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Abstract:

The recently introduced single-boson exchange (SBE) decomposition of the two-particle vertex classi-
fies diagrams in terms of single- and multiboson exchange processes in the different channels. Providing
a physically intuitive and also computationally efficient description of the relevant fluctuations, the SBE
allows for the development of new approximation schemes that overcome the limitations of current im-
plementations.

Here we apply the SBE to the functional renormalization group (fRG). In this formulation, the effective
bosonic interaction can be represented by bosonic propagators and fermion-boson couplings determined
from the vertex asymptotics, while the multiboson processes are shown to be irrelevant. They become
important only in the vicinity of the pseudo-critical transition observed in the one-loop approximation.
Since only these depend on three independent frequency and momentum variables, neglecting them
drastically reduces the computational complexity of the problem compared to the purely fermionic one-
loop fRG.

On the methodological side, we generalise the SBE decomposition to the treatment of non-local in-
teractions, providing a numerically feasible fRG-based computation scheme. This includes the derivation
of the self-energy flow based on the Schwinger-Dyson equation which is crucial to capture the pseudogap
opening and the multiloop extension that allows to recover the parquet approximation. For the latter,
we also provide an alternative formulation that does not resort to the expansion in loop orders. We
determine the effects induced by the presence of a nearest-neighbour interaction and explore the physics
arising from the interplay between local and non-local degrees of freedom.

Finally, we investigate the two-dimensional Hubbard model with a local Coulomb interaction for
a wide range of dopings. For this analysis we compute the magnetic, density, and superconducting,
susceptibilities at weak coupling and present a detailed analysis of their evolution with temperature,
interaction strength, and loop order.

The SBE provides greater algorithmic flexibility, leading to higher accuracy at lower cost, as well as
better physical understanding of relevant processes and thereby paves access to new parameter regimes.
Future developments include multiboson extensions of fRG-based algorithms.



Zusammenfassung:

Die kiirzlich eingefiihrte ”single-boson exhange” (SBE) Zerlegung des Zwei-Teilchen-Vertex klassifiziert
Diagramme in Bezug auf Ein- und Multiboson-Austauschprozesse in den verschiedenen Kanélen. Die
SBE ermoglicht eine physikalisch intuitive sowie rechnerisch effiziente Beschreibung der relevanten Fluk-
tuationen in Quantenvielteilchensystemen. Insbesondere ergibt sich daraus auch ein Entwicklungsfeld fiir
neue Naherungsansatze, die tiber derzeitige Einschrankungen hinausgehen.

Hier wenden wir die SBE auf die funktionale Renormierungsgruppe (fRG) an. In der SBE For-
mulierung kann die effektive bosonische Wechselwirkung durch bosonische Propagatoren und Fermion-
Boson Kopplungen dargestellt werden, die aus der Vertex-Asymptotik bestimmt werden, wahrend sich
die Multiboson-Prozesse als irrelevant erweisen. Letztere werden nur in der Nédhe der pseudokritischen
Temperatur wichtig, die in der 1-loop Néaherung auftritt. Da nur die Multiboson-Prozesse von drei un-
abhéngigen Frequenz- und Impulsvariablen abhéngen, wird durch ihre Vernachlassigung der Rechenaufwand
im Vergleich zu einer rein fermionischen fRG drastisch reduziert.

Auf der methodischen Seite verallgemeinern wir die SBE-Zerlegung auf die Behandlung nichtlokaler
Wechselwirkungen und etablieren ein numerisch praktikables fRG-basiertes Berechnungsschema. Dazu
gehort die Herleitung des Selbstenergieflusses iiber die Schwinger-Dyson-Gleichung, die fiir die theoretis-
che Beschreibung des Pseudogaps entscheidend ist, sowie der sogenannten Multiloop-Erweiterung der
fRG. Fiir diese prasentieren wir auch eine alternative Formulierung, die nicht auf der Entwicklung in loop-
Ordnungen beruht. Zudem bestimmen wir die Effekte, die durch die Nachst-Nachbar-Wechselwirkung
induziert werden, und erforschen die Physik, die sich aus dem Zusammenspiel zwischen lokalen und
nicht-lokalen Freiheitsgraden ergibt.

Wir untersuchen das zweidimensionale Hubbard Modell mit einer lokalen Coulomb-Wechselwirkung
iiber einen breiten Fiillungsbereich. Wir berechnen die magnetischen, dichte- und supraleitenden Suszep-
tibilitdten bei schwacher Kopplung und présentieren eine detaillierte Analyse ihrer Abhéngigkeit von
Temperatur, Wechselwirkungsstérke und loop-Ordnung.

Zusammenfassend bietet die SBE eine groflere algorithmische Flexibilitat, die zu hoherer Genauigkeit
bei geringerem numerischen Aufwand fiihrt und damit den Zugang zu neuen Parameterregimes ermaoglicht.
Gleichzeitig vermittelt sie ein besseres physikalisches Versténdnis der relevanten Prozesse. Zukiinftige
Entwicklungen umfassen Multiboson-Erweiterungen von fRG-basierten Algorithmen.
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1 Introduction

The physics of strongly correlated electrons is among the most active fields in condensed matter research,
featuring both novel discoveries and long-standing open questions. A material is said to exhibit strong
electronic correlations when descriptions based on single particles break down and fail to make even
qualitatively correct predictions. This is the case in presence of narrow bands and consequently more
localized electrons [1], as for example is the case in many transition metal oxides [2]. In these materials,
a whole new world of exotic phases and phenomena is revealed at low temperatures, such as unconven-
tional superconductivity [3], the (fractional) quantum Hall effect [4], Mott insulators [5], colossal magneto
resistance (GMR) [6], magic angle graphene [7], and quantum spin liquids [8]. These macroscopic mani-
festations of quantum mechanics result from the complex interplay between different degrees of freedom
(charge, spin, lattice, orbital) and competing ordering tendencies. Despite the differences in the physical
properties, these phenomena can all be interpreted as systems condensing into a state with coherent
collective excitations, that have no equivalent in a free particle description. In this sense one speaks of
an emergent collective behaviour.

Besides the intriguing questions related to the understanding of the fundamental mechanisms con-
trolling the physics of strongly correlated electron systems, their high tunability lends themselves to
technical applications. Examples include the GMR effect used in read-write devices [9] and superconduc-
tors employed to generate the strong magnetic fields necessary for magnetic resonance imaging. Room
temperature superconductors and quantum computing devices based on correlation effects are envisioned
for future applications, with the potential to revolutionize technology.

A common strategy to go beyond single-particle descriptions is to work with model Hamiltonians
that incorporate correlation effects to varying degrees of sophistication. The most widely used model
Hamiltonian in the context of high T, superconductors is the Hubbard model [1], where electrons hop
between neighbouring sites of a two-dimensional square lattice and interact with one another only when
they find themselves on the same site. A plethora of methods have been used to attack it from various
angles, see [10] for a recent review. Among them, Quantum Monte Carlo methods are particularly
suited to half filling where numerically exact data is available both for the ground state as well as
at finite temperatures [11]. For the strong coupling regime, DMFT! is often the method of choice as it
incorporates all local correlations non-perturbatively. Many more methods with complementary strengths
and weaknesses have been developed including exact diagonalization [13], dual fermion approaches [14],
and the fluctuation exchange approximation [15].

Quantum field-theoretic approaches based on the diagrammatic resummation of the one- and two-
particle vertices such as parquet solvers [16] and functional renormalization group (fRG) approaches
are well suited to investigate the interplay between competing instabilities in the weak to intermediate
coupling regime. In particular, the fRG provides exact flow equations which describe the evolution of
a generating functional for all many-particle vertices as a function of a regularizing cutoff. The flow
allows to interpolate smoothly between the uncorrelated system and the effective low-energy description
that encodes possibly complex emergent phenomena. Its strength lies in the unbiased approach to all
excitation channels as well as in the flexibility in its application. Recent algorithmic advancements [17]
have brought the fRG to a quantitatively reliable level. In particular, it has also been shown to recover
the parquet approximation within the multiloop extension of the fRG.

However, the treatment of the full momentum and frequency dependence of the two-particle vertex is
numerically too expensive to allow for a systematic analysis. Here, the recently introduced single-boson
exchange (SBE) decomposition of the two-particle vertex [18] offers a promising alternative. Based on
the classification in terms of U-reducibility, the bosonization of the vertex accounts for the key collective
excitations by construction, thereby linking diagrammatic properties directly to physical observables.

I'DMFT is exact for the limit of infinite dimensions [12].
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As a consequence, approximations can be motivated both from diagrammatic arguments and physical
understanding [19]. Originally, the SBE has been introduced to a parquet solver of the Anderson impurity
model, where it has been shown to improve the numerical implementation [20]. It followed the extension
to the treatment of lattice models [21, 22|, also within dual fermions [19, 23] and the DMF?RG [24].
Approaches similar in spirit have also been previously applied to the fRG [25, 26]. More recently, a
formal rederivation of the multiloop equations [27] in the SBE formalism has been put forward in [28].

The goal of this work is to extend the SBE formalism to the fRG for general models demonstrating the
advantages of its implementation. In particular, we focus on deriving and testing physically motivated
approximations thereby opening the route towards new parameter regions yet to explore, paving the
way for the treatment of more realistic models. This work is structured as follows. In Chapter 2 we
introduce the Hubbard Model (2.1) and the N-particle vertex functions (2.2). The flavour of fRG serving
as starting point for this work has already been developed to a high level of sophistication capable of
quantitatively correct results for the Hubbard model in the weak coupling regime [17]. The frequency and
momentum treatment [29], as well as the extensions allowing us to venture beyond the common one-loop
(1¢) truncation [30] that made quantitative accuracy possible, are summarized in Section 2.3. Chapter 3
forms the theoretical heart piece of this work. First we present the SBE decomposition in Sections 3.1
and 3.2 and then adapt it to the fRG formalism in Section 3.3, where we discuss possible approximations
and extensions beyond the 1/ truncation. We also derive a natural expression for the Schwinger-Dyson
equation in the SBE framework, in Section 3.4. Subsequently, the previous sections are generalised to
include non-local interactions in the extended Hubbard model in Section 3.5. The results are presented
in Chapter 4. After a short description of the implementation in Section 4.1, the effect of neglecting
multiboson processes in the Hubbard model is analysed at half filling (Section 4.2) and at finite doping
(in Section 4.3). Further approximation schemes arising within the SBE are investigated in Section 4.4.
The data for the extended Hubbard model are provided Section 4.5. Chapter 5 is dedicated to presenting
a fluctuation diagnostics of the leading susceptibilities in the Hubbard model, both at half filling and
finite doping. From the postprocessing computation described in Section 5.1, the contributions of the
individual channels are determined in the various parameter regions in Section 5.2. The results for the
magnetic, superconducting, and density susceptibilities are discussed in detail in Sections 5.3, 5.4, and
5.5, respectively. We conclude with a summary and an outlook to promising future directions in the final
Chapter 6.



