in parallel on GPUs [36, 38, 54]. This results in large
speed ups for cell and network simulation and differentiation. In addition, JAXLEY can parallelize across stimuli or
parameter sets, providing large speed-ups for datasets (via stimulus parallelization) or for parameter sweeps (via
parameter parallelization, Fig. 1c). Finally, JAXLEY just-in-time (JIT) compiles code, making it (at least) as fast as
previous simulators which are written in compiled programming languages.

Taken together, the abilities of JAXLEY to compute the gradient with backprop, to perform robust optimization with
gradient descent, and to parallelize simulations across stimuli and cells on GPUs open up the possibility to train large
biophysical networks with thousands of parameters. Furthermore, we designed JAXLEY with a user-friendly interface,
allowing neuroscientists to build biophysical models (e.g., for inserting recordings, stimuli, and channels into various
branches or cells) and to use automatic differentiation and GPU parallelization. In a dedicated library open to the
community, it also implements different types of connectivity structures (e.g., dense or sparse connectivity), a growing
set of ion channel models, and utilities that are required to perform robust training with gradient descent (e.g., parameter
transformations, multi-level checkpointing [55], specific optimizers for non-convex loss surfaces [56]). JAXLEY is fully
written in Python, which will make it easy for the community to use and to add functionality to it'.

JAXLEY is accurate, fast, and scalable

We benchmarked the accuracy, speed, and scalability of JAXLEY for simulation of biophysical models. First, we
evaluated the accuracy of JAXLEY and created biophysically-detailed multicompartment models of a CA1 pyramidal
cell from rat hippocampus [43, 57] and of four layer 5 neurons from the mouse visual area from the Allen Cell Types
Database [58]. Every model contained sodium, potassium, and leak channels in all branches. We stimulated the soma
and recorded the voltage at three locations across the dendritic tree. JAXLEY matched the voltages of the NEURON
simulator at sub-microsecond and sub-millivolt resolution (Fig. 1d). Across all five cells, input currents with ten different
amplitudes, and three recording sites, the deviation of spike time between the NEURON simulator and JAXLEY was at
most 0.05 ms and the difference in spike amplitude was at most 0.02mV (Supp. Fig. S2).

Next, we evaluated the simulation speed of JAXLEY on CPU and GPU. We simulated the above described CA1 cell,
as well as a single compartment model, for 20 ms. To demonstrate the parallelization capabilities of JAXLEY, we also
evaluated the runtimes for running multiple simulations in parallel with different parameter sets. On GPU, JAXLEY was
much faster for large systems or many simulations, with a speed up of around two orders of magnitude (Fig. 1e). For
single compartment neurons, JAXLEY could parallelize the simulation of up to 1 million neurons, thereby allowing fast
parameter sweeps. On CPU, JAXLEY was similar to NEURON in speed for multicompartment models and was faster
than NEURON for single compartment models because JAXLEY can vectorize code, which avoids slow for-loops across
parameter sets.

We then evaluated the computational cost of computing the gradient with JAXLEY (Fig. 1e, bottom). For back-
propagation, the forward pass must be stored in-memory, which can easily correspond to terabytes of data for large
neural systems. To overcome this, JAXLEY implements multi-level checkpointing [55], which reduces memory usage by
strategically saving and recomputing intermediate states of the system of differential equations. Overall, we found that
computing the gradient was slightly more expensive than the simulation itself: Depending on the simulation device
(CPU/GPU/TPU), the number of simulations, the number of branches and channels, the simulated time, and the loss
function, computing the gradient was between 3 and 20 times more expensive than running the simulation itself (Fig. 1f,
bottom) [59].

Finally, we show that in addition to parallelizing across parameters (or across stimuli), JAXLEY can parallelize across

1JAXLEY is openly available at https:/github.com/jaxleyverse/jaxley
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branches or compartments in a network, allowing to simulate and differentiate large networks of biophysical neuron
models. To demonstrate this, we built a multi-layer neural network consisting of 2,000 morphologically detailed neurons
with Hodgkin—Huxley dynamics, connected by 1 million biophysical synapses (3.92 million differential equation states
in total, Fig. 1f). On a single A100 GPU, JAXLEY computed 200 ms (i.e., 8,000 steps at At =0.025 ms) of simulated
time in 21 seconds. We then used backprop to compute the gradient with respect to all membrane and synaptic
conductances in this network (3.2 million parameters in total), which took 144 seconds. Estimating the gradient with
finite differences—as would be required for packages that do not support backprop—would take more than two years
(3.2 million forward passes, 21 seconds each).

Fitting biophysical single neuron models to intracellular recordings

Having demonstrated the accuracy and speed of JAXLEY, we applied it to a series of tasks which demonstrate how
JAXLEY opens up new opportunities for building task- or data-driven biophysically-detailed neuroscience models
in a range of scenarios. We show that JAXLEY can fit biophysical models to physiological measurements such as
voltage and calcium recordings, sometimes vastly more accurately and efficiently than gradient-free methods, and we
demonstrate that JAXLEY allows to fit large-scale biophysical networks with up to 100k parameters to computational
tasks such as memory retrieval or image recognition.

As a first proof-of-principle, we applied JAXLEY to fit single neuron models with few parameters. As we will show,
even in these models in which gradient-free methods such as genetic algorithms excel and are used extensively,
gradient descent can be competitive and sometimes even outperform state-of-the-art genetic algorithms. We built a
biophysical neuron model based on a reconstruction of a layer 5 pyramidal cell (L5PC) (Fig. 2a). The model had nine
different channels in the apical and basal dendrite, the soma, and the axon [39], with a total of 19 free parameters,
including maximal channel conductances and dynamics of the calcium pumps. We learned these parameters from a
synthetic somatic voltage recording given a somatic step current stimulus with a known set of ground-truth parameters
(Fig. 2b, top).

We used gradient descent to identify parameter sets which minimize the mean absolute error to summary statistics
of the voltage trace. Since gradient descent requires differentiable summary statistics, but commonly used summary
statistics of intracellular recordings—such as spike count—can be discrete or non-differentiable, we used mean and
standard deviation of the voltage in two time windows [40]. Starting from randomly initialized parameters, gradient
descent required only nine steps (median across ten runs) to find models whose voltage traces are visually similar
to the observation (Fig. 2b, bottom). A state-of-the-art indicator-based genetic algorithm (IBEA) required similarly
many iterations, although each iteration of the genetic algorithm used ten simulations. As a consequence, gradient
descent required almost ten times fewer simulations than the genetic algorithm, and, despite the additional cost of
backpropagation, found good parameter sets in less runtime than the genetic algorithm on CPU (Fig. 2c).

We then employed gradient descent to identify parameters that match patch-clamp recordings from four cells from
the Allen Cell Types Database which had an axon initial segment reconstructed (because many of our parameters were
axonal, Fig. 2d, top) [58]. We again defined windows of the voltage for summary statistics, inserted the same set of ion
channels, and used the same set of free parameters (see Methods). Due to the length of the recordings (1s vs 100ms
in the synthetic experiments), this was a much more challenging problem as it could lead to exploding or vanishing
gradients. Despite this, gradient descent found parameter sets whose voltage traces closely resembled experimental
recordings (Fig. 2d, bottom, additional fits in Supp. Fig. S3). For both models, gradient descent was more simulation
efficient than the genetic algorithms and had similar runtime (Supp. Fig. S4). Overall, these results demonstrate the
ability of gradient descent to fit biophysical models to intracellular recordings, being competitive with state-of-the-art
genetic algorithms even on tasks for which those have been extensively optimized.
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Figure 2. Inferring single-neuron models with gradient descent. Task 1 (a) We optimize 19 parameters of a biophysical neuron
model which is based on the morphology of a layer 5 pyramidal cell (L5PC) morphology. (b) Top: Synthetic somatic voltage
recording (black) and windows that are used to compute summary statistics (top). Bottom: Fits obtained with gradient descent. Best
fit in dark blue, fits from five best independent runs in light blue. Scalebars: 20 ms and 30 mV. (c) Left: Loss value of individual
gradient descent runs (light blue), their minimum (dark blue), in comparison to the minimum loss across ten genetic algorithm runs
(black). Right: Average number of simulations and runtime required to find a set of parameters with loss smaller than 0.55 with
random sampling, genetic algorithm, and gradient descent. (d) We also fit morphologically detailed models to patch-clamp
recordings (black) in response to step currents from the Allen Cell Types Database. Gradient descent fit in blue. Additional models in
Supp. Fig. S3. Scalebars: 200 ms and 30 mV. Task 2 (e) We optimize conductance profiles of the same L5PC morphology, leading
to 1390 parameters. Synthetic ground-truth conductance profiles vary as a function of distance to the soma. (f) Simulated voltages
given the synthetic conductance profile after 1.5, 2.5, and 3.5 ms. (g) Predicted voltages of gradient descent fit closely match
synthetic observation. (h) Ground truth conductance profile as a function of distance from the soma (black) and 90 % confidence
interval obtained with multi-chain gradient-based Hamiltonian Monte-Carlo. (i) Loss as a function of the number of iterations for
gradient descent and genetic algorithm. Task 3 (j) We optimize parameters of a simplified morphology with twelve compartments
(right) to solve a nonlinear pattern separation task (left). (k) Voltage traces of model found with gradient descent. (I) Decision surface
of the model reveals nonlinear single-neuron computation. (m) Minimum loss across ten independent runs as a function of the
number of iterations for gradient descent and genetic algorithm.