2 Model and Method

Capturing the full behaviour of correlated electrons in realistic two-dimensional materials by solving the
Schrédinger equation, is completely out of reach from a numerical stand point, ! and even if possible,
would not contribute much to our understanding of the system. Instead, it is imperative to find the
relevant degrees of freedom which allow us to move from the picture of single-particle wave functions
to that of collective excitations and order parameters. Likewise, finding a simple Hamiltonian that
reproduces the relevant physics can tell us more about the underlying processes and competing phases
than one with a dozen terms. The latter may give more accurate, yet possibly over-fitted, results at the
cost of not understanding how one arrives at these numbers.

2.1 The Hubbard model

The two-dimensional Hubbard model [1] is graphically illustrated in Fig. 2.1. It describes electrons hop-
ping between neighbouring sites on a square lattice while experiencing an energy penalty when occupying
the same site. Despite its conceptual simplicity, it is complex enough to capture interesting physics of
competing magnetic, superconducting, and charge order on the one hand, yet simple enough to make
progress numerically [10]. One reason the Hubbard model has been studied so intensively is its connec-

Figure 2.1: Graphical illustration of the two-dimensional Hubbard model, where electrons tunnel between
neighbouring sites and an energy penalty U is to be payed for double occupation.

tion to the cuprates. Here the physics relevant to superconductivity mainly plays out in two-dimensional
square layers, and cuprates exhibit many of the same phases observed in the Hubbard model [1, 32, 33].
Thus, many methods have been developed to attack this model from various angles [10, 11, 13, 34, 35].
One particularly suited to explore the subtleties of the interplay between different fluctuations is the
functional renormalization group (fRG) [36, 37], which will be introduced in Section 2.3. A derivation of
the Hubbard model is given in the following section and possible extensions are discussed in Section 2.1.3.

2.1.1 From the many-body Schrédinger equation to the Hubbard model

Here a short overview is given of the approximations and assumptions that transform the full condensed
matter Hamiltonian into the Hubbard Hamiltonian. The full Hamiltonian of electrons in the presence of

! The dimension of the Hilbert space of n interacting fermions grows as 2”. Already for n = 250 this exceeds the number
of hadrons in the universe[31]!
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an external potential V' (r) reads

H=>" fd?’r\I/‘;(r) I:_;LmA + V(r)] Wo(r)—p), fd3r\ll:r,(r)\llg(r)
N

(1), (2.1)

1 1
*3 Za: fdsrdgr'\lll(r)\lfg,(r') T
where \IJ((,T)(T) (creates) annihilates an electron at position r and spin o. The first term represents
a free electron in an external potential, the second allows for the addition/subtraction of electrons in
the framework of the grand canonical ensemble controlled by the chemical potential p, and the third
term incorporates the interaction between the electrons. The system of interest for this work is a two-
dimensional square lattice at finite temperatures which allows the use of Bloch’s theorem, Wannier
functions, and the Matsubara frequency formalism. The intermediate steps are presented in [38], here
only the result is stated to be

H= Z Z (_t?;n M(S'Uémn zma’cﬂno' + Z Z Z UZLI:LZOP Imo’ jna’ckog’cliﬂg (22)

o igmn oo’ ijkl mnop

with lattice site indices i, j, k, and [, Wannier orbital indices m,n, o0, and p, spin indices ¢ and o', and

ti" = fd?’r(pm(r—R )( A+V(r))<pn(r R;)

where @,,(r) denotes the Wannier functions. By considering the low temperature regime, only bands
around the Fermi surface need to be taken into account, and it is assumed that there is only one band
crossing the Fermi level, so no orbital indices are used in the following. For highly localised d- and f-
orbitals the Wannier functions are strongly localized around the atomic nuclei thus limiting hybridization,
aka hopping ¢, to neighbouring sites which gives t;; = 0, unless ¢ and j label neighbouring sites. For a
small overlap between Wannier functions of neighbouring sites and none for sites that are further apart,
the electron-electron interaction simplifies to a momentum independent on-site interaction U = U for
i =7 =k =1 and vanishes otherwise.

vz =5 [ @ [@re, - R)en( - R) s - Ru)ei(r - R)

2.1.2 Hubbard Hamiltonian

Using the assumption stated in the previous section, the exact equation of interacting electrons on a
lattice Eq. (2.2) simplifies to the Hubbard Hamiltonian

H=-t ) CIUCja + % Y NigNi—o = 1Y Nio, (2.3)
<Zj>0' 10 10

where cg) creates an electron (hole) of spin o at site i, n;, = czgcig is the number operator, < ij >
a pair of neighbouring sites, ¢ the hopping parameter between neighbouring sites, U the effective on-
site interaction, and p the chemical potential of the system. As such it describes the interplay and
competition between the kinetic and potential energy of a particle on a lattice and is able to capture
(at least qualitatively correctly) phenomena associated with strong electronic correlations [39, 40]. The
combination of its conceptual simplicity and rich phase diagram has made it a popular toy model for
Mott insulators and unconventional superconductors [32, 33, 41, 42, 43]. However, the model’s simplicity
is deceptive and exact solutions are known only for a few special cases such as in 1D [40, 44]. The main
obstacle to solving it is the hopping term being diagonal in momentum space whereas the interaction
term is diagonal in real space. In momentum space the Hubbard Hamiltonian reads

1 1
_ T T
H = N ;fkckacmf * 5N g,: k; Uckgck+qgck,+qa C/o7s (2.4)

where cl(i‘) creates (annihilates) an electron of momentum k& and spin o, and the dispersion is given by

€k =ty —p = —2t(cos ky +cosk, ) —p. All energies are given in units of the nearest-neighbour hopping ¢ = 1
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2.1.3 Extensions to the Hubbard model

For many systems of interest the assumptions and approximations made in the derivation of the Hub-
bard model are too severe. They can, however, be relaxed somewhat by adding further terms to the
Hamiltonian.

Next-nearest-neighbour hopping ¢’

In addition to the hybridization of nearest-neighbour sites, it is common to allow for a diagonal next-
nearest-neighbour hopping ¢’ changing the dispersion to

&k =ty — o = =2t(cos ky + cos ky) — 4t' cos ky, cos ky — pu. (2.5)

Next-nearest-neighbour hopping breaks particle-hole symmetry and introduces frustration into an anti-
ferromagnetically ordered system by adding a link across the diagonal. A next-nearest-neighbour hopping
t" of order unity would effectively turn diagonal sites into nearest neighbours, thereby changing the lattice
geometry.

Nearest-neighbour interaction V

Given the long-range nature of the Coulomb interaction, a purely local interaction cannot be expected to
describe realistic materials correctly. For an arbitrarily long-ranged interaction the Hubbard Hamiltonian
reads

1
H=-t Z Ciacjﬂi Z ‘/ijnianja'_,uznia- (26)

<ij>0 2 ijoo’

In a dense cloud of charges in a lattice of atoms and electrons, the interaction is screened on larger length
scales. Therefore non-local short range interactions are a promising first step beyond the classic Hubbard
model towards more realistic systems. For the particular case of on-site interactions complemented by a
nearest-neighbour interaction, the Hamiltonian reads

U \%4
H=-t Z C;‘racjo + P} anm-a + 5 Z NiocNjor — [ an
i0 io

<ij>o <ij>oo’
1 f 1 t i
=% Z{kckackg + SN Z Z (U + Vq)ckgckJrq(,ck,Jrqg,ck/(,,7 (2.7)
ko

oo’ kk'q

where Vg =2V (cosq, + cosqy) and V is an effective interaction between particles on neighbouring sites.
On-site interactions make the avoidance of double occupancy energetically favourable, leading to an
evenly spread out charge configuration, an effect which increases with the interaction strength. A nearest-
neighbour interaction adds a directly opposing influence where a configuration of evenly spread out parti-
cles maximizes the energy penalty from the non-local part of the interaction. In this case a checkerboard
pattern of one doubly occupied site, neighboured by four empty ones, comes at no additional potential
energy cost at half filling.

In the atomic limit where ¢t = 0, it can be inferred from Fig. 2.2 that at V = % the advantage of
spreading out particles to avoid the cost of double occupancy is counterbalanced exactly by the cost of
particles on neighbouring sites interacting. The factor of four is a reflection of the square lattice geometry
where every lattice point has four nearest neighbours. FEarly analytical calculations for the extended
Hubbard model predicted the transition to occur at values of V' 2 % [45, 46], which has been confirmed
by exact numerical simulations of quantum Monte Carlo (QMC) [47], the Hartree-Fock approximation
and the dynamical mean-field theory (DMFT) [48], the extended DMFT (EDMFT) [49], the dynamical
cluster approach (DCA) [50, 51, 52, 53], the dual-boson approach [43, 54, 55], the parquet approximation
[56], as well as the determinantal QMC (DQMC) [57].

2.2 Vertices

Though originally developed in the context of quantum electrodynamics, Feynman diagrams have proven
their value also in condensed matter physics [58] as a mathematical tool providing deep physical insight
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Figure 2.2: The energy cost of the orange configuration on the left is 4V per particle and U on the right
with a transition between the two configurations to be expected around V = %.

into the nature of particle interactions. In this thesis the formalism is used extensively to calculate and
understand one- and two-particle vertices - the sum of all connected diagrams with two/four external
amputated legs respectively - from which physical quantities such as the susceptibilities are obtained.
This section is dedicated to introducing their properties relevant to this work’s main body.

2.2.1 Self-energy

The one-particle vertex or, more commonly the self-energy, ¥ is the sum of all one-particle reducible
diagrams with amputated external legs. This comprises all diagrams that cannot be separated into two
distinct diagrams by cutting one internal Green’s function, as illustrated in Fig. 2.3, where the dashed
lines represent, bare Green’s functions Gy and dots the bare interaction U [58]. As the name suggests,
the self-energy can be interpreted as a correction to the free propagator, accounting for the influence of
interactions on a single particle’s propagation [59]. The self-energy is related to the full - or interacting -

’ \ ’ \ LT~
( ) ( ) . .
4 \

4 4
@@ e ®----- ®------

A 1
S 4

~ ’

.-

Figure 2.3: One-particle reducibility: examples of a one-particle reducible diagram on the left and an
irreducible diagram on the right. The dashed line represents the bare Green’s function Gy and the filled
circles stand for the bare interaction U.

Green’s function, which is the sum of all diagrams with one incoming and one outgoing leg by the Dyson
equation [59]

G=GCGo+GoXG = G=(G,'-2)h (2.8)

2.2.2 Two-particle reducibility and parquet decomposition

The most common criterion of classifying two-particle vertex diagrams based on a notion of reducibility
is that of two-particle reducibility. A vertex diagram is said to be two-particle reducible if it can be
split into two separate parts by cutting two internal lines which are full Green’s functions. Likewise,
if this is not possible the diagram is termed f{wo-particle irreducible (2PI). The two-particle reducible
diagrams can be further subdivided based on whether the two lines cut are parallel(/particle-particle),
horizontal anti-parallel(/particle-hole crossed), or vertical anti-parallel(/particle-hole) internal lines, as
illustrated in Fig. 2.4. Any two-particle reducible diagram falls into exactly one of these three categories,
referred to as particle-particle (pp), particle-hole crossed (ph) and particle-hole (ph) channel. The sum
of all diagrams of the same channel is denoted by the two-particle reducible vertices (bpp/ﬁ/ph 20 Al

two-particle irreducible diagrams are collected into Z?PL. Together this yields an exact decomposition of

2There may be multiple options of cutting internal lines for one diagram, however they are always of the same type.
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particle-hole ph

particle-particle pp particle-hole crossed ph two particle irreducible IZPI
| ; ; yj K

Figure 2.4: Two-particle reducibility: lowest order diagrams of % Iohpp’ Right most diagram: lowest

order contribution to Z?FT beyond the bare interaction.

the vertex
V= Gpp+ b + 6 + I (2.9)

termed the parguel decomposition [60, 61]. The common approximation of limiting the two-particle
irreducible vertex Z?F! to the bare interaction U is referred to as parquet approzimation, thus confining
the method to the weak coupling regime.

2.2.3 Bethe-Salpeter equations

The channel-based classification can be further exploited to yield a set of self-consistent equations, the
so-called Bethe-Salpeter equations [62]. To this end, we introduce the sum of all diagrams irreducible in
a given channel r as

L=V -tr= Y ¢p+ I (2.10)

riEr

and the bubble
I, - f(GG)r (2.11)

where the channel dependence lies in the summation and integration of internal arguments, which will
be given explicitly in the following section. The Bethe-Salpeter equation then reads

:fvnrzr. (2.12)

For simplicity, the momentum and frequency dependence is suppressed at this stage.

2.2.4 Vertex parametrisation based on bosonic and fermionic arguments

So far, the dependence on external, and summation over internal, arguments has been suppressed to
keep the equations and diagrams easily readable. In general, a two-particle vertex diagram depends on
four Matsubara frequencies and four momenta, as well as spin indices Vy, 5,050, (K1, k2, k3, k4), where the
spin quantum number is given by o, and the four-vector k; = (k;, ;) includes both the momentum and
frequency. The time and translational invariance of the square lattice k4 = k1 + k3 — k> can be exploited to
reduce the number of independent arguments to three frequencies and momenta respectively and SU(2)
symmetry is employed to eliminate the spin dependence [63]

V0'10'20'30'4(k17 k27 k37 k4) = V(kla k27 k3)50'10'3 50'20'4 - V(kQa kla k3)50'10'450'20'3 . (213)

Due to symmetries of the vertex, it is sufficient to calculate only V4, = Vi, [64], and therefore spin indices
are dropped to lighten the notation unless needed.

Instead of parametrising the vertex by the two incoming and one outgoing momenta (k1, ks and ko
respectively), it is advantageous, both for implementations as well as the understanding of the most
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important mechanisms at work, to cleverly choose linear combinations of the three. As an example, the
dependence of ¢, on its arguments is examined:

Gpp(k1, k2, k3, ky) = fdpl fdpz V(k1,p1, k3,p2)G(p1)G(p2)Lpp(p1, k2, P2, ka) (2.14)
Conservation of momentum and frequencies yields k3 = py +p2 — k1 and k4 = p1 +p2 — k2. It turns out that
¢pp depends most strongly on the transfer momentum ¢ = k1 + k3 = p1 + p2 [65]. Keeping this in mind,
Eq. (2.14) is rewritten using ky = k, ko = k" and py = p as

¢pp(k7 k,a q - ka q- k,) = fdp V(kapa q- ka q- p)G(p)G(q - p)Ipp(pa k,a q—-D,q9- k,) (215)

The analogous expressions for the ph- and ph-channel read

Gpnlk k+q, K +q, k") = fdp V(kk+qpp+)G)G(p+q)Ln(p+q.p. K +q,k) (2.16)
Gy lh KK + 0k +0) = [dpVkp,p+ 4,k + )GOICD+ ) Tlp b K +0,p) (217)

where Z, = V - ¢, is the two-particle irreducible vertex in channel r. The two four-vectors k and k' are
referred to as fermionic in contrast to the bosonic four-vector ¢. Which combination of in- and outgoing
indices adds up to yield the bosonic transfer four-vector ¢ depends on the channel. Instead of writing
@pp(k1, ko, k3, ka), a channel specific notation denoted by an upper index is introduced as

Sop (kK q =k q—K') = 652 (a, b, k) (2.18a)
Spn (k. b+ ¢, K +q,K) = 60 (q,k, K (2.18b)
Gk K K+ 0,k + ) = 62(q. k. K) (2.18¢)

shown in Fig. 2.5. Note that any object, irrespective of its channel, may be expressed in the notation of
any (other) channel. To avoid an unnecessary doubling of indices, objects are assumed to be expressed

ph
k=k ky=k+gq
pp ph
ki=k ky =K
ki=k ky =K X
ks =q—k ky=q—F
ks =k +gq ks=k+q

ks = K +4q ky = K
Figure 2.5: Channel dependent notation. The three independent momenta are chosen to be the transfer

four-vector ¢ and one incoming and one outgoing fermionic four-vectors k£ and &’ respectively.

in their natural notation unless stated otherwise. Note that objects like the vertex, that have no natural
notation, may be expressed in channel notation nonetheless

VT = g, + by + 9o+ UL (2.19)

2.2.5 Form factors

As already mentioned, the two-particle reducible vertices depend weakly on the two fermionic momenta
and strongly on the bosonic one [65]. This observation is the basis for the expansion in form factors of
the fermionic momenta [25, 653, 66, 67]. The practice was formalized and coined truncated unity fRG
(TUfRG) in [68]. The two-particle vertices expanded in form factors are given by

¢T(Qa ka k,) = Z fn(k)q)r(qa Qa v, n, V,a n,)fn'(k,) (220)

n,n’
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and reversed
1
(b'r(qa Q7 v,n, Vl) ’I’L,) = 472 /];dedk,f7l(k)¢7(q7 Qa n,v, n’,7 V,)f’fb’(k,) (221)
7r
which is exact for any complete set of functions f,. For the square lattice Hubbard model the set of choice

are orthonormal functions based on bond distances in real space. They are listed in Table 2.1 alongside
their momentum space equivalents obtained by Fourier transformation. The constant form factor fy

Real space Momentum space

fo(R) =6r, 00R, 0 fo(k) = %

f1(R) = %(51%,,,—1 +0R, 1) or fik) = cos(k ) or

fi(R) = 15121, 0(0R, -1 +0Rr, 1) + 56R, 0(6r, -1 +0r, 1) | fi(k)= 4772 (COS(/f ) —cos(ky))
fz(R) = (5R7/,—1 +0R,,1) Or fa(k) = cos(k ) or

f2(R) = 25R?,,0(5Rm,—1 +0R,.1) — 30R,000R, -1 +0r, 1) | fo(k)= (COS(k ) +cos(ky))
f3(R) = %(51%,1,—1 ~0R,,1) fa(k) = sm(k )

f4(R) = L((;R ~1-0R, 1) fa(k) = 2772 sm(ky)

f5(R) = (5R ~10Rr, .1 +0R, 10R,,~1) f3(k) = = cos(ky + ky)

Table 2.1: Form factors of the square lattice based on real space bonds in real space and momentum
space. It is common to linearly combine the bond distance based form factors 1 and 2 to yield the
so-called ’d-wave’ and ’extended s-wave’ form factors.

is often called ’s-wave’. Instead of fi/; as listed in Table 2.1 linear combinations of the two are more
\/T(cos(k: )—cos(ky)) (d-wave’) and fa(k) = ﬁ(cos(k ) +cos(ky)) (’extended
s-wave’). The weak dependence on fermionic momenta allows for the use of only a handfull of form
factors [68]. Translations between the channels are no longer accomplished by a shift in the momentum
arguments, instead the dependence of fermionic momenta is handled using so-called ’projection matrices’
PT‘”"', reported in Appendix A.1.1. Note that the projection matrices also shift the frequency dependence
and bosonic momentum dependence in addition to 'projecting’ the form factor dependence.

common with f;(k) =

2.2.6 Physical and diagrammatic channels

So far, the idea of a channel was based on shared diagrammatic properties. These diagrammatic channels
are useful in the context of Feynman diagram’s properties, such as two-particle or U-reducibility. Other
diagrammatic properties include the high-frequency behaviour of the two-particle vertices and the form
of the extended bare interaction in channel dependent notation. However, in most cases the questions
of the greatest interest are not about properties of diagrams, but physical observables motivating the
use of the so-called physical channels. They are based on the superconducting, magnetic, and density
fluctuations. The physical channels are closely related to the diagrammatic ones by

5 = dpp (2.22a)
¢° = 26pn - by (2.22b)
M = —¢. (2.22¢)

Unless specified otherwise, SC/D/M quantities are expressed in pp/ph/ph notation, respectively. The
vertex can also be translated to physical channels

V€ = yrr (2.23a)
VP = oyph _yph (2.23b)
yM =y (2.23¢c)
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Diagrammatic channels are labelled by r, and 7 is used for physical channels. There is only one ver-
tex when working in diagrammatic channels which can, however, be expressed in the different channel
notations, indicated by an upper rather than a lower channel label. In contrast, the vertices in physi-
cal channels contain different information and cannot be transformed into one another by a change of
notation only. More detailed relations between the physical and diagrammatic channels in form factor
expanded form can be found in Appendix A.2.

2.3 The functional Renormalization Group

Interacting Fermi systems in low dimensions exhibit complicated competing instabilities, with the relevant
energy scales spanning multiple orders of magnitude, while simultaneously being plagued by infrared
divergences. The fRG expands on perturbation theory in a way that avoids the infrared divergences and
is capable of treating competing fluctuation tendencies on equal footing. It can be derived by replacing
the free propagator by a propagator depending on an infrared cutoff A, and taking the derivative of the
generating functional with respect to this cutoff, resulting in an infinite hierarchy of coupled differential
flow equations [36]. The equations’ solutions are the exact N-particle vertices. In practice, solving an
infinite hierarchy of differential equations is impossible; the approximations made in this specific work
are detailed in the following sections.

2.3.1 1/ flow equations

An excellent and extensive derivation of the fRG flow equations is presented in [36] and will not be
repeated here. The flow equations for the different vertex quantities are given by an infinite hierarchy
of flow equations where the flow of the N-particle vertex depends on the higher order vertices. In this
section the flow equations for the one- and two-particle vertices are reported and linked to the vertex
objects introduced in Section 2.2.