Fitting biophysical single neuron models with many parameters
How does gradient descent scale to models with large numbers of parameters? We demonstrate here that, in contrast
to genetic algorithms, gradient descent allows to optimize a single neuron model with 1390 parameters.

We used the above described model of a L5PC with a diverse set of active conductances. Unlike in the above
experiments, we fit the maximal conductance of ion channels in every branch in the morphology [60], thereby allowing
to model effects of non-uniform conductance profiles [61, 62]. This increased the number of free parameters to 1390.
To generate a synthetic recording, we assigned a different maximal conductance to each branch (sampled from a
Gaussian process, see Methods), depending on the distance from the soma (Fig. 2e). We recorded the voltage at every
branch of the model in response to a 5ms step current input (Fig. 2f). Experimentally, such data could be obtained, for
example, through voltage imaging [63].
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We employed gradient descent to identify parameters that match this recording, with a regularizer that penalizes
the difference between parameter values in neighboring branches, thereby targeting conductance profiles which
vary smoothly across the dendritic tree [62, 64]. Despite the large number of parameters, gradient descent found a
parameter set whose voltage response closely matched the observed voltage throughout the dendritic tree (Fig. 29g).
To understand how much the whole cell voltage recording constrains the parameters [41], we used Bayesian inference
(implemented with gradient-based Hamiltonian Monte—Carlo, details in Methods) to infer an ensemble of parameter
sets all of which match the observed voltage. The resulting ensemble revealed regions along the dendritic tree at
which the conductance profile was strongly constrained by the data (e.g., the transient sodium channel, Fig. 2h, left,
e.g., around 400 pm). The parameter ensemble also revealed conductance profiles (e.g., axonal low-voltage activated
calcium channel) which were only weakly constrained by the data, suggesting that diverse values of these parameters
could lead to the desired activity (Fig. 2h, right, all posterior marginals in Supp. Fig. S5) [65]. Finally, we compared our
method with an indicator-based genetic algorithm [18] and, as expected, we found that access to gradients leads to
better convergence: While gradient descent converged to values of low loss within 100 iterations, the genetic algorithm
had two orders of magnitude higher loss even after 500 iterations (Fig. 2i).

Nonlinear single neuron computation

In the two previous tasks, we showed that JAXLEY can learn model parameters such that simulations match recordings,
and that it can do so as efficiently as state-of-the-art methods for small neural models and much more efficiently for
large ones. Next, we demonstrate that gradient descent—commonly used to fit deep neural networks—can also be
used to train single neurons to perform computational tasks.

We trained a single neuron model to solve a nonlinear pattern separation task. While point neurons cannot solve
such tasks (because they linearly sum their inputs), it has been suggested that morphologically-detailed neurons might
solve nonlinear pattern separation tasks in their dendritic tree [66—69]. While it has been demonstrated extensively that
single neuron models respond nonlinearly to inputs [70-72], it has so far been difficult to train biophysically-detailed
neurons on a particular task. Here, we show that stochastic gradient descent allows to train single neuron models with
dendritic nonlinearities to perform nonlinear computations.

We defined a simple morphology consisting of a soma and two dendrites, and inserted sodium, potassium, and leak
channels into all neurites of the cell. We then learned ion channel densities as well as length, radius, and axial resistivity
of every compartment (72 parameters in total) for the neuron to have two outputs depending on the input: low somatic
voltage (-70 mV), when both dendrites were stimulated with step currents of intermediate strength; high somatic voltage
(35mV), when one of the dendrites was stimulated strongly and the other one weakly (Fig. 2j). Therefore, the two
classes were not linearly separable, requiring the neuron to perform a nonlinear computation.

After training the parameters with gradient descent, we found that the cell indeed learned to perform this task and
spiked only when one dendrite was stimulated strongly (Fig. 2k), effectively having a nonlinear decision surface (Fig. 2l).
We again compared our method to an indicator-based genetic algorithm and found that our method finds regions of
lower loss more quickly than genetic algorithms (Fig. 2m).

Overall, these results show that gradient descent performs better than gradient-free methods in models with
many parameters, opening up possibilities for studying at scale biophysical mechanisms throughout the full neuronal
morphology.

Hybrid retina model of dendritic calcium measurements

So far, we have learned parameters of single neuron models using small datasets consisting of few stimulus/response
pairs. Many models of neural systems, however, consist of multiple neurons potentially modelled at varying levels of
detail, and datasets can contain thousands of stimulus/response pairs [16, 44, 74, 75]. Using a network model of the
mouse retina, we demonstrate that JAXLEY allows to simultaneously infer cell-level and network-level parameters, and
that it can identify parameters such that model simulations match datasets consisting of thousands of stimulus/response
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Figure 3. Hybrid model of the calcium responses of a retinal ganglion cell. (a) Schematic of experimental setup and hybrid
model. A binary noise image (15 x 20 pixels) was presented to the retina of mice and dendritic calcium recordings were obtained
with two-photon imaging [73]. We modelled photoreceptors (PR) as linear Gaussian filters, bipolar cells (BC) as point neurons with a
non-linearity, and a retinal ganglion cell at full morphological detail with a variety of ion channels. (b) Schematic of training procedure
and loss function. We stimulated the hybrid model with the noise image for 200 ms and recorded intracellular calcium concentration
across all recording sites. We convolved this concentration with a calcium kernel and used the output at the last time step (200 ms)
as input to a mean absolute error cost function to the experimental recording. (c) Measured and model-predicted calcium response
across 50 noise images (200 ms each). (d) Left: Calcium response (colormap) of the trained hybrid model to a step-current to a
single branch indicated by step current sketch. Middle: Voltage activity of the model at two branches, one at the stimulus site and
one at a distant branch. Right: Intracellular calcium concentration in the same two recording sites. Scalebars: 50 ms, 30 mV,
0.025 mM. (e) Receptive fields of the hybrid model obtained in response to 1024 noise stimuli. (f) Pearson correlation coefficient
between experimental data and model for train (top) and test (bottom) data, for a linear network, a multi-layer perceptron, and the
hybrid model. Error bars show standard-error of mean over seven datasets (see Methods). Asterisk denotes statistically significant
difference between mean correlations of hybrid model and MLP (one-sided t-test at p<0.05).

pairs.

As an example, we consider transient Off alpha retinal ganglion cells in the mouse retina, which show compart-
mentalized calcium signals in their dendrites in response to visual stimulation [73]. To understand the mechanistic
underpinning of this behaviour, we built a hybrid model with statistical and mechanistic components: We modelled
photoreceptors as convolution with a Gaussian filter, bipolar cells as point neurons with a nonlinearity [74], and a retinal
ganglion cell (RGC) as a morphologically detailed biophysical neuron, with six different ion channels [76] distributed
across its soma and dendritic tree (Fig. 3a). In order to model the recording of calcium signals, we convolved the
intracellular calcium (from the calcium channel of the model) with a calcium kernel (Fig. 3b).

Using JAXLEY, we trained the hybrid model to predict dendritic calcium given checkerboard noise stimuli. The
dataset consisted of 15,000 image-calcium pairs, with each image being presented for 200ms. We learned synaptic
conductances from the bipolar cells onto the RGC (287 synaptic parameters), the radii of the branches of the retinal
ganglion cell, the axial resistivities, as well as the somatic and basal membrane conductances (320 cell parameters).
After training, we evaluated the trained model on a held-out test dataset. The model had a positive Pearson correlation
coefficient with the experimental recording on 146 out of 147 recordings sites, with an average correlation of 0.25, and
a maximum of 0.51 (Fig. 3c).

Next, we tested whether the hybrid model was able to predict experimentally measured phenomena which the model
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had not been directly trained on. To test whether our model showed the same compartmentalized calcium responses as
the measurements [73], we stimulated the trained model at a distal branch and recorded the model calcium response
across all branches of the cell (Fig. 3d, left). We found that the calcium signal in response to local stimulation did not
propagate through the entire cell, demonstrating a compartmentalized response of the model. While the neurons often
exhibited high firing rates near the stimulation site in the dendrite (Fig. 3d, middle, [77, 78]), branches that were far
away from the stimulation site showed no response (Fig. 3d, right). To further demonstrate the compartmentalized
response of the hybrid model, we computed the receptive fields of all experimental recordings sites in response to
noise images (Fig. 3e). The model receptive fields did not cover the entire cells and were roughly centered around the
recording locations, qualitatively matching the receptive fields obtained from experimental measurements [73].