Self-energy

The one-particle vertex’ or self-energy’s flow equation after exploiting SU(2) symmetry [69] reads

S(k) = WS (k) = S (2VA (K, k,p) - VA (p, k, k) S™ (), (2.24)

with the cut-off parameter A and single-scale propagator
S™ (k) = OnG™ (k)| s=const- (2.25)

The self-energy flow equation (2.24) exhibits a strong dependence on internal momenta and requires
the two-particle vertex V' without form factor expansion as input. To construct the vertex in this ex-
pression, the expansion in form factors is reversed to yield data on a momentum grid, and then the
momentum and frequency arguments are translated from the channel specific notation to the purely
fermionic notation (see Appendix B.1 for details). In physical channels the equation of the vertex thus
reads

1
V(k1,ka, ks, k) = 65 (k1 + ks, kr ko) + 9 (6" (kg = k1, ky, ka) = ™ (ko — k1, k1, ka))
~ M (k3 — ka, k1, ko) + U. (2.26)
where

¢Sc(k1 + k?3,k‘1, k‘g) = Z fn(kl)fn/(kg)(bsc(lll + Vg,kl + k3, V1,’I’L,V2,’I’L,) (2.27)

n,n’

and the other channels follow analogously. Due to the information loss of the form factor expansion,
the conventional self-energy flow equation is unfortunately not well suited to capture the momentum
dependence of the self-energy, leading to a considerably worse convergence in form factors than for the
two-particle vertex itself [70]. As increasing the number of form factors for the vertex quantities is not
feasible, an alternative flow equation for the self-energy is needed to resolve the momentum structure of
the self-energy correctly.
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The adverse effect of the form factor truncation on the self-energy can be cured by using the derivative
of the Schwinger-Dyson equation (SDE) [71]

S(ky) := -aA( 3 V(kl,kQ,kg,k4)G(k2)G(kg)G(k4)5k1+k3_k2,k4U)
ko,k3,ka

== Z O (V(kl’k27k37k4))G(k2)G(kS)G(k4)5k1+k3—k2,k4U
ko,k3,kq

- Z V(k1, k2, k3, ka)O0n (G(k2)G(k3)G(Kka)) Oky+kg—kin ks U (2.28)
k2,k3,ka

as a flow equation for the self-energy instead [17, 70]. In addition, the SDE contains all diagrams without
the need for multiloop corrections (see Section 2.3.2). While the numerical effort is higher for the SDE-
based flow equation due to the many terms, it does not require a reversal of the form factor expansion
and therefore completely eliminates the issue discussed above. Differences due to information loss when
using the TUfRG aside, the conventional flow equation and SDE flow equation do not yield the same
results; only at multiloop convergence do they agree. Further details on the implementation, effect of
TUfRG, and relation between the two schemes can be found in Cornelia Hille’s excellent PhD thesis [69]
and will not be repeated here. Instead, in Section 3.4 we demonstrate how the SDE can be adapted to
the SBE framework.

Two-particle vertex

The flow equation of the two-particle vertex V at the 14 level are given by [30]
NV (1, k2, ks, ka) =59 (kg + kg, ki, ko) — 6™ (kg — ko, ko)
+ % (MO (kg =k, ko ka) = 62O (kg = kK, k) (2.29)
where

"D (g, ke, k') = O™ D (g, k, k)

- [ap V7(a k)T (4, p)V (g, k). (2:30)

The derivative of the bubbles is given by
I15€(q, k) = T, (q, k) = S*(q - k)G (k) + G*(q - k)S™ (k) (2.31a)
P (¢, k) = -TLn(q, k) = = (S(q + )G (k) + GM (g + k)SA (k). (2.31b)

Equivalent equations in diagrammatic channels and the expansion in form factors are provided in Ap-
pendix A.3 and A.4, respectively. These equations are incomplete as contributions from the six-particle
vertex (and higher orders) are lacking. As a consequence, the Mermin Wagner theorem is not fulfilled,
instead the incomplete inter-channel feedback leads to divergent behaviour at finite temperature.
Susceptibilities

The susceptibilities or linear response functions x” can also be calculated from flow equations [72]
g,k k) == [dp V(. k)07 (.9, k) (2:82)
. 1 :
X' g,k K) = 5 fdp v (q, k)" (q,0)7>" (g, p, ). (2.33)

with the fully screened three-point vertex v>". The physical vertices and susceptibilities are closely
related by the 'postprocessing relation’

X7 = X0+ X OV (2.34)
with bare bubbles
X"(2,q,k k') = > 11"(Q2,q,v,k,K). (2.35)
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2.3.2 Multiloop extension

The influence of the six-particle vertex on the flow of ¥ and V' may be recovered by iterative extensions to
the flow equations [27, 73, 74]. The first correction is the Katanin substitution [75], where the single-scale
propagator S = 9, G is replaced by the full derivative of the Green’s function

dAG (k) = SM (k) + GME)S(R)GM (k). (2.36)

Multiloop corrections of this type are illustrated in Fig. 2.6 by the first diagram in the series. The second

Figure 2.6: Six-particle vertex contribution to the flow of the two-particle vertex. The first diagram
represents the Katanin substitution, the second a two-loop correction and the third a correction at the
3¢ level.

diagram represents two-loop (2¢) corrections which introduce extra feedback between the channels. In
physical channels the 2¢ flow equations are [75]

¢ g,k k') = fdp 20 (g, k, )" (,p) V" (q,p. k') (2.372)

¢ g,k k") = fdp Vg, k, p)Lpp(a, )T (g, p, K'), (2:37b)

where 79 is given by

. 1 . . — .
TS0 2 (prhomr DO priomMAO]) 1 pIsr ) (2.35)
. 1 — — . —
M,(6) _ _ = ( pphophy jD.(6)7 _ pph—ph[ IM(0)1) _ ppp—phy jSC.(€) !
IO = 2 (PP P O] - TG ) - PRGSO (g, b k) (2.38b)
D0 2ppp»ph[qgsc,(z)] _ Pppﬁﬁ[qgsc,(z)] _ 9pph—ph [QEM’(E)] _ prhoph [%QBD’(E) B %Q.SM’(E)] - (2.38¢)

Beginning at the 3¢ level also central corrections enter [30] which are represented by the third diagram
in Fig. 2.6. They read

" C gk k) = fdp ¢ (g, k, p)TT (g, ) V"(q, 0, ') (2.39)
Corrections of the type ¢F = [TEDIMY 1 and ¢hOF = [y are referred to as left and

right corrections of order ¢, respectively. The diagrams of the type q@”’c’(g) =f (;'5’7“’2)’1[31_[”‘/’7 are called
central corrections. For general | 2 3 the derivative is given by [30]

o<
1 = gD 4 gLy ()R Z FPENL L Gy g (€),C (2.40)
0>2
with
¢ O (g b, K) = fdp 27D (g, k, )T (g,p) V7 (4.9, k') (241)
OB (g ke k') = fdp V7 (g, k, p)TT(q,p) L1 (g, p, k) (2.42)
¢ O (g, k,K) = fdp ¢ DR (g, ke, p)IT (g, 0)V (g, p, ). (2.43)

At { — oo the contributions from the six-point vertex are restored, the inter-channel feedback completed,
the parquet equation recovered, and the latter guarantees that the Mermin Wagner theorem is fulfilled.
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At the 2/ level the vertex is already correct up to O(U?). There are also multiloop corrections to the
conventional flow equation of the self-energy [74], however, in this work the derivative of the SDE is
used when venturing beyond the 1/ truncation which is inherently a multiloop quantity and requires no
additional corrections. For the susceptibilities the multiloop corrections are

A3 (OB (g k) = - [dp 77 (g, k, )" (q + p,p)7*" (¢,p) (2.44)
O (k) = [dp Vg, ks p)I (g 4 p,p)5 D (g, ) (2.45)
_ 1 ) Bl
XM . k.p) = =5 fdp 77 (g, )T (g + p,p)3> "D (g, p). (2.46)

At finite £ the results from the flow of x" and results obtained using the postprocessing relation Eq. (2.34)
in general do not agree, however, agreement is restored for ¢ - oo [74].

2.3.3 Cutoff schemes

One of the advantages of the fRG is its flexibility with respect to the path through parameter space that
is chosen for the integration by means of the exact form of Green’s function’s cutoff dependence [36].
The choice can be exploited to avoid infrared divergencies by integrating out the unproblematic degrees
of freedom first and then carefully approaching the Fermi surface or the low-frequency regime at the end
of the flow. Unless stated otherwise, a frequency cutoff referred to as "Q-flow’ [65] is used for all data in
the following chapters, which corresponds to a Green’s function of the form

2.3.4 Algorithmic implementation

When using channel-based notation the strongest dependence is on the bosonic momentum, which is
implemented on a square grid with the option of adding a finer grid around q = (7, 7). The weaker de-
pendence on the fermionic momenta is treated by expansion in form factors. Switching between channel
notations is complicated by the expansion in form factors, necessitating the introduction of the projection
matrices listed in Appendix A.1.1. The imaginary time Matsubara frequency formalism is used. Analo-
gous to the momenta, frequencies are divided into a bosonic transfer frequency €2 and secondary fermionic
frequencies v,v’'. However, a symmetrized notation is chosen for the fermionic frequencies to centre them
around {2 in contrast to the non-symmetrized notation favourable for the form factor expansion

ph-notation ph-notation pp-notation
k= (v-9Q/2,k) k= (v-9Q/2,k) k1= (v+9Q/2,k)
ke = (v - Q/2,K) ko =(v+Q/2,k+q) ke = (V' +Q/2,K)
ks =" +9Q/2,kX +q) ks =" +9Q/2,k +q) ks =(Q/2-v,q-k)
ky=(v+Q/2,k+q) ky= (V' -Q/2,K") ky=(Q/2-v',q-X).

The solver routine is outlined in Fig. 2.7. After initializing a ’state vector’ that contains all the flowing
objects initialized to their respective values, the single-scale propagator S* and Green’s function G* are
calculated at the current scale A. Next they are fed into the conventional flow equation for the self-
energy (Eq. 2.24), which in turn is inputted into the self-energy iteration. The self-energy is treated on
a considerably finer grid and uses a vertex in purely fermionic notation as input. Within a self-energy
iteration step, the Katanin substitution (Eq. 2.36) is performed, followed by the evaluation of the 1¢-
loop flow equations (Eq. A.4), and then higher loop order corrections (Eq. A.5c) are added. Finally,
the self-energy is re-evaluated with the updated vertex using the derivative of the Schwinger-Dyson
equation (Eq. 2.28), before the next self-energy iteration begins. When using the SBE formalism, ¢ is
replaced by A\, w and M. The results in Sections 4.2 to 4.5 are obtained with a simpler routine, where no
Katanin substitution, no self-energy and multiloop iterations are performed, and only the conventional
flow equation for the self-energy is used.
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Figure 2.7: Schematic overview of the individual solver steps.




3 The single-boson exchange decomposition
and fRG formulation

Treating the two-particle vertex accurately in all its complexities is a notoriously challenging task [76].
Countless methods and approximations have been put forward to tackle the problem [35]. This work de-
tails the advantages and applicability of a recent development in this field [18], the single-boson exchange
(SBE) decomposition of the two-particle vertex function, in the context of the fRG. The motivation be-
hind the SBE is to express the vertex in terms of different flavours of collective excitations, represented
by effective exchange bosons [18]. On top of the physically intuitive picture of the vertex this provides,
gathering the diagrams that are part of the same collective excitation in one object limits divergences to
this one object. Multiple divergences then occur only if there are actual competing physical instabilities
[18]. In this chapter the concept of the SBE is presented in detail and applied to the {RG. First, the
somewhat abstract idea underlying the SBE is translated into a set of diagrammatic properties based on
the bare interaction reducibility in Section 3.1. Then the vertex-like quantities of the SBE are introduced
in Section 3.2 followed by the flow equations in Section 3.3. In Section 3.4 a self-energy flow equation is
derived from the Schwinger-Dyson equation. Finally, we generalize the SBE formalism to the extended
Hubbard model in Section 3.5 Data demonstrating the value of the SBE for the fRG is provided in
Chapter 4.

3.1 Bare interaction reducibility

Previously, in Section 2.2.2, the concept of two-particle reducibility was discussed. Recently, an alternative
notion of reducibility, the bare interaction or U-reducibility, was introduced [18]. This alternative takes
the observation that the strongest dependence is on the bosonic arguments (see Section 2.2.4), further.
Diagrams are interpreted as the exchange of a single boson depending only on the bosonic four-vector ¢
or if the structure of the diagram does not allow it, of multiple bosons. Diagrams in the first category
are termed U-reducible, i.e., they can be split into two separate parts by cutting a bare interaction, and
diagrams that cannot, are U-irreducible. Analogous to the two-particle reducibility, these U-reducible
diagrams can be further subdivided depending on whether the two lines attached to the bare interaction
are two particle-particle, particle-hole crossed, or particle-hole lines. While, therefore, a U-reducible
diagram is also two-particle reducible with the exception of the bare interaction itself (considered to
be U-reducible in all three channels), the reverse is not true. In this sense, U-reducibility can be seen
as a further subdivision of two-particle reducible diagrams (bare interaction excluded), instead of an
alternative notion of reducibility. Figure 3.1 showcases examples of a U-reducible diagram, where the
fermions interact via the exchange of a single bosonic propagator w, mediated by a fermion-boson coupling
A, and a U-irreducible diagram that features the exchange of multiple bosonic objects.

A w A M
D\\ /,>§ H
Figure 3.1: Example of a U-(ir)reducible diagram on the left and right, respectively.

15
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3.2 SBE quantities

In this section the idea of interpreting diagrams as the exchange of a single or multiple bosons will
be made concrete and translated to equations for the special case of the parquet approximation with
a local interaction. We use diagrammatic channels for this introduction, as they are best suited to the
discussion of diagrammatic properties; equivalent expressions translated to physical channels are reported
in Appendix B.2.

The sum of all U-reducible diagrams in a given channel r, including the bare interaction, is denoted by
V., and represents the exchange of a single bosonic propagator w, between two fermion-boson couplings
Ar

Vola kB = VI (g kB = [ A (g, k)w? (A (g, k)]

= A(q,k) s w,(q) ® A (g, ") (3.1)

where we use the natural notation for r introduced in Section 2.2.4 and the filled circle represents a
summation over spins [28, 77]. Spin dependence is suppressed to lighten the notation and given explicitly
only when strictly necessary. In the ph—channel particular care is due, as

N R
Vi (@ k) =5 (AL (g, k)l ()N (g,K)
+OM (g, k) + 201 (0, 0)) (b (9) + 200}, () (ML (a, ) + 241 (g, i)
AN (0, B)wlh (M) (a.k).

It is now that the numerical advantage of this scheme becomes apparent: a quantity V, that depends
on three independent indices can be factorised into quantities that depend on two arguments at most.
Diagrams that are two-particle reducible with respect to channel r, and do not fall into this category, are
collected into the rest function M,.(q, k, k") containing the multiboson exchange processes.

3.2.1 Parquet equation for the SBE

The parquet decomposition can be rewritten in terms of SBE quantities by substituting ®, = v, -U+ M,
yielding

V= Vpp + Mpp + Vo + Mo+ Vpn + My, = 3U + T2 (3.2)

where Z°FT comprises all completely two-particle irreducible diagrams. Throughout this work the par-
quet approximation (Z2! = U) is used, limiting the analysis to the weak coupling regime. The vertex
decomposition for the parquet approximation is also shown in Fig. 3.2. The expression of V used for the

Qo SBE Q' SBE Q SBE
= wo + |M Ph + Woh + (M + Wy + |My -2

Figure 3.2: Diagrammatic representation of Eq. (3.2), the parquet equation expressed using SBE quan-
tities.

conventional self-energy flow is reported in Appendix B.1.

3.2.2 Fermion-boson coupling A

The fermion-boson coupling!, as the name suggests, couples two fermionic particles (or holes) to a bosonic
propagator. As such it depends on two linearly independent arguments which are chosen to be one
fermionic and one bosonic argument, emphasizing the coupling nature of A with

Ar(‘]a k) =1+ fdp IT,SBE(Qakap)HT’((Lp) (33)

-1+ [dp S (a.k P09\ (a.9). (3.4

LOften also referred to as Yukawa coupling or Hedin vertex.
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where Z, spg = X rur (Ve = U + M) + M, differs from Z, (diagrams that are two-particle irreducible, see
Eq. (2.10)) by M, - U and S, =Z,gpg — M,. The first expression is taken from [18] and the bottom line
is derived in Appendix B.2. The diagrammatic structure is further illustrated by Fig. 3.3. Under time
reversal and SU(2) symmetry ), and A, contain the same information [18] and using the channel-based
notation of Section 2.2.4 yields [24]

Ar(a, k) = Mg, k), (3.5)
therefore the bar is dropped going forward. The high-frequency limits calculated from Eq. (3.4) are

Der T T

Figure 3.3: Lowest order diagrams included in the fermion-boson coupling A.

éim A (2, q, v, k) = lim A\.(Q,q,,k) = 1. (3.6)

The switch from a parquet to SBE decomposition of the vertex does not affect the applicability of the
form factor formalism, thus the fermionic momentum arguments are expressed using form factors. For
the fermion-boson coupling this yields

(@ vn) = [dk £ (A (2, 6,1.K)
=0n0 + Z IT’,SBE(Qaqa Vanal/’am)Hr(Qaqa l/,,m,O). (37)

my’
The fermion-boson coupling is related to the three-point vertex > by
Ar(Q,q, v, n)w, (Q, q)
o .

yf(ﬂ,q,l/,n,()) =

3.2.3 Bosonic propagator w

The bosonic propagator w,, which forms the central part of each U-reducible diagram, depends only on
one bosonic argument and represents the exchange of a single boson seen from a diagrammatic point of
view. It is illustrated in Fig. 3.4. In addition, a more physical interpretation may be obtained from the

 oasadt— 0+O+©®+®+

Figure 3.4: Lowest order diagrams of w.
close relation to the s-wave/local susceptibilities

wy = U, + U, (3.9)

highlighting the original idea of putting collective excitations centre stage. The bosonic propagator can
be expressed as a geometric series [18]

@ =0 ( far i)
! U U

= welq) = = . 3.10
( ) l_fdp)\T(Q?p)HT’(Q?p)U 1_Zu,m)‘r(ﬂaqayam)HT’(QaqayamaO)U ( )
When A, is set to 1, the expression for the bosonic propagator
U
wy(q) = (3.11)

1- [dp1L.(q,p)U

in the random phase approzimation (RPA) is recovered. For large frequencies the bosonic propagator
reduces to the bare interaction:

Qlim wr(2,q) =U. (3.12)
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Figure 3.5: Multiboson rest function M.

3.2.4 Multiboson rest function M

All multiboson exchange processes are U-irreducible and are gathered into the rest functions M, illus-
trated in Fig. 3.5. As such, the rest function truly depends on three independent momenta and frequencies
with the high-frequency behaviour

lim M,(Q,q,v,k, /' k') = éim M.(Q,q,v,k, v/ k) =0. (3.13)

v/v'—>o0

It is this high-frequency property that lies at the heart of the numerical advantage of the SBE decompo-
sition. The frequencies for which the treatment of a three argument object is necessary, are restricted to
an inner box, similarly to the Wentzell asymptotics [29] discussed in the next section. Further numerical
gains are achieved by completely neglecting the rest function, see Sections 4.2 and 4.3. The rest function
vanishes in the non-interacting case. Analogous to the Bethe-Salpeter equation the rest function may be
expressed as [22]

M (q,k, k") = fdp 7, s8e(q. k, p)IL(q,p)S,(q,p, k") (3.14)

where S, =Z, spg — My = ¥ rir (Ve — U + M,r). In form factor notation the rest function reads

MAQ v,/ ) = [l f () for () MA@ v K, oK)
= Z Z IT’,SBE(Qaqa Z/,TL,Z/”,m)Hr(Q,q, V",m,m')Sr(Q,q, V”amlal/anl)' (315)

v m,om/

3.2.5 Connection to the high-frequency Wentzell asymptotics

The high-frequency asymptotics introduced in [29] exploit related properties to also further subdivide
two-particle reducible diagrams. Here, the focus is on easing the numerics by dividing diagrams based
on their asymptotic behaviour, as one or both fermionic frequencies become large. Diagrams where
either the incoming or outgoing legs collapse into a single bare vertex do not explicitly depend on the
incoming /outgoing arguments. The resulting objects are

Kr,l(q) = hm 1’1111 (I)T(Qaka k,) (316&)
Kp1(q) + K 2(q, k) = lim @,.(q, k, k') (3.16b)
Kr,l(Q) +Er,2(‘]ak,) = lim (I)T’(Qakak’)- (316C)

The others are gathered into a rest function R, that truly depends on all three arguments, but decays at
least as 1/v in the fermionic arguments (slower in ). To ensure this behaviour, symmetrized notation
must be used for the frequencies [69]. As a consequence, R, can be calculated on a small window of
fermionic frequencies. Thus, the frequency plane is divided into sections as illustrated in Fig. 3.6. They
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, 0
v+ b}
A
scan edgei — K»(g, k) + K1(q)
i »
O
QO
-]
®
Q
Q Q
______ local Oyt
structure 2

Figure 3.6: Ilustration of the high-frequency Wentzell asymptotics, adapted from [29]. It shows the
fermionic frequency plane for constant bosonic frequency €.

are related to the SBE quantities by [78]

wy =K1 +U=U%,+U (3.17a)
A =1+ K, o/w,

=1+ K, of/(K1+U) (3.17b)
Ao=1 +Er72/wr

=1+ K, of (K., +U) (3.17¢)

M, =R, - (1-X)w.(1-)\,)
=Ry~ KroK,2/(Kn1+U)
Vr=¢p— M. +U
=K+ Kp + Ko+ U - K, 5K, of (K., +U) (3.17d)

In the SBE decomposition any divergence of ladder diagrams, as they are U-reducible, will be contained
in w,., while the rest function M, and fermion-boson coupling A, remain finite. In contrast, the Wentzell
asymptotics are based on how the incoming and outgoing legs are attached to the diagram, but what
happens in between is not relevant and may contain a ladder. Therefore all objects are liable to divergence.
In fact A\, — 1 and M, are the U-irreducible subset of K, »/U and R, respectively.