The mechanistic components of the model, including the anatomical structure, provide an inductive bias. Therefore,
we investigated whether this inductive bias of the hybrid model could lead to better generalization to new data, especially
when training data is scarce. We trained the hybrid model on reduced datasets of recordings from a single calcium
scanfield and on a reduced set of images, and compared its performance to a linear model and a two-layer perceptron
trained on the same datasets (Fig. 3f). For all models, we performed early stopping based on a validation set and
evaluated the final performance on a held-out test set of 512 images. While the linear model and the perceptron
performed better than the hybrid model on training data, the hybrid model performed better on held-out test data, when
little training data was available. These results indicate that the inductive bias brought by the hybrid model effectively
can limit the amount of overfitting in the model, and allow the model to have higher generalization performance than
unconstrained artificial neural networks, at least in small data-regimes. These results suggest that hybrid components
could be used as regularizers for deep neural networks models of neural systems [79-83].

Our results demonstrate that gradient descent allows to fit networks of biophysical neurons to large calcium datasets
and allows to simultaneously learn cell-level and network-level parameters. The resulting models reproduce several
experimental measurements and exhibit an inductive bias that leads to improved generalization performance on small
datasets.

Biophysical recurrent network models can be trained to solve working memory tasks

To understand how computations are implemented in neural circuits, computational neuroscientists aim to train models
to perform tasks [16, 45-48]. In particular, recurrent neural networks (RNNs) have been used to form hypotheses
about population dynamics underlying cognition [15, 19, 45-47, 84, 85]. Typically, such RNNs consist of point neurons
with rate-based or simplified spiking dynamics [42, 86], which prevents studying the contribution of channel dynamics
or cellular processes [87]. We here show how JAXLEY makes is it possible to train biophysical models of neuronal
networks to perform such tasks.

We implemented in JAXLEY an RNN consisting of Hodgkin—Huxley-type neurons with a simplified apical and basal
dendrite, with each neuron equipped with a variety of voltage-gated ion channels [11]. We sparsely connected the
recurrent network with conductance-based synapses [88] and obtained the outputs from passive readout units (Fig. 4a).

We first investigated the dynamics in this biophysical RNN before training. As with rate-based RNNs, these dynamics
were strongly dependent on a global scaling factor (called ‘gain’) of all recurrent synaptic maximal conductances
[89]. Our RNN transitioned from a stable to a chaotic regime when the gain was increased, with an intermediate
region, where networks displayed regular firing (Fig. 4b, left). The ability of JAXLEY to perform automatic differentiation
allowed us to quantify the stability of networks by numerically computing Lyapunov exponents [90, 91] (Supp. Fig. S7).
When we increased the gain of the synapses, the maximal Lyapunov exponent transitions from a value smaller than
0, corresponding to stable dynamics, to a value larger than 0, corresponding to a chaotic system, where nearby
trajectories diverge (Fig. 4b, right). This indicates that, upon parameter initialization, biophysical RNNs have similar
dynamical regimes as rate-based RNNs.

We then trained the biophysical RNN to perform two working memory tasks, starting with a perceptual decision-
making task requiring evidence integration over time [45, 47, 92-94]. We built a network of 20 recurrent neurons
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Figure 4. Recurrent neural network models with Hodgkin—Huxley-type neurons perform working memory tasks. (a) Left:
Schematic of the RNN, with two recurrently connected neurons and one readout neuron highlighted. Neurons get stimulated at their
basal dendrites and have recurrent synapses from somata to apical dendrites. Right: The ion channels modelled in each neuron. (b)
Dynamics (left) and associated Lyapunov exponents (right) of the recurrently-connected neurons before learning the parameters
and without any stimulus. The dynamics vary as a function of the scale (or ‘gain’) of the recurrent synaptic conductances. Task 1 (c)
Evidence integration task. We stimulated an RNN with a random Gaussian noise stimulus (top). After training, the RNN successfully
learns to indicate whether the summed inputs are greater than zero (left) or less than zero (right), as indicated by voltage traces of
the two readout neurons during the response period (grey). (d) Raster plots (upper) and voltage traces (lower) of the
recurrently-connected neurons encoding the stimulus. (e) Psychometric curve showing the fraction of times the RNN reported the
summed input to be greater than zero (r1 > r2), as a function of the stimulus mean (which modulates task difficulty). (f) Histogram of
initial and trained input, recurrent, and output weights of the network. Task 2 (g) Delayed-match-to-sample task. The RNN is
presented with two stimuli (A/B) separated by a delay, and was trained to indicate whether the two stimuli ‘match’: The match case is
where A or B contain both input step currents, and the mismatch case is where A and B each contain one input step current. Raster
plots of the network activity, when presented with each of the four scenarios. Bottom row: Readout neuron prediction in the match
(left, n > r) and mismatch (right, . > ri) cases.

and stimulated each recurrent neuron with a noisy time series with either positive or negative mean value (Fig. 4c,
top, see Methods). We trained input weights, recurrent weights, and readout weights (109 parameters) such that the
network learned to differentiate between positive and negative stimuli during a response period after 500 ms. Despite
the long time horizon of this task (500 ms, corresponding to 20k time steps of the simulation), gradient descent found
parameters such that the RNN was able to perform the task (Fig. 4c, bottom), with the voltage in the readout neurons
differentiating the input means with 99.9 % accuracy across 1,000 trials. The trained network showed sparse spiking
activity with typically less than one third of neurons being active for a particular stimulus (Fig. 4d, top). Furthermore,
the dynamics of the trained network without stimulus input were chaotic (Lyaponuv exponents close to 0, A = 2 - 1073,
Fig. 4d, bottom), even though the initial dynamics were not (A = —1 - 10~°), consistent with previous studies linking the
regime close to ‘the edge of chaos’ to optimal computational performance [95, 96].
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Next, we evaluated the generalization abilities of the trained biophysical RNN. We varied the mean value of the
positive and negative stimuli and found that the relationship between average response and stimulus mean closely
resembled the well-known sigmoidal psychometric curve of decision making, where the network more often failed when
the stimulus had a lower signal-to-noise ratio (Fig. 4e). We also tested whether the network generalized in time and
found that, despite having only been trained on tasks of 500 ms duration, the RNN could successfully solve evidence
integration tasks of up to 3 seconds (Supp. Fig. S6). To solve these evidence integration tasks, some input, recurrent
and output weights were pushed toward zero and the remaining weights were pushed toward their positive and negative
constraints during training (Fig. 5f).

We next employed the RNN to solve a more challenging working memory task, a delayed match to sample task,
where the RNN had to maintain information over an extended period of time [46, 47, 86, 97]. We trained the RNN to
classify patterns, consisting of two step current inputs with a delay between them, into matching (same identity of the
inputs) or non-matching (different identity of the inputs), i.e., a total of 4 input patterns (Fig. 4g, top). A central challenge
in this task was that the network needed to memorise the identity of the first input within its dynamics for a delay period
of 500 + 50 ms until the second input was provided. We employed curriculum learning to solve this task: Starting from
shorter delay periods of 100 £ 50 ms, we increased the delay period during training in steps of 100 ms [98]. By training
input, recurrent, and readout weights, as well as synaptic time-constants of a network with 50 recurrent neurons (542
parameters), we found parameter sets which solved the task and correctly classified all four patterns (Fig. 4g, bottom).

Previous studies found that rate-based RNNs could learn working memory tasks either using transient coding or
stable attractors [99-101]. We investigated which of those two mechanisms the biophysical RNN used to successfully
maintain the stimulus identify during the delay period. To do so, we inspected the population dynamics of the trained
biophysical RNN. The network had distinct responses to the identity of the first stimulus (Fig. 4g) and only when running
the simulation much longer than the delay period the dynamics relaxed to the same attractor (Supp. Fig. S8). This
suggests that the network used a form of transient coding to solve the task (depending on initialisation and training
setup, other solutions might be possible [101]).

Overall, these results demonstrate that gradient descent allows training RNNs with biophysical detail to solve
working memory tasks. This will allow a more quantitative investigation of the role of cellular mechanisms contributing
to behavioral and cognitive computations.

Training biophysical networks with 100k parameters on large datasets

Finally, we show that gradient descent allows to train large biophysical models with thousands of cellular level and
network-level parameters on machine learning-scale datasets to solve classical computer vision tasks like image
recognition.

As a demonstration, we implemented a feedforward biophysical network model in JAXLEY and trained it to solve the
classical MNIST task, without artificial nonlinearities such as ReLU activations. The network had three layers: The
input and output layers consisted of neurons with ball-and-sticks morphologies and the hidden layer consisted of 64
morphologically detailed models obtained from reconstructions of CA1 cells (Fig. 5a) [43, 54]. The input and hidden
layer had active ion channels (sodium, potassium, leak) in all branches, thereby permitting nonlinear computation as
spike/no-spike decisions and allowing the network to have nonlinear responses. The output neurons only contained a
leak channel and integrated hidden-layer activity. The network was interconnected by biophysical synapses [88] that
could be excitatory or inhibitory. We trained sodium, potassium, and leak conductances of every branch in the circuit
(55k parameters), as well as all synaptic weights (51k parameters).