The high-frequency limits of the entire vertex in r-notation [29] are included for free in SBE formalism:

Jim V' (Q,q,v,k v K) =U (3.184)
1/h~>1£10 Vi{Q,q,v,k, v k) =w.(Q,q) e \.(Q,q, k) (3.18b)
ulrlfio V{Q,q,v,k, v k') =\.(,q,v,k) s w,.{(Q,q) (3.18c¢)
V/lyi’rgoo Vi{Q,q,v,k, v k') =w.(Q,q). (3.18d)

By definition of V" and Z" these limits also hold for the physical channels.
Another useful expression can be derived from Egs. (3.4) and (3.10):

w,e N, =U+Uoll,oV. (3.19)
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3.3 SBE flow equations

In the previous chapter the fRG was introduced and the flow equations were given for the two-particle
reducible vertices. The fRG may also be applied to the SBE decomposition. A formal derivation of the
SBE flow equations is presented in [28]. Here, the flow equations are merely reported and adapted to the
conventions used in this work. In particular, a switch from diagrammatic channels to physical channels
is performed. The former are most suited for the discussion of diagrammatic properties, in particular the
notion of the bare interaction reducibility. The latter, on the other hand, are favourable going forward
due to the close link of w” and x"7 as well as the structurally simpler form of the flow equations in
the density channel compared to the ph-channel. The translation between diagrammatic and physical
channels for general two-particle vertex objects introduced in Section 2.2.6, also applies to SBE quantities
V,ZsBE, S, Thare; w, and M. Though possible to define A\M = —)\p—h, the convention AM = )‘E is chosen here,
while the standard translation is used for AP/5€. This ensures that lim, .o A7 = 1 in all channels. Neither
vM nor the flow equation of w™ are affected by the sign of AM, as they depend on \M quadratically.

3.3.1 1/ equations
In physical channels the 1¢ flow equations of the bosonic propagator for the SBE decomposition [24] read

w"(Q,q) =w"(Q,q) Z ()\"(Q,q,y,m)ﬁ"(ﬂ,q,y,m,m')/\"(ﬁ,q,V,m'))w"(Q,q), (3.20)

m,m’,v
for the fermion-boson couplings

}‘H(quv I/,TL) = Z )‘n(Qaqv V,,m)]jn(Q’qv ’/amam/)IgBE(Qaqa V/,m,,I/,TL), (321)

mm/ v’
and the rest functions

M"(Q,q,v,n,v ,n') = > IgBE(Qq,z/,n,V",m)f["(Q,q,u",m,m')IgBE(Q,q,V"7m',1/',n'). (3.22)

m,m/ v’

A derivation is given in Appendix B.3. The initial conditions for the flow are reported as

WM, q) =T (3.23a)
Xq,init(Q, q, v, TL) — 51170 (323b)
MY, g, vy, 0, 0') = 0, (3.23¢)

with IS;Z}D =U = —I};ﬁre. A great reduction of numerical effort can be achieved by neglecting the rest
function, which depends on six independent arguments. Such an approximation is not merely based
on its numerical advantage, but on the assumption that the relevant physics can be described as the
exchange of a single bosonic object and therefore the multiboson processes of the rest function need not
be calculated to obtain qualitatively or even quantitatively correct data. Numerical results confirming

these assumptions are a main result of this work and will be provided in Section 4.

3.3.2 Multiloop extension

In the multiloop procedure first put forward in a series of papers [27, 73, 74], contributions of the three-
particle vertex to lower order vertices are included in an iterative procedure. At infinite loop order the
derivatives are completed and the parquet approximation is recovered [30]. The multiloop procedure was
generalised to SBE quantities [28]. Here the multiloop extension translated to physical channels and form
factor representation is presented. The 2¢ equations read

AL (D yn (3.24a)
A (2R — ynpngn(1) (3.24b)
FRRCI (3.24c)
(DL .
ML - Ol (3.24d)
N 2LR IézBEHnIm(l) (3.24e)
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and higher order corrections to A" are given by

AL _ (1) \n (3.25a)
AT (OB _ \nppngms(6-1) (3.25Db)
v, (£),C _ ynynan, (- m
A6 — Az ( Q)H]IgBE
_ )\n,(e—l),RHnIgBE (3.25¢)
o'se
AP = 3D 4 Am @)L Jn (L {0 (). (3.254d)
=3

The multiloop corrections to the bosonic propagator are

W EOC — AT E E=2) T \ "

= w AT DL\ (3.26a)
o'l
WO = D o 3 w00 (3.26D)
=3
and for the rest function they read
M(O.L _ I’nv(ﬁfl)HnIgBE (3.27)
MR _ IgBEHnjm(f—l) (3.28)
n,(0),C _ -, (-2
M(6):C IgBEHﬁIn( )HnIgBE
- Mn’(ffl),RHnIgBE (3.29)
e
M@ — ) oL s (2),R Z ML L ()R m,(),C (3.30)
£=3

with Z7() = V7 - ®" given by

. 1, . . 1, . . — . .
FSC,(6) _ prh—pp [, D,(0) o D0y - LegMo | o ]_ prR-pp [ (M0 4 M)
5 (¥ )-5(v ) [(v J
(3.31a)
. = 1 . . 1, . . e .
FML(0) _ prh—ph [_7 D) , gDy 4 LegM(o) |y ]_ pre—ph [ (5SC.(0) | ySCH(0)
5 (¥ )+ 5V ) [(v J
(3.31b)
PO = proph [o(55C0) 4 NSC.0)] - proph [(5CA0) 4 SCAO)] _ prhph [3(MO 4 NMO)]
L pphoph I:_%(vD,(Z) +MD,(£))+%(vM,(£) +MM,(€))]_
(3.31¢)

The derivative V" including all orders up to ¢ reads

v (O = NO AT L \Tpy O N L Ny N (3.32)
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Note that Z" is defined by Eq. 2.38c and ZJgp = I + M" - T For completeness, the connection to

bare*
the left, right, and central multiloop corrections is made explicit

e O = [f%(é—l)nnvn - /j:m(f—l)nn(vn +Tap) = fjn,(f—l)ﬂn)\nwn)\n+[I'm(é—l)HWIgBE

= NELyymyn oy (O.L _ on(0.L . (6),L (3.33a)
PXACRSS UL U VLA ORSS A OR Ny VEAORE (3.33D)
1 OC = anHnI'n,(f%)ann = f(vn +IgBE)H"I'"’(£_2)H"(V" +Tse)

= fvﬂnnjm(e—%nnvn + fvnﬂnjn7(€—2)HnIgBE+ /IgBEHnI'm(é—Z)ann

7, (0-2

b [ Tz Ty,

:[)\"w"A”H”I'”’(é_Q)H”)\"w")\"+f)\”w”)\"H"f"’(é_2)H"I;’BE

+ [IgBEHnI'm(é—?)Hn)\nwn)\n+M77,(5)7C

= MM EO:C \1 o X1y \1(0,C L Am(O.Cymyn o (0,6 _ on(0,C | (60,0 (3.33¢c)

As a consequence of A" = A" the left and right corrections are identical \(D-L = Am(O:R  Adding the
left, right, and central contributions of all multiloop orders up to order ¢, yields

e
1O =) g gLy G ()R Z_ FPEVL 4 GmE)R G0, (),C
=3

o<
=un @ 4 ) L@ (2L (2R | yms(2),R Z ALy o (€)1
01=3
LN ABE)LR ()R A (€),C3\m 3\, m 3 m-(E),C L 3 (€).C . ppm(€).C

e
- (}\n,(l) + AL 3 (2R 2 AL )’\ny(f'),C) w\?
=3

'se e
+ )\an ().\777(1) + ).\77)(2)3L + ).\77)(2))R + Z_: }\777([);13 + ).\777(5,)70) + )\77 (w777(1) + Z_: u'}"77(é,)7c) /\77
=3 =3

e
+ (Mn,(l) £ ML (2R Z_ Mn,(f')i+Mn,(€')7R+Mn7(€'),C)
=3

=N O AT 4 N AT O 4 N1y (O A1 4 g (©) (3.34)

and the expected form of V" is recovered.

3.3.3 SBE approximation

Neglecting the rest function and the multiboson processes contained therein is referred to as SBE ap-
proximation. In contrast to self-consistent methods such as parquet, the fRG formalism offers two paths
of translating the idea of neglecting multiboson processes into the flow equations. In this section these
two different flavours of the SBE approximation are presented and compared on a diagrammatic level.
A quantitative comparison follows in Chapter 4. Neglecting the rest function after deriving the flow
equations (SBEa approximation) corresponds to using Eqs. (3.20) and (3.21) while setting M" = 0. This
renders the vertex cutoff dependent, even at infinite order multiloop corrections to A7 and w", as the flow
equations are not consistent without the rest function. Alternatively, the rest function can be neglected
before taking the derivative (SBEb approximation), which is more severe, as it alters the flow equations
for w™ and A\". However, it also restores self-consistency.
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SBEDb flow equations

As mentioned, self-consistency can be restored by setting the rest function to zero prior to deriving the
flow equations (SBED) [28], leading to the simpler flow equations for the single-boson propagator

w"(,q) =w"(Q,q) Z 2A"(Q,q,v,m) - <‘5r,17())1;17’(§27 q,v,m,0)w’(£,q) (3.35)

where A7 = A7 and II"7(m,m’) = II"(m’, m) was exploited to simplify

Z )‘W(Qa q, v, m)Hn(Qv q,v,m, m,)ém’,o + 5m,0Hn(Qv q,v,m, m,)j‘n(Q7 q,V, ml) - 5m,0Hn(Q, q,v,m, m,)am’,m

m,m'v

=2 z A"(Q,q,v,m) — §m’0)ﬂ”(Q, q,v,m,0).

m,v
The fermion-boson couplings flow equation is given by

A(Q,q,v,m) = Y T(Q,q,v,0,m)S"(Q,q,v/,m,v,n) (3.36)

m,v’

with merely one sum over form factors compared to the two for the 1¢ equations of SBEa. In addition,
the calculation of the bubble can be restricted to do ,II"(£2,q,v,n,n’'). By fixing A7 = 1, M7 = 0, and
3 =0, the SBED reduces to the RPA. The only flowing elements remaining are the bosonic propagators
given by the simple flow equations

w"(Q,q) =w"(Q,q) z "2, q,v,0,0)w” (2, q). (3.37)

Diagrams of the SBEa vs SBEb

In the SBEb approximation the expression for the fermion-boson couplings given in Eq. (3.4) holds.
However, in the SBEb the U-irreducible vertex is given by Z, spg = Yz (Ve = U) = S, which restricts
Ar to the eye-diagram type. Similarly, the single-boson exchange propagator (see Eq. (3.10))

U

YT NILU

(3.38)

does not contain any rest-function-like elements, just insertions of single-boson exchange propagators from
other channels via A,.. Adding multiloop corrections completes the derivative but does not add any new
diagrams, therefore restoring self-consistency without capturing any of the influence of the rest function;
the self-consistency and simpler flow equations come at the cost of neglecting infinitely many diagrams.
By contrast, in the SBEa approximation far less diagrams are excluded, however, their derivative is less
complete than for a 1/ flow and multiloop corrections add some, but not all of the missing derivatives. As
even at infinite loop order the derivative is not completed, the parquet approximation is not recovered,
nor self-consistency between the one- and two-particle vertices. However, diagrams included in the SBEDb
at loop convergence are fully reconstructed by the SBEa at loop convergence, too. Neither approximation
is able to reproduce the parquet approximation, it remains to be shown whether either is sufficient to
observe the Mermin Wagner theorem at infinite multiloop order. In Table 3.1 RPA, SBEb, SBEa, and
a full treatment of the rest function are compared with respect to the diagrams included and properties
of the flow results. To further illustrate the difference between the SBEa and SBEb approximation, in
particular how the SBEa flow allows for at least a partial inclusion of rest function type elements in w,
and A, the lowest order diagrams in the first steps of the flow are shown in Fig. 3.7. Results obtained
with the two different flavours of SBE approximations are presented and compared in Section 4.4.2.
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RPA | SBEb 1¢ | SBEb co-¢ | SBEa 1£ | SBEa co-f | 14 | oco-{

><><>< dc dc de de de de | dc
m ni pi dc pi de pi | dec
)@OC ni ni ni pi de pi | dec
m ni ni ni ni ni pi dc

self-consistent v X v X X X v
regulator independent v X v X X X v
Mermin Wagner X X ? X ? X v

Table 3.1: Table comparing RPA, SBEa/b and full set of equations including the flow of the rest function.
If diagrams of this type are not included the corresponding box is marked with 'ni’; if the diagrams are
included but the derivative is incomplete they are termed ’pi’=partially included, and 'dc’ is used when
the derivative is complete. Note that the degree of completeness can vary between two 'partially included’
in the same row.