We simulated the network for 10 ms, as this was the time it took for the stimulus to propagate through the network.
After training with stochastic gradient descent (see Methods), upon being stimulated with a ‘0’ digit, the network
propagated spikes through the first two layers, such that the somatic voltage of the output neuron corresponding to ‘0’
had high voltage after 10ms (Fig. 5b). When passed through a softmax, the output neuron activations indeed indicated
a high probability for the digit ‘0’ (Fig. 5¢). The network achieved an accuracy of 94.2 % on a held-out test dataset,
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Figure 5. Training biophysically detailed networks to solve computer vision tasks. (a) We trained a biophysical network
consisting of 28 x 28 input neurons, 64 morphologically detailed hidden neurons, and ten output neurons. We stimulated input
neurons with step currents corresponding to MNIST pixel values and used voltages of the somata of output neurons after 10 ms as
prediction of class membership. (b) Voltages measured at the somata of neurons in the trained network in response to an image
labelled as ‘0’. Red color in the output layer indicates the image label. Scalebars: 2ms and 80 mV. (c) Softmax probabilities
computed from output voltages. (d) Histograms of test set accuracy of 50 linear networks (gray), 50 multi-layer perceptrons with 64
hidden neurons and ReLU activations (black), and the biophysical network (blue). (e) Histogram of parameters before (black) and
after (blue) training. Training the network only leads to subtle shifts in parameter distributions. (f) Test set accuracy for trained
network when subsets of parameters are reset to their initial value. Blue line is the full trained network. (g) Fraction of images that
trigger a spike in two example hidden neurons across images from different classes. Top neuron has acquired ON-tuning for the digit
‘1’, bottom neuron has OFF-tuning for the digit ‘0’. (h) Adversarial attack on the biophysical network. The trained biophysical network
correctly classifies the image as a six with high confidence. After modifying the image with an adversarial attack, the image remains
similar but the biophysical network confidently predicts a four. Bottom shows corresponding voltage traces of the output neurons
(output neurons corresponding to other digits in gray). (i) Accuracy across 128 test set examples, as a function of the norm of the
adversarial image perturbation.

which is higher than a linear classifier, demonstrating that the biophysical network successfully uses its nonlinearities
to improve classification performance. The biophysical network, however, performed slightly worse than a multi-layer
perceptron with ReLU nonlinearities, suggesting that the spike/no-spike nonlinearitites are either more difficult to train
than ReLU nonlinearities, or that the (binary) spike/no-spike representations lead to lower bandwidth than graded ReLU
activations (Fig. 5d).

How do the learned parameters of the biophysical network contribute to its ability to classify MNIST digits?
Surprisingly, we found that the ranges of the trained synaptic parameters were roughly similar to the ranges of the
untrained network and that the membrane channel conductances were roughly centered around their initial value
(Fig. 5e). This does, however, not mean that the learned values of these parameters do not contribute to the learned
network dynamics: When resetting subsets of parameters to their initial value, classification dropped substantially,
sometimes reducing classification performance to chance level accuracy of 10 % (Fig. 5f). Resetting some parameters
(e.g., leak conductances or axial resistivities) had a weaker but still substantial effect on performance (reduced accuracy
to 91 %). Overall, although the average values of parameters remained roughly unchanged from initialization, the
respective tuning of virtually all parameters in the system, including ion channel conductances, contributed to the
learned network dynamics and classification performance. This indicates that biophysical simulations built purely from
the aggregate statistics of measured parameter values could not be sufficient for the models to develop the ability to
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perform tasks [11].

We then investigated which features the morphologically detailed hidden neurons were tuned to. Across 2560
images, we evaluated the fraction of images from each digit to trigger a spike in each hidden neuron. We found several
neurons that were strongly tuned to individual digits: For example, we found a neuron which spiked for almost any ‘1’
in the dataset, but rarely spiked for images of other digits in the dataset, suggesting that this cell had ON-tuning for
the ‘1’ digit, just one set of synapses away from the input layer (Fig. 5g, top). We also found neurons which exhibited
OFF-tuning for some digits: For example, a hidden neuron spiked for any image which did not show a ‘0’, but spiked
only for a fraction of ‘0’ images (Fig. 5g, bottom, tuning of all hidden neurons in Supp. Fig. S9). Neither of these neurons
were tuned to individual digits before training (Supp. Fig. S10). These findings show that the trained biophysical network
had hidden neurons strongly tuned to interpretable features, which emerged from training the network to solve a task.

Finally, efficient access to gradients does not only allow training biophysical models to match physiological data or
perform a task, but it also opens up possibilities to perform new kinds of analyses on them, like evaluating adversarial
robustness [102]. To illustrate this, we stimulated the biophysical network with an image showing a ‘6’, and then altered
minimally the image with gradient descent such that the network would classify it as a ‘4’ (Fig. 5h). While the biophysical
network classified the initial image as a ‘6’ with high confidence, the perturbed image was classified as a ‘4'—despite
only weak and barely noticeable changes to the image. We compared the adversarial robustness of the biophysical
network to a trained multi-layer perceptron (MLP) with ReLU activations and the same number of hidden neurons.
We found that the two networks are similarly vulnerable to adversarial attacks, and any improvement in adversarial
robustness was comparably small, in contrast to previous studies suggesting that biophysical networks could largely
improve adversarial robustness [54].

Overall, these results demonstrate that the ability of JAXLEY to perform backprop in biophysical models can be used
to train large-scale networks at full biophysical detail. In particular, backprop overcomes virtually any computational
limit on the number of parameters of biophysical networks that can be included in the optimization, thereby opening up
new possibilities for task-trained biophysical models.

Discussion

Backpropagation of error (‘backprop’) and computational frameworks which provide efficient, scalable, and easy-to-use
implementations, have been key to to the deep learning revolution. They have made it possible to efficiently optimise
even very big systems with gradient descent. This, in turn, has made it possible to fully optimise entire machine learning
workflows, and minimised the need for hand-designing (‘feature engineering’) its components. Several scientific
disciplines are now adopting such ‘differentiable programming’ approaches in which entire pipelines are implemented
as differentiable simulators and can therefore be optimised or fit to data [24—28, 103, 104]. However, for biophysical
neuron models, currently used tools [31, 32, 105, 106] do not allow automatic differentiation. We here presented Jaxley,
a new computational framework for differentiable simulation of neuroscience models with biophysical detail. Unlike
previous biophysical simulation toolboxes, JAXLEY can perform automatic differentiation through its differential equation
solver, thereby enabling backprop to compute the gradient with respect to virtually any biophysical parameter. We
demonstrated that gradient descent allows to fit biophysical models of neural dynamics to large datasets of experimental
voltage and calcium recordings and that it enables training biophysical models to perform physiologically meaningful
computations, with as many as 100k parameters.

We expect that JAXLEY will enable a range of new investigations in neuroscience: First, it will make it possible to
efficiently optimize detailed single-cell models. This will allow insights into cellular properties across cell types and their
relationship with, for example, transcriptomic measurements [107—-109], as well as into the contribution of dendritic
processing to neural computations [70, 72, 110—113].

Second, it will facilitate creating large-scale biophysical network models. Such network models [11, 22, 114]
have so far primarily been built in a bottom-up fashion: Models of single biophysical neurons are individually fit to
electrophysiological recordings using genetic algorithms, with minimal adjustments of the network as a whole, and
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computational properties are thought to emerge through this process. This approach has been successful in creating
models which can reproduce aggregate statistics of neurophysiological measurements such as local field potentials
[11, 115-117]. However, it is unlikely that such networks will be able to explain behavioural or cognitive computations. A
prerequsiste for this would be that these networks can perform relevant computational tasks such as image recognition
or working memory tasks. However, a central impediment has been the lack of computational frameworks that allow to
adjust (potentially thousands of) parameters of these models accurately and efficiently [10, 13, 18]. Inspired by the
optimisation methods for deep neural networks which can fit millions of parameters with backprop and are accelerated
by GPU parallelization, JAXLEY opens up possibilities to train parameters of large-scale biophysical network models
with gradient descent. We note that, in our trained models, the aggregate distribution of parameters was very similar
between trained and untrained models, again highlighting the difficulty of constructing task-performing networks from
bottom-up considerations alone.

Third, in addition to training such models, JAXLEY will also enable numerous other applications: We showed
how backprop enabled gradient-based Bayesian inference (Fig. 2h) [118, 119], and that it allowed us to investigate
the stability of dynamical systems by computing their Lyapunov exponents (Fig. 4b), and made it possible to study
adversarial attacks on biophysical network models (Fig. 5h). One will also be able to use gradients to compute
maximally excitable stimuli [120, 121], or to design optimally discriminative experiments [122].

A central challenge in training biophysical models to perform computational tasks will be to bridge the timescales
between biophysical mechanisms (milliseconds) and behavior (seconds). We showed that it is possible to fit data
of up to one second length (Fig. 2d), but optimizing models on tasks that require backpropagating gradients along
even longer simulations is challenging. In addition, opening up the possibility to learn the parameters of biophysical
models with virtually no limit on the number of parameters will make mechanistic models prone to overfitting. Highly
flexible models will also be more likely to identify some parameter sets that fit the data well, even if the model is wrong.
To mitigate these issues, one should carefully design the loss function, the methods for model comparison, and the
evaluation of the predictive quality on unseen data. One approach can be, for example, to train ensembles of models
from different initial conditions, and to subsequently investigate which model-properties are robustly preserved across
the ensemble [16].

JAXLEY contributes to a growing body of work on simulators for neuroscience, while offering key advantages
for biophysically-detailed simulation. Like previous simulation toolboxes such as NEURON [105], GENESIS [32], or
NEST [31], JAXLEY implements an implicit Euler solver required to solve the stiff dynamics of morphologically detailed
biophysical neuron models (note that such a solver is not implemented in standard toolboxes for differential equations
[52, 123]). Unlike these widely used neuroscience toolboxes, JAXLEY can automatically differentiate through this solver,
thereby allowing to perform gradient descent without having to build differentiable emulators of biophysical models
[72, 124]. In addition, its just-in-time compilation [125] and GPU parallelization capabilities [36—38, 54, 126] allow
for fast simulation and training and enable scaling to large networks and datasets. By building upon the framework
JAX [49], JAXLEY will further benefit from advances in the deep learning community at scaling and training large
simulations. For example, for some tasks and training paradigms, forward mode automatic differentiation [127, 128]
or evolutionary algorithms [42] have been reported to perform similarly to (or sometimes even better than) backprop.
JAXLEY directly supports GPU-accelerated implementations of either of these algorithms, opening up possibilities to
develop new methods for training of biophysical neural systems. JAXLEY has a flexible and easy-to-use interface and
offers a growing and easily-extensible set of channels and synapses.

New experimental tools allow to measure connectivity [129, 130], morphology [131, 132], genetic identity [109], and
activity [133] of neural circuits at increasing levels of detail and scale. JAXLEY is a powerful new tool which allows
to integrate measurements of connectivity and morphology into biophysical simulations, while allowing the resulting
networks to be fitted to data or computational tasks—just like deep neural networks. This will enable investigations of
the biophysical basis of neural computation at unprecedented scales.
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Methods

Code availability

Our toolbox, JAXLEY, is openly available at https://github.com/jaxleyverse/jaxley. Tutorials and examples of how to
use the toolbox are available at https://jaxleyverse.github.io/jaxley. A collection of channels and synapses for use with
JAXLEY is available at https://github.com/jaxleyverse/jaxley-mech. All code to generate results and figures is available
at https://github.com/mackelab/jaxley_experiments.

Solving differential equations of biophysically detailed single neuron models

Below, we describe the numerical solver for the differential equations that define dynamics in morphologically detailed
neuron models. We used an implicit Euler solver for the voltage equations, and an exponential Euler solver for the
gates. We simulated voltage at internal nodes and, like NEURON, also simulated terminal nodes at branch points. To
solve the tridiagonal system of equations of every branch, JAXLEY allows to choose between the Thomas algorithm
[134] and the algorithm presented by Stone [135]. We used Stone’s algorithm for all simulations.

We performed a leapfrog update of voltage equations and gate equations. As is also done in NEURON, at every
time step, the current through mechanisms (channels and synapses) was evaluated twice at voltage values that
differ by 0.001 mV. This allowed to infer the voltage-dependent and voltage-independent contributions to the current
dynamics (which is required by the implicit Euler solver of the voltage equations). In order to achieve a high degree of
parallelization, we modelled every branch in the cell (or network) with four compartments (with the exception of the
network shown in Fig. 1f, for which we used two compartments). We split branches that were longer than 300 um into
sub-branches until each sub-branch was shorter than 300 pm.

Robust training of biophysical models

We use the following tools to improve training accuracy and robustness. First, we used parameter transformations
that ensure that optimization of bounded parameters can be performed in unconstrained space and that biophysical
parameters are on the same scale. In particular, we used an inverse sigmoid transformation T(6) = — Iog(mfl),
where | is the lower bound and v is the upper bound. Second, we used a variant of Polyak stochastic gradient descent
[56, 136], which computes the step as step = ’)/%. This optimizer overcomes large variations of the gradient
between steps. We used values of 3 € [0.8,0.99]. In some applications, we further multiplied the gradient with the loss
value £ [56, 136], such that the optimizer automatically reduced the learning rate towards the end of training. Third,
when necessary, we used different optimizers for different types of parameters. This affects the Polyak gradient descent
optimizer because it normalizes by the gradient norm. Fourth, we performed multi-level checkpointing to reduce the
memory requirements of backpropagation through time. Fifth, when we observed vanishing or exploding gradients, we
performed truncated backpropagation through time. We used this only for the hybrid mechanistic/statistical model of
the retina. When performed, we interrupted gradient computation every 50 ms. All of these tools are implemented in
JAXLEY.

Training overview

In Table 1, we list the training procedure for all tasks, including the number of optimized parameters, the number of
branches that the model has (note that each branch is modelled with 4 compartments), the compute device we trained
on, the number of gradient steps we took to arrive at the model shown in the figures, and the compute time it took to
perform one gradient step.
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Table 1. Overview of tasks and their training procedure.

Task params branches device gradient time
steps per step

L5PC synthetic (Fig. 2b) 19 339 CPU 10 5sec

Allen cell 1 (Fig. 2d, left) 19 103 CPU 10 12sec

Allen cell 2 (Fig. 2d, right) 19 99 CPU 10 12sec
Fit conductance profiles (Fig. 2f) 1390 339 CPU 500 0.04 sec

Nonlinear neuron (Fig. 29) 72 3 CPU 6400 0.0017 sec

Hybrid retina model (Fig. 3) 607 147 GPU, A100 560 55sec
RNN for evidence integration (Fig. 4) 109 62 CPU 2000 12sec
Delayed-match-to-sample task (Fig. 4) 459 152 GPU 1000 36sec
Biophysical network for MNIST (Fig. 5) 105k 2000 GPU, V100 26k 28sec

Fitting layer 5 pyramidal cells to somatic voltage recordings

Active mechanisms

We used two types of sodium channels, five types of potassium, two types of calcium, and a hyperpolarization-activated
channel and inserted them in soma, basal and apical dendrites, and axon as done by Van Geit et al. [39].

Parameter initialization, parameter sharing, and parameter constraints

To fit the synthetic data shown in Fig. 2b, we optimized 19 parameters. These were the same parameters as used by
Van Geit et al. [39] but our model did not contain a persistent sodium channel in the axon (following Deistler et al. [137],
which demonstrated that using a persistent sodium channel is inconsistent with experimental measurements).

We used the same parameter search bounds as Van Geit et al. [39] for the synthetic data, but we enforced that
somatic potassium existed (lower bound 0.25 mS/cm?). For the experimental recordings from the Allen Cell Types
Database, we used slightly larger bounds for two of the parameters to increase the flexibility of the model: We used
an upper bound of 2mS/cm? (instead of 1 mS/cm?) and a lower bound of 10 ms for the delay of the calcium buffer
(instead of 20 ms). We used a log-uniform distribution to initialize the delay of the calcium buffer. To fit recordings from
the Allen Cell Types Database, we modified the leak conductance to 5-10%, 10, 104, and 10 mS/cm?, respectively,
leak reversal potential to -88, -88, -95, and -88 mV, capacitance to 2, 4, 3, and 2 uF/cm?, respectively, and potassium
reversal potential to -70 mV.

Summary statistics

Optimizing parameters of biophysical models with gradient descent requires that the loss function, and therefore also
the summary statistics, are differentiable. This is not the case for typically used features such as spike count, which led
us to defining different summary statistics.

For the synthetic data (Fig. 2b), we split the voltage trace into two windows and used the mean and standard
deviation of these two windows as summary statistics. This led to a total of four summary statistics. To standardize the
data, we divided the mean voltages by 8.0 and standard deviations by 4.0.

To fit data from the cell-types database, we used a set of four such windows. We defined the first window as the
20 ms after stimulus onset and used the maximal voltage of this window as summary statistic. This avoids that the
model spikes before the experimental data. We defined the second window as a 15 ms window around the first spike
in the experimental voltage and used the maximum value within this window as summary statistic. The third and
fourth window spanned the next 60 and 905 ms and we used the mean and standard deviation during these windows.
To standardize the summary statistics, we divided maximal voltages by 50.0, mean voltages by 10.0, and standard
deviations by 5.0.
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Training procedure

We used our variant of Polyak gradient descent with v = 1/3 and 3 = 0.8 for the synthetic data and the experimental
data. For both tasks, we use a mean absolute error loss to standardized summary statistics. For models based on the
Allen Cell Types Database, we performed five initial simulations and initialized gradient descent runs at the parameter
set which had lowest loss (among those five runs).

For both experiments, we trained for ten optimization steps. We also ran the genetic algorithm (IBEA-DEAP as
implemented in the BluePyOpt package, version 1.14.11 [39]) for ten iterations, with ten simulations per iteration. We
ran all experiments on an Apple MacBook Pro M3 CPU. For the synthetic data, a single gradient step took around five
seconds, for the experimental data (which had a longer simulation time, but the neurons had fewer branches), it took
around twelve seconds.

To compute how many simulations were needed for the genetic algorithm and gradient descent to obtain good
solutions (Fig. 2c¢), we thresholded the loss value (see figure captions) and computed the number of simulations (or
total compute time) divided by the number of converged runs.