Multiloop flow equations for the SBEb

The multiloop flow equations for the SBEb approximation are structurally simpler than in the SBEa
approximation and read

0" (Q,q) =0 (3.39a)
WD (Q,q) = w(Q,q) Y TR, q,1,0,m)S"O(Q,q,v,m, v, m)ITN(Q, q,v/,m’,0)w"(Q,q)

(3.39b)

APED(Q qvn) = S $MO(Q,q, 0, v, m)ITN(Q,q,v,m,0). (3.39¢)

The SBEb multiloop equations are self-consistent and regulator independent at infinite loop order. The
same results may be obtained by taking the derivative of the self-consistent equations for A7, w” and M"
as shown in the next section, and then neglecting the rest function.

3.3.4 Self-consistent flow equations

It is possible to derive exact flow equations for A7, w”, and M" by taking the derivative of the self-
consistent equations in Section 3.2. The flow equation of the fermion-boson coupling is obtained by
taking the derivative of

AN(Q,q,v,n) =80+ Z Ll (@, q v, n, v, m)II"(Q, q,1"',m,0) (3.40)
yielding
N (Qq,v,n) = Y Top(Q q,v,n, v/, m)IT(Q,q, v, m,0) + Y. Thn(Q q,v,n, v, m)IT(Q,q,0/,m,0).
" " (3.41)
A second option is to use
AN(Q,q,v,n) =60+ Z SN, q,v,n, v, m)ITT(Q,q,v,mm )N (Q,q,v,m") (3.42)
which also yields a flow equation
).\”(Q,q, v,n) = Z S”(Q,q, v,n, v, m)IT{Q,q,v ,m,m )N{Q,q,v,m")
+ Z ST, q,v,n, v, m)ITN(Q,q, v ,m,m)AN(Q,q,v',m)
+ 3 SUQq 0,V m)IT(Q,q,0 ,m,m )N (Q,q, 0, m). (3.43)

mm/v’
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o o [
[T T 1D 10

Figure 3.7: Adapted from [78]. Comparison of the derivatives included during the 1¢ flow of A(g, k)
via Eq. 3.36 vs 3.21. The left red box represents ZJp (g, k, k'), the central green I1"(q, k), and the right
blue A7(q, k). The diagrams in the first row are generated during the first step of the solver, those of the
second and third are added in the second and third step, respectively. While the replacement of A"(q, k)
by 1 in the SBEb approximation limits the derivative to the eye diagrams, all types of diagrams (except
those of the type shown in Fig. 3.8), are constructed during the flow of the SBEa, albeit with a derivative
less complete than for the SBE including M.

The two flow equations are equivalent as long as no approximations are made. The flow equation of the
bosonic propagator is obtained by taking the derivative of

U

0. q) =
W) = T T, a0, 0)0

(3.44)

yielding

U
p1(Q. q) =
w"(£2,q) 81\(1_2”7” A1(Q, q,v,n)II"(Q, q, VanaO)U)

U 2
) ( 1-%, ., A(Q,q,v,n)I"(Q,q, V,n,O)U) '

(Z ).\”(Q, q,v,n)II"(Q,q,v,n,0) + Z A(Q,q,v, n)ﬁ”(ﬂ, q,v,n, 0))

=w"(Q,q) (Z NI(Q, q, v, n)TT(Q, q,v,1,0) + 3. A(Q, q,v,n)I1(Q, q,v,n, 0)) w"(Q,q).

v,n v,n

(3.45)

Alternatively the derivative of the relation

w(Q,q) = (Z],.)°x"(2,q,0,0) +

are are

with
Xn(Q7 q7n7 n,) = ZH”(Q’ q7 V7 n’ n,) + Z Hn(Q7 q7 V’”’ m)vn(ﬂ7q7 V7m7l/,7m,)]:[/’7(ﬂ’ q7 V,7m,7n,)

I
v,V
I
m,m
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Figure 3.8: Diagrams not included in SBEa type approximations.

can be used yielding

W"(Q,q) =(Z] ) I(Q,q,1,0,0) + Y T, q,v,n,m)VI(Q q,v,m, v ,m )IT(Q,q,v ,m’,n')

+ Z H”(Q,q,l/,n,m)V”(Q,q,V,m,y',m')H”(Q,q,z/,m',n')
+ 3 T(Q,q,v,n,m)V(Q q,v,m, v, m ) TN(Q,q,v/,m' ,n")). (3.46)

The flow equation for the multiboson rest function is obtained by taking the derivative of

MW(Q,q,V,TL,Z/’,TL,): Z IgBE(Q,q,y,n,y",m)H”(Q,q,y",m,m')S”(Q,q,y",m',y',n') (347)

v m,m/
yielding

M”(Q,q,y,n,y',n'): Z ngE(Q,q,V,n,V",m)H”(Q,q,V",m,m')S”(Q,q,V",m',V',n')
v m,m/
+ Z IgBE(Q,q,y,n,V",m)ﬁn(ﬂ,q,V",m,m')S”(Q,q,V",m',y',n')
v m,m/

+ Z IgBE(Qaqa V’n’l/”,m)Hn(Q,q, V",m,m')S”(Q,q, V",m',y',n') (348)

v m,om’

where S" = IgBE — M?". As the equations are exact before taking the derivative and no approximations
are made to the resulting flow equations, they recover the full parquet solution. The exact flow equations
Eq. (3.41) for the fermion-boson vertex, Eq. (3.45) for the bosonic propagator, and Eq. (3.48) were already
derived using very similar arguments in [28].

Note that neglecting the flow of the rest function and using Eq. (3.41) here is equivalent to the SBEb
approximation at infinite loop order. The alternative Eq. (3.43) in this case yields a different result
more closely related to SBEa at infinite multiloop order. The second term in Eq. (3.43) is exactly the
14 flow equation in the SBEa approximation, as IgBE = 5" when neglecting the rest function. In fact,
the only diagrams that are missing compared with the full solution are of the type shown to the right,
where multiboson processes from other channels enter via S7 into A7. Contributions of this diagram
to V are at least of O(U®). The same flow equations may be obtained by taking the derivative of the
exact Bethe-Salpeter equation [79] (Egs. (2.15)-(2.17)) and expressing ®"7, V" and Z” in SBE quantities.
Details are provided in Appendix B.4.

3.4 Schwinger-Dyson equation for the self-energy

Using the derivative of the Schwinger-Dyson equation resolves the unfavourable influence the information
loss inherent to the TUfRG scheme has on the conventional self-energy, see Section 2.3.1. Here the SDE
flow equation will first be expressed in SBE quantities and then rewritten in a form that is natural to the
SBE in Section 3.4.2.



3.4. SCHWINGER-DYSON EQUATION FOR THE SELF-ENERGY 27

3.4.1 Conventional SDE in the SBE formalism

The flow equation for the self-energy can be obtained from the two-particle vertex via the derivative of
the Schwinger-Dyson equation by inserting the parquet Eq. (2.9) into the SDE equation

S(ki)=- Y. V(ki, ko, ks, ka)G(k2)G (k3)G(ka)Sky +hg—tea s U
ko,k3,ks

- > V(ki, ko, ks, ka)On (G(k2)G(k3)G(k4)) Oky+kg—ks kU
ko,k3,kq

In the SBE framework the derivative of the parquet equation expressed in SBE quantities
V= Vpp+Mpp+Vp—h+Mp—h+Vph + Mpp,
is used with the derivative of V,.
vr = ).\rwr)\r + At A + )\TwT}\T' (349)

This scheme, referred to as ’conventional SDE flow equation for the SBE’ in the following sections,
reproduces the exact results of the parquet based implementation [69] using high-frequency asymptotics,
in particular the convergence in form factors and loop orders behaves exactly the same. Following [69],
the explicit form of the flow equation is given in Appendix B.5.

3.4.2 Natural expression of the SDE in the SBE framework

Alternatively, the SDE equation can be expressed in a way that is more natural to the SBE framework,
which is equivalent to the expression of the self-energy in Hedin’s theory [21, 80], where it was already
used in the context of the SBE. In this work we sketch a derivation starting from the Schwinger-Dyson
equation [77], as well as deriving a flow equation from the result. We also discuss the impact of a limited
number of form factors and lacking multiloop convergence on the self-energy obtained from this flow
equation.

To simplify the derivation, the SDE is rewritten and the flow equation based on the derivative of
the SDE is introduced in the final step. Diagrammatic channels are used, as the subtleties are best
understood by examining the diagrams involved. Prior to this point the explicit mention of spin indices
was avoided for clarity. In this derivation however, it becomes necessary to take spin dependence into
account explicitly. We use the symbols e and o to represent a summation over spin indices and spin,
momenta, and frequency indices, respectively. As a starting point, the SDE equations is expressed in
diagrammatic channels [77] as

1
- (U+§(UoﬂphoV))G (3.500)
Z:—(U+%(U0Hp—hov))G (3.50b)
S=—(U+(Uoll,,oV))G. (3.50¢)
Inserting Eq. 3.19 yields [77]
ot = (whiAlL) G (3.51a)
— Tyt !
- (wﬁAﬁ) G (3.51D)
=—(wlt (2AlL 1)) G = A 0w, G (3.51c)

Note that the Hartree-Fock contribution has been added compared to Eq. (2.28). The SDE thus takes
a very simple form and requires only A, and w, of one channel as input. This freedom is known as Fierz
ambiguity. Translated to physical channels the equivalent equation reads

¥ = \MpMa (3.52)
= -N%5Ca (3.53)
= (A\PwP - 20)G. (3.54)
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)\ph -1

Ph

Figure 3.9: Diagrammatic illustration of Eq. (3.55) with r = ph. The boxes can be simplified to the
expression above them.