Fitting voltage recordings of all branches

Active mechanisms

We used the same ion channels as for the task of fitting electrophysiology traces. To generate the observation, we
sampled from a Gaussian process the conductance profiles as a function of the euclidean distance from the soma: we
did this for the maximal conductances of all active ion channels in the apical dendrite (three active mechanisms) and
the axon (seven active mechanisms).

Parameter initialization, parameter sharing, and parameter constraints

For the active mechanisms in the apical dendrite and the axon, we defined one parameter per branch in the cell and
initialized parameters randomly and independently from each other. We used a single parameter for each mechanism
in the soma and basal dendrite. Parameters had the same lower and upper bound as for the L5PC.

Training procedure
We used a mean absolute error loss function between the observed voltages and the simulated voltages, evaluated
at every fifth time step between 1 ms and 5ms of simulation time. We used our custom optimizer with 5 = 0.8,
momentum 0.9, and learning rate 0.1. We trained the system for 500 iterations. We regularized the optimization
such that neighboring branches had similar conductance values. In particular, we added to the loss the term
A . Yobranches ., _ parent(g,))?, with regularization strength A = 0.001.

One iteration of gradient descent took 0.04 seconds on an Apple MacBook Pro CPU.

Bayesian inference

To perform Bayesian inference over the parameters, we used a uniform prior over the free parameters with equivalent
bounds as with the original training procedure. We also incorporated the same regularizer into the prior distribution.
Since the optimization is performed in unconstrained space, we also conducted MCMC in this unconstrained space
through a change of variables. We utilized a Laplace log-likelihood with a scale parameter of A = 0.001, ensuring that
the unnormalized posterior log density matched the loss function of the optimization problem.

We sampled from the posterior distribution with Hamiltonian Monte—Carlo (HMC) [138], which leverages the available
gradient to efficiently sample from high-dimensional distributions. We used the BlackJAX [139] implementation of HMC.
For each step, we performed five integration steps for the Hamiltonian dynamics with a step size of 0.01, leading to an
average acceptance rate of =~ 65% (which indicates good performance for HMC [140]).

We initialized 200 chains with samples from the prior distribution. Each chain was run for 500 iterations in parallel
on a single NVIDIA GeForce A100 GPU, and only the last sample of each chain was considered.
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To visualize the learned conductance profile, we discretized distance from soma into eleven bins and grouped all
parameters within each bin. We then calculated histograms for each of the bins and generated a spline interpolation of
all quantile lines (Fig. 2h).

Nonlinear single neuron computation

Active mechanisms

The model contained sodium, potassium, and leak channels in all branches, with dynamics following the default
implementation of the NEURON package [105].

Parameter initialization, parameter sharing, and parameter constraints

We trained sodium, potassium, and leak maximal conductances, as well as radius, length, and axial resistivity of every
compartment in the model. Parameters were initialized randomly within uniform bounds. The bounds were [0.05, 1.1]
for sodium, [0.01, 0.3] for potassium, and [0.0001, 0.001] for leak, all in mS/cm?. The bounds for the radius were [0.1,
5.0] um, for the length [1, 20] um per compartment, and for the axial resistivity [500, 5500] 2cm.

Training procedure

We used a mean absolute error loss function between the simulated voltages after 3 ms of simulated time and the class
label (35 mV or -70 mV). We used the Adam optimizer with learning rate 0.01, and batch size 1. We trained the system
for 200 epochs. One iteration of gradient descent took 1.7 ms on an Apple MacBook Pro CPU.

Hybrid model of the retina

Details on the data

Below, we describe the features of the experimental data which are most relevant to our training procedure (for full
experimental details see Ran et al. [73]).

Images of 15 x 20 pixels were presented to a mouse retina. Each pixel had a size of 30 x 30 um. Each image was
presented for 200 ms, and a total of 1,500 images were presented. The images were centered on recording fields of the
calcium activity. In total, 15 recording fields were made for the off alpha cell used in our work. Within each recording
field, Ran et al. [73] defined a variable number of regions of interest, within which the calcium activity was recorded. In
total, the data contained 232 regions of interest.

Data preprocessing
To denoise the calcium data, we lowpass-filtered the raw calcium data with a butterworth filter and a cutoff frequency of
7 Hz. We z-scored the resulting signal, with a different mean and standard deviation for each region of interest.

Next, we generated a single label for each image. We did this by performing a linear regression from image onto
delayed calcium signals, and then used the calcium at the delay which was most predictive (i.e., had highest Pearson
correlation between linear regression prediction and data). This led us to a delay of 1.8 seconds. As label, we used the
low-pass filtered calcium value after this delay (starting from image onset).

Hybrid model
We modelled photoreceptors as a spatial linear Gaussian filter. The filter had a standard deviation of 50 um. We
modelled Bipolar cells as point neurons with a nonlinearity. The point neurons were spaced on a hexagonal grid with
distance between neurons being 40 um. The nonlinearity was taken from values measured by Schwartz et al. [74]. We
connected every bipolar cell onto every branch of the retinal ganglion cell which was within 20 um of the bipolar cell.
Within every branch of the RGC, the synapse was made to the compartment which had the minimal Euclidean distance
to the BC.

We computed the calcium activity of the model as the intracellular calcium value of the compartment that was the
closest to the experimental recording site. We convolved this value with a double-exponential kernel to model dynamics
of the calcium indicator. We used a rise-time of 5ms and decay-time of 100 ms.
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Active mechanisms in the retinal ganglion cell

Our model of the retinal ganglion cell contained six ion channels which were developed based on measurements
from the retinal ganglion cells in cats [76]. The channels were a sodium channel, a leak channel, a delayed-rectifier
potassium channel, a transient potassium channel, a calcium-dependent potassium channel, and a calcium channel.
The model had all of these channels in every compartment of the model.

Parameter initialization, parameter sharing, and parameter constraints

We initialized all membrane conductances at previously published values [76], with an exception of sodium conductances
which we initialized at 0.15 in the soma and 0.05 in the dendrite. We sampled the initial synaptic strengths randomly
within 0 and 0.1 nS, and then divided the synaptic conductance by the number of postsynaptic connections that a
bipolar cells makes (such that, in expectation, every BC has the same impact on the RGC). We initialized the axial
resistivity of every compartment at 5,000 Qcm. Finally, we initialized the radius of every dendritic compartment at
0.2 um. We kept the diameter of the soma constant at 10 um.

We trained the following set of parameters: One value for each maximal conductance in the soma (six parameters),
one value for each maximal conductance in the dendrites, shared across all dendrites (six parameters), one value for
each branch radius (147 parameters), one value for the axial resistivity of each branch (147 parameters), and one
value for each synaptic conductance from the bipolar cells onto the retinal ganglion cells (250 parameters). In total, the
model had 556 parameters.

We used the following bounds for optimization: For somatic conductances we used [0.05, 0.5] for sodium, [0.01, 0.1]
for potassium, [10°, 10-3] for leak, [0.01, 0.1] for transient potassium, [2-10%, 2.10"#] for calcium dependent potassium,
and [0.002, 0.003] for calcium. All membrane conductance units are mS/cm?. For dendritic conductances, we used the
same bounds apart from the lower bound of 0 for sodium. For the branch radii, we used bounds of [0.1, 1.0] um [73].
For the axial resistivities, we used [100, 10,000] Qcm. For the synaptic conductances, we used [0.0, 0.2] nS.

Training procedure

We trained the model with Polyak stochastic gradient descent with momentum. We considered every kind of parameter
(somatic conductance, dendritic conductance, radii, axial resistivities, and synaptic conductances) as separate
parameters (which influences the computation of the gradient norm in Polyak stochastic gradient descent). We first
trained the model for ten epochs with a learning rate of 0.01 and a momentum of 0.5. We used 8 = 0.99 to compute
the norm in Polyak stochastic gradient descent.

We used a batchsize of 256 and used two level checkpointing to reduce the memory of backpropagation. To avoid
vanishing or exploding gradients, we truncated the gradient in time. Specifically, we reset the gradient to 0 after 50,
100, and 150 ms of simulations.

We trained the model with mean absolute error loss between the experimentally measured (lowpass filtered) calcium
value and the model predicted calcium value after 200 ms. Recording sites for which no recording was available in the
data were masked out in the loss computation.

Receptive field computation

We followed Ran et al. [73] to compute receptive fields. We used automatic smoothness detection (ASD) [141] with
20 iterations of evidence optimization. We standardized all receptive fields to range from 0 to 1 and, for contours,
thresholded the receptive fields at a value of 0.6.

Inductive bias

To evaluate the inductive bias of the hybrid model, we trained several such models, each on a reduced dataset. We
reduced the dataset by using only a subset of stimulus/recording pairs from one scan field. We repeated this procedure
over seven scan fields and five sizes of stimulus/recording pairs, namely 32, 64, 128, 256, 512. We trained each model
with stochastic gradient descent as described above. To ensure that the gradient is stochastic (which can improve
learning [142]), we used batchsizes of 4, 4, 8, 16, and 32 for the five dataset sizes, respectively. We performed early
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stopping based on a validation set that contained 25 % of the training dataset and evaluated performance on 512 test
datapoints. To avoid exceedingly long training times, we trained for at most 100 steps.

For the artificial neural network, we used a multi-layer perceptron with three hidden layers of [100, 100, 50] units
and with ReLU activation functions.

A recurrent neural network of biophysical neurons performing an evidence integration task
Active mechanisms

All recurrent units used the same ion channels as for the task involving the layer 5 pyramidal cell, analogously inserted
in soma, basal and apical dendrite. The two readout neurons were passive. The synapses were conductance-based,
as described by Abbott and Marder [88].

Parameter initialization and parameter constraints
The recurrent units were connected with a probability of 0.2 by synapses from the soma of the presynaptic neurons to
the apical dendrite of the postsynaptic neurons. All recurrent units had synapses onto the two readout neurons. 50 % of
recurrent units had inhibitory outgoing synapses, created by setting their synaptic reversal potential to -75mV, and the
other half were excitatory with a synaptic reversal potential of 0 mV. Initial values for the maximum synaptic conductances
were drawn from a standard normal distribution scaled by an initial gain g such that the bulk of the eigenspectrum of
the synaptic weights lay in a circle on the complex plane with radius g (after multiplying inhibitory synapse weights by
-1) [143]. We presented inputs by stimulating neurons at their basal dendrite. We set g = 5.07 / 5 - 10, which is close
to the transition point between stable and chaotic dynamics. For recurrent connections, we set the rate constant for
transmitter-receptor dissociation rate (the k_ parameter [65]), that influences the synaptic time-constants, to 1/1.0 ms.
For connections to the rate-based readout neurons, we used slower synapses, with k_ set to 1/40 ms. All recurrent
units received stimulus input scaled by random initial weights drawn from A/(0, 0.1).

We trained the maximal synaptic conductances constrained to the range [0, 3 - max(g)]. We also trained the weights
of the stimulus input to each neuron in the network restricted to the range [-0.2, 0.2]. The model had 109 trainable
parameters.

Stimulus generation

Stimuli were generated by sampling values from normal distributions and then low-pass-filtering them with a maximum
frequency cutoff of 2500 Hz. For training, we sampled values from A/(x—,0.05) and N(u4,0.05), where p_ ~
N(—0.005, 0.0002) and 4, ~ A(0.005,0.0002).

Training procedure

We used a batch size of four, three levels of checkpointing, the Adam optimizer with a learning rate of 0.01, 2000
gradient steps, and gradient normalization with 5 = 0.8. We sampled new training data at every gradient step. Sweeps
were used to inform the choice of hyperparameters. We used a cross entropy loss function with logits calculated as
the mean readout activities in the last 20 ms of stimulus presentation. The training time was 7 hours on an Intel(R)
Xeon(R) Silver 4116 CPU @ 2.10 GHz.

A recurrent neural network of biophysical neurons performing a delayed-match-to-sample
task

Active mechanisms
We used the same channel mechanisms, compartments and synapses as in the evidence integration task.

Parameter initialization and parameter constraints

We used a network of 50 units (in line with previous work [47]), with a recurrent connectivity probability of 0.05, and
all units connecting to the readout neurons. 80 % and 20 % of the neurons had excitatory and inhibitory outgoing
connections, respectively. We set g = 5.07 / 5- 10°. We set the k_ parameter of recurrently connected neurons to
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1, and to 0.1 for the slower synapses onto the readout neurons. The connection probability from input to (the basal
dendrite of) recurrent units was 0.1, with initial weights drawn from U y;-

We trained the maximal synaptic conductances, constrained to the range [0, oo), using a SoftPlus function. We also
trained the weights of the stimulus input to each neuron in the network, restricted to the range [0, 4], as well as k_
restricted to [0.05, 2]. This resulted in 459 parameters.

Stimulus generation

Stimuli consisted of square pulses with additive Gaussian noise sampled from A/(0, 0.001). The onset period was 20 ms,
and the stimulus and response durations were 50 ms. The delay period changed throughout the training procedure.
Initial delay durations were drawn uniformly from Ujso,150)- The average delay duration was increased in steps of 100
ms, whenever the network got at least 95 % accuracy on a single batch, till 450,550 Was reached.

Training procedure

We used a batch size of 64, two levels of checkpointing, the Adam optimizer with a learning rate of 0.001, which was
exponentially decayed to 0.0001 over 1000 epochs. We used a per time step cross entropy loss function, computed
during the response period of the task. The training time was around 10 hours on an NVIDIA GeForce RTX 3090.

Computing Lyapunov exponents

We can quantify the stability of recurrent networks by measuring the average rate of divergence or convergence of
nearby trajectories, which is given by the maximal Lyapunov exponent. To obtain the maximal Lyapunov exponent, we
first discretised our model to obtain x.1 = f(x;), where x; is a vector of all dynamic variables (e.g., voltages, gating
variables) at time t, and f is one step of the chosen solver. We can then define the maximal Lyaponuv exponent as:
Amax(x0) = lim¢_se0 L im0 log H:;‘;H where uq is a perturbation to the initial state of the system x,. We measured the
evolution of infinitesimal perturbations to x;.7 by calculating the Jacobian at each point along a trajectory.

We used the following numerical algorithm to approximate Amax(xo) [90, 91]: First, we generated an initial state
xo and initial unit norm vector qq. After discarding initial transients for 4 seconds of simulation, we let the system
x¢+1 = f(x;) and q.+1 = Df|x,q. (where D denotes the Jacobian) evolve for T = 2.4 - 10° timestep (a further 6 seconds).
Note that g1 can be efficiently computed using Jacobian vector products in JAX [49]. At every timestep we computed
re = ||q¢|| and renormalised: q. < . The maximal Lyaponuv exponent was then given by 1 ZIT log || re|.

The RNNs in Fig. 4b had 50 units with a 80% excitatory / 20% inhibitory split, and a connection probability of 0.2.

A biophysical network that performs computer vision tasks

Active mechanisms and synapses

The first layer consisted of 28 x 28 neurons, each stimulated by a step current whose amplitude was proportional to a
pixel value. Each neuron in the first layer had a ball-and-stick morphology: Each cell consisted of four compartments,
where one compartment (the soma) had a radius of 10 um and all other compartments had a radius of 1 um and a
length of 10 um. The input and hidden layer contained sodium, potassium, and leak channels in all branches, with
dynamics following the default implementation of the NEURON package [105]. The output layer consisted of ten neurons
with ball-and-stick morphologies (like the input layer neurons) and with leak dynamics. We used conductance-based
synapses as described by Abbott and Marder [88]. The layers of the network were densely connected. We set the
synaptic rate constant for transmitter-receptor dissociation to k_ = 1/4.

Parameter initialization, parameter sharing, and parameter constraints

We optimized sodium, potassium, and leak maximal conductances of every branch in the network (50k parameters)
and all synaptic conductances (50k parameters). We used the following bounds for the parameters: [0.05, 0.5] for
sodium, [0.01, 0.1] for potassium, [0.0001, 0.001] for leak, [-5 / 282 / 25, 5 / 282 / 25] for synapses from the input to the
hidden layer and [-5/64 /25/2,5/ 64 / 25/ 2] for synapses from the hidden layer to the output layer. We initialized
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sodium maximal conductances at 0.12 mS/cm?, potassium at 0.036 mS/cm?, and leak at 0.0003 mS/cm?. We initialized
synaptic conductances as samples from a Gaussian distribution with mean 0 and standard deviation 1/ 282 / 25 for the
first layer and standard deviation 1 /64 / 25/ 2 for the second layer.

Training procedure

We used a batch size of 16 and cross entropy loss based on the values (v + 65)/3, where v is the somatic voltage of
the output neurons after 10 ms of simulation. We used a cosine learning rate schedule and trained the network for
seven epochs. Each gradient step took 25 seconds on a V100 GPU.

Adversarial attacks

To perform the adversarial attacks, we performed optimization of the input with gradient descent. We normalized every
gradient step and used a learning rate of 5.0. We used bounds of [0, 1] for all pixel values during optimization. We
used a cross entropy loss function. We chose the target label for the adversarial attack randomly, but ensured that the
target label is not the true label. We computed accuracy based on 128 adversarial attacks.
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« Supplementary figures

a Parameter transformations allow b Polyak SGD step: -,%Vc C Separate optimizers for d  Checkpointing € Truncated backprop
bounded and robust optimization V£l different kinds of parameters reduces memory through time
Passes regions with flat loss quickly Levels
radius —» R o
- — 2 2
Gnem —»(CpTmIzZET 2) S =
— 5 & Stoﬁ
100 r, 1000 -4 r, 4 s —> = 5 b:gsward
Automatically reduces learning rate E g P

when loss is low
- —
— Timesteps at which to save the
x computation during forward pass

0.0 g, 01 4 Gy 4

Figure S1. Robust and efficient gradient descent. (a) Histogram of two biophysical parameters (rows, random samples within
optimization bounds) before (left) and after (right) parameter transformations. The transformation is designed such that the
parameters are unconstrained and of the same scale. (b) lllustrative loss surface and update step made by our variant of Polyak
gradient descent [56]. (c) We use different optimizers for different kinds of parameters. (d) lllustration of multi-level checkpointing
[55]. We use checkpointing to overcome memory limitations of backpropagation of error. Multi-level checkpointing requires multiple
forward passes per gradient computation, but typically reduces memory requirements. (e) lllustration of truncated backpropagation
through time [144]. Truncated backpropagation through time allows to overcome vanishing or exploding gradients at the cost of

providing only an approximate gradient.
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Figure S2. Accuracy of the implicit solver in JAXLEY. Top: Spike time at three recording sites (somatic, proximal, distal) for input
stimuli of 10 different amplitudes, ranging from 0.2nA to 1.1 nA (individual dots). Columns are different morphologies from the Allen
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Figure S3. Gradient descent fits to recordings from the Allen Cell Types Database. Scalebars: 200 ms and 30 mV.
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Figure S4. Fitting models to recordings from the Allen Cell Types Database. Number of simulations and runtime to reach a
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Figure S5. Bayesian inference of membrane conductances. We used JAXLEY with gradient-based Hamiltonian Monte—Carlo to
infer the posterior distribution over membrane conductances of a layer 5 pyramidal cell. Blue lines are 90 % confidence intervals,
black line is the ground truth that was used to generate the synthetic observation.
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Figure S6. Jacobians reveal interactions between states JAXLEY allows us to compute Jacobians of biophysical networks by
using automatic differentiation. Here we show Df|,,, where Df denotes the Jacobian with respect to f, and f is 1, 2, and 4 steps of
simulation with initial state xo. We used a recurrent network similar to those used in Fig. 5 (here: 20 units of which 5 are inhibitory;
connection probability 0.2). As the scale between different states can be very different, we here just show the sign (red is positive,
white is zero, and blue is negative).
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Figure S7. Generalization of the evidence integration task. Evidence integration task performance on three seconds of stimulus
with positive integral (left) and negative integral (right). We used the same network parameters as in Fig. 5.
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Figure S8. Long-term dynamics reveal transient coding. We here studied the long-term dynamics of the network from Fig. 5
trained to perform the delayed-match-to-sample task, in order to gain mechanistic insight into the model [101]. The figure shows the
dynamics of the full state of the model (including ion concentrations), projected into principal component space, after briefly
presenting either stimulus. We first smoothed each dynamic variable with a Hann window of 40 ms, and normalised, before
computing the principal components. We find that, after stimulus offset, the trajectories first stayed separated, allowing the stimulus
identity to be maintained for a duration that was long enough to bridge the delay period of 500 ms. Eventually, both trajectories
ended on the same attractor and information about stimulus identity is lost.

Tuning of all hidden layer neurons

0 >
1 )
2 :
51 s
a &
7 2
8 &
0
0 5 10 15 20 25 30 35 40 45 50 55 60
Neuron ID

Figure S9. Hidden layer tuning of all neurons after training. We evaluated the fraction of images in the dataset for which each
hidden neuron spiked.

Untrained hidden layer tuning

190, 00000000 ID:J3
] )

=3

T

Spike probability

0123456789
Image class

Figure S10. Hidden layer tuning before training. Before training, the two shown cells were untuned, but they developed tuning to
specific digits (ON-tuning for digit ‘1" for ID 13 and OFF-tuning for digit ‘0’ for ID 36) after training (Fig. 59).
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thesis cover is a von Economo neuron based on a reconstruction by Watson, Jones &
Allman [159] and was downloaded from NeuroMorpho [133].
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J. Gongalves initially suggested to inspect the energy consumption of the pyloric
network. Following the observation that the energy consumption differed largely,
all authors conceived the study. As the leading author of this paper, I wrote all code,
performed all experiments, and generated all figures, with input from all authors. I
wrote an initial draft for the manuscript, which all authors revised and completed.

Truncated proposals for scalable and hassle-free simulation-based inference

This paper is co-authored by me, Pedro J. Gongalves, and Jakob H. Macke. I con-
ceived the project based on discussions with Pedro J. Gongalves and Jakob H. Macke.
I implemented the algorithm, conducted all experiments, and prepared all figures,
with input from all authors. I wrote an initial draft of the paper which all authors
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Generalized Bayesian Inference for Scientific Simulators via Amortized Cost Estimation

This paper is co-authored by Richard Gao, me, and Jakob H. Macke. I am equally
contributing lead-author with Richard Gao. Richard Gao conceived the idea to
develop a method which samples parameters proportional to their distance in data
space, based on discussions with Jakob H. Macke and me. Richard Gao and I then
developed the methodology, based on discussions with Jakob H. Macke. Richard
Gao implemented the algorithm and the benchmark, I implemented the Hodgkin—
Huxley model task. Richard Gao and I wrote an initial draft of the manuscript,
which all authors revised and completed.

sbi: A toolkit for simulation-based inference

This paper is co-authored by Alvaro Tejero-Cantero, Jan Boelts, me, Jan-Matthis
Lueckmann, Conor Durkan, Pedro J. Gongalves, David S. Greenberg, and Jakob
H. Macke. I am equally contributing lead author together with Alvaro Tejero-

227



228

APPENDIX B

Cantero, Jan Boelts, Jan-Matthis Lueckmann, and Conor Durkan. This project was
conceived in discussions between all authors. We contacted Conor Durkan about our
plan to implement the sbi toolkit, and he sent us his code-base on likelihood-free
inference, which we used as starting point for the project. Throughout the next
weeks, Alvaro Tejero-Cantero, Jan Boelts, Jan-Matthis Lueckmann, and I contributed
equally to the toolkit, with help from all authors. Alvaro Tejero-Cantero wrote an
initial draft of the software paper, which all authors revised and completed.

sbi reloaded: A toolkit for simulation-based inference workflows

This paper is co-authored by a set of 33 authors. I am equally contributing lead
author together with Jan Boelts. Together with Jan Boelts, I have maintained the sbi
toolbox since its initial release. All other co-authors have contributed signficantly to
the toolbox in different scope and on different submodules of the software, ranging
from tutorials and new features to bug fixes. All contributions were coordinated by
Jan Boelts and me.

Since the initial release of the toolbox, I have implemented several essential
features for the toolbox. To name a few: I revised the API for multi-round inference
to make it more useable, I implemented rejection and importance sampling, I
developed an entirely new API for the toolbox (which is the interface that is used
to this day) that allows to use pre-simulated data without access to the simulator,
I implemented functionality to compute the maximum-a-posteriori estimate, I
implemented automatic posterior transformation with mixture-density networks, I
developed a new API for sampling methods, and I developed a new unified API
for interacting with density estimators and for exposing the training loop. Together
with Jan Boelts, I also invested significant effort to build a community around
the sbi toolbox. We organized hackathons (together with Manuel Gloeckler and
Guy Moss), applied (successfully) for NumFocus affiliation, and are maintaining
a discord server. Together with Jan Boelts and with help from Manuel Gloeckler, I
also monitor and respond to user feedback and issue reports.

I wrote an initial draft for the software paper together with Jan Boelts, which all
authors revised and completed.

Differentiable simulation enables large-scale training of detailed biophysical models of neural
dynamics

This paper is co-authored by me, Kyra L. Kadhim, Matthijs Pals, Jonas Beck,
Ziwei Huang, Manuel Gloeckler, Janne K. Lappalainen, Cornelius Schroder,
Philipp Berens, Pedro J. Gongalves, and Jakob H. Macke. I am the lead author.
The idea to optimize biophysical models with gradient descent was conceived by
Philipp Berens, Pedro J. Gongalves, and Jakob H. Macke, and me. I developed an
initial differentiable biophysics simulation in JAX based on discussions with Pedro
J. Gongalves and Jakob H. Macke. I then extended this simulation into an initial
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version of the toolbox, based on discussions with Jonas Beck, Janne K. Lappalainen,
Philipp Berens, Pedro J. Gongalves, and Jakob H. Macke. Jonas Beck and Kyra
L. Kadhim implemented several new features and improvements to the simulator.
Ziwei Huang and Cornelius Schroder wrote a wide range of channel models for use
with the simulator and provided input on how to best implement channel models.

I implemented and evaluated all benchmark tasks (Fig. 1). I implemented, eval-
uated, and made the figures for all single neuron tasks (Fig. 2), apart from panel
2h (Bayesian inference), which was conceived and implemented by Manuel Gloeck-
ler. Philipp Berens conceived the task of fitting calcium measurements of retinal
ganglion cell activity (RGC). I implemented, trained, and evaluated the RGC task
(Fig. 3), with input from Jonas Beck, Ziwei Huang, Kyra L. Kadhim, and Philipp
Berens. Kyra L. Kadhim and Matthijs Pals implemented the recurrent neural net-
work task (Fig. 4) and prepared the figure. I implemented the MNIST task and
trained initial networks (Fig. 5), Janne K. Lappalainen improved the training loop
and trained the final models (Fig 5d). I prepared the figure.

All figures were revised and improved in regular meetings between all authors.
I coordinated all development in this project. I wrote an initial draft of the paper,
with input and changes by Philipp Berens, Pedro J. Gongalves, and Jakob H. Macke.
All authors revised and completed the manuscript.
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