If no approximations are made, the three ways of expressing the SDE, called SBE-SDE going forth,
are equivalent. Input from any one channel alone is sufficient to construct every self-energy diagram, as
illustrated using an example in Fig. 3.10. However, the perfect equivalence is broken in the TUfRG and
at finite multiloop order, as discussed in the following sections. In [20] an equal mixing of the charge and

El

€ Wpp

Figure 3.10: The same self-energy diagram drawn as )‘TWEG on the left, A\, w,,G in the middle, and
ApnwprG on the right. The same elements of the diagram are drawn in the same color and the dashed
line indicates which internal line is the closing Green’s function. If calculated by )‘EMEG , using only an
s-wave form factor is sufficient to make it exact. For App/pnwpp/pn G only s-wave is not exact (but maybe
still sufficient). This is a similar issue to the one that made using the SDE for TUfRG necessary in the
first place.

magnetic channels is observed to yield the most accurate results.

3.4.3 SBE-SDE equations in form factor notation

When expanding the fermionic momentum dependence of A, in form factors, the SBE-SDE equation
reads

() = St (@) (z Fn () o) AP m>) ' (ky + ) (3.55)
2M(ky) = - Y wl(q) (Z Frn (1) fo(kn) Mg, m)) G (ki + q) (3.55b)
(ki) = =) why(q) (Z S (k1) fo(kn) (20, (q, m) — wm,o)) GH(q-k1), (3.55¢)

with fp = const and suppressed frequency arguments to lighten the notation. Unfortunately, choosing one
of the three formulations of the SBE-SDE equation means that the form factor truncation is less optimal
for some diagrams contributing to ¥ than others. Any r-reducible diagram is treated optimally with
respect to form factors by [, (k1) fo(ki)M-(q,m), however, diagrams belonging to the other channels
are not. To make this idea clearer let us revisit Fig. 3.10: If the SBE-SDE equation using ph objects
is chosen, then using only an s-wave form factor in the calculation is sufficient to describe the diagram
exactly. However, the same diagram is not calculated exactly with just one form factor when using
pp/ph based SBE-SDE equations because A,/ are eye-diagram-like and truly depend on their fermionic
argument. With the SBE-SDE, all ladder diagrams from the channel that was chosen for the SBE-SDE
equation are treated exactly (see left side of Fig. 3.10 as an example), whereas the corrections from the
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other channels to these ladders are adversely affected. To summarize, some diagrams are not treated
optimally in the SBE-SDE equation with respect to a truncation in form factors. Which diagrams this
affects depends on which channel is chosen to calculate 3. This issue is not identical to the issue arising in
the conventional fRG flow equation where every diagram beyond the bubble is affected [69]. In particular,
the ph-ladder diagrams that are the driver of the pseudogap opening as found in [70] can all be captured
correctly if ph objects are chosen to evaluate the SBE-SDE equation. While the natural expression of
the SBE introduces some information loss compared to the conventional SDE it is sufficient to observe
the pseudogap if the correct channel is chosen [77]. The advantage is a much simpler equation. At
convergence in form factors all three SBE-SDE equations again yield the same result. Originally the SDE
was introduced to circumvent problems of the TUfRG.

3.4.4 SBE-SDE flow equations: comparison to the conventional SDE

The SBE-SDE equation is exact and the same holds for the derivative as long as it is complete. Problems
and differences to the derivative of the conventional SDE can, and indeed do, arise when it is incomplete,
as is the case at finite multiloop order when the self-consistency of the parquet equations is not yet
recovered. At finite loop order the SBE-SDE does not exactly reproduce the result of the conventional
SDE at the same loop level. As an example for which derivatives are included to which level, the derivative
of pp-channel-based SBE-SDE equation is compared to the derivative of the conventional SDE equation
in Fig. 3.11. Diagrams in which the derivative is on the closing line of the SBE-SDE (first diagram of

2: v + Y, + Vv

% —_ ‘fﬁ + (i)ph, + ‘i)pp

M » by » Wy
N

Figure 3.11: Comparison of the derivative for the conventional SDE and the SBE-SDE.

the first row), are treated exactly the same way in both methods. The second diagram (in which the
dash through two internal Green’s functions represents SG + G\S to save drawing two diagrams that are
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essentially the same), is complete in the SBE-SDE at 14, as the single-scale propagator is on a pp-bubble
of wy,. Diagrams included in @, GGGU are captured to the same multiloop level in Aty G or Ay, G
(see rows 3 and 4), as they are when using the conventional SDE. Diagrams of the type 3,.,, b, GGGU,
however, are not captured to the same multiloop level ¢ by the SBE-SDE where £+ 1 loops are necessary
to complete the derivative to the same level. To better understand this, examine Fig. 3.10 once again: for
derivatives of the form .., $,GGGU, the single-scale propagator is located on an insertion from another
channel into \, thus requiring 2¢ to complete the derivative. On the other hand, the same diagram could
be complete at the 1¢ level had we chosen the ph-based Eq. 3.55b instead of the pp-based Eq. 3.55¢ when
taking the derivative. At infinite loop order the result is independent of the choice of channel again. Note
that the diagrams that are adversely affected by this are the same ones whose momentum dependence is
not captured effectively by the TUfRG when using the natural expression of the SDE.

3.4.5 SDE equation expressed in high-frequency asymptotics and three-point
vertices

The close connection of the SBE quantities to the frequency asymptotics means that the SBE-SDE
equation (3.51) can be rewritten in terms of K7 and Ks using (3.17) as

S=-(\ow,)G=—(Ky,+ Ky, +U)G. (3.56)

Alternatively the three-point vertex 42 and its connection to \,.w,., given in Eq. (3.8), can be exploited
to yield

Y=-(\row,)G=->UG. (3.57)

Both options have the same limitations with respect to the form factor expansion and multiloop order
discussed in the previous sections.

3.5 SBE for the Extended Hubbard Model

The Coulomb interaction is long-ranged. While it may be well screened in many materials, a purely local
interaction is nevertheless not realistic in most scenarios. Introducing an interaction between neighbouring
sites, the nearest-neighbour interaction V serves as a first step beyond the local Hubbard model towards
a more realistic description of real materials, see Section 2.1.3. The bare interaction

ITl

bare

(kl, kg, kg7 k4) =U+ 2V(COS(]{72"T - kl,z) + COS(kQ,y - kg’y)) (358)

develops a momentum dependence due to its non-locality, which must be considered carefully in a way
that captures the relevant physics, without pushing the numerical effort out of range. Several properties
of vertex quantities discussed so far, such as the high-frequency behaviour and effect of bare interaction
reducibility, rest on the locality of the bare interaction. Without this condition, assumptions need to be
checked explicitly and modified if needed. For example, more spin combinations are possible, and the
exact form of the bare vertex Igfjrle depends on the channel

P (a,k, k") = U + 2V (cos(ky — ki) + cos(ky - k) (3.59a)
TP (K, k') = U +2V (cos(gy) + cos(gy)) (3.59b)
T (@, k, k') = U +2V (cos(ky — kL) + cos(ky — k), (3.59¢)

illustrated diagrammatically in Fig. 3.12. Note that while there is only one bare interaction, its momentum
dependence takes different forms in the different channel notations. Translated to physical channels the
bare interaction reads

Tooe(a,k k') =U +2V (cos(ks — k) + cos(k, — k) (3.60a)
T2 (k') = U + 4V (cos(qz ) + cos(gy)) - 2V (cos(ky, — k%) + cos(k, - k) (3.60Db)

M (. k,K') = ~U - 2V (cos(ky — k) + cos(k, — k). (3.60c)
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ph ph pp
k K k K
—_— > - —_— >
k q K
Viw T < Viw
k+gq K +gq
- —_—— T
k+gq K +q q—K q—k

Figure 3.12: Bare interaction of the extended Hubbard model in the different channels.

The bare interaction expanded in form factors is reported in Appendix B.6. The following sections present
possible adaptions of the SBE framework to include nearest-neighbour interactions: first a straightfor-
ward, but inefficient extension, and a second, more subtle, with a focus on maintaining the advantages
of the SBE. The latter allows us direct access to physical quantities and reduced numerical effort, by
redefining the notion of bare interaction reducibility. Results for different approximations, based on the
latter approach and a comparison of their numerical effort, are presented in Section 4.5.

3.5.1 Straightforward extension

The favourable properties of the SBE implementation, as seen so far, are mainly related to the bare
interaction being local. For a non-local interaction such as that of the extended Hubbard model, classi-
fying diagrams according to their reducibility in the, now form factor dependent, bare interaction is still
possible. However, if done naively, it undermines the original spirit of the SBE and erases its numerical
advantages. The SBE’s strength for implementation lies in the factorization of the most relevant diagrams
into fermion-boson couplings and the exchange of a single bosonic quantity. A bare interaction depen-
dent on fermionic momenta leads to a 'bosonic’ propagator that also depends on fermionic momentum
arguments and thus defys the purpose of the SBE. The fermion-boson couplings also gain an additional
fermionic momentum argument. Figure 3.13 shows how the non-local interaction alters the diagram’s
structure. Worse still, the flow equations of w" now require two extra form factor summations, and V"

Dot DT
e T e

=10+,

Figure 3.13: Diagrammatic illustration of applying the notion of bare interaction reducibility to the
extended Hubbard model nalvely. The horizontal and vertical lines represent the q and k — k' dependent
extended bare interaction respectively.

is no longer a simple product but also comprises internal sums over form factors. The equations for w”
read

wn(Q7q7n7n,) = Z wn(Q’q7n7l))\n(Q’q7 V7l7m)]j[/’7(ﬂ’q7 V7m7m,)5\n(ﬂ’q7l/7 m,’l,)wn(ﬂ’q7l,7n,)7

m,ml LTy
(3.61)
for A7
).\”(Q,q,y,n,n'): Z )\”(Q,q,V',n,m)ﬁ”(ﬂ,q,V',m,m')I"(Q,q,V',m',y,n'), (3.62)
and
Vi (Qquny, 0= > N(Q qv,nm)w(Qqmm )N(Q,q,v,m',n), (3.63)

m,m’ v
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while the rest function flow equation remains the same. Note that the two form factor dependencies of A
are not the same in nature and \7(2,q,v,n, v, n’) # A(Q,q,v,n’,v’,n): for the left hand fermion-boson
coupling the incoming form factor dependence does not change structurally with the addition of a non-
local interaction, while the outgoing form factor index couples only to the bare interaction, therefore the
first shell of form factors exactly captures the fermionic momentum dependence. Numerical effort can
be reduced by exploiting A7(Q, q,v,n,v’,n') = N"(Q,q,v,n',v',n). The nearest-neighbour interaction
requires the inclusion of the full first shell of form factors, so the explosion in form factor arguments and
summations renders this approach numerically unfeasible. This might lead one to think more generally,
that the SBE is not the natural framework to treat these kinds of models, as the conventional fermionic
fRG is not plagued by these problems?. The initial conditions are now

wh™N(Q, q,n,n') =T (q,n,n) (3.64a)
- ln=n"<5
AP g v,n,n') = nen (3.64Db)
0 else
MY q,v,n,v ,n) = 0. (3.64c)

The rest function is expected to be negligible in the same parameter regime as determined in Section
4.2.3.

3.5.2 Refined approach: natural bosonization

To save the SBE idea in the context of a non-local bare interaction, it is necessary to take a step back and
revisit the original motivation for the formalism: collective excitations. The nearest-neighbour interaction
enhances the charge density wave (CDW) fluctuations, which are encoded in the s-wave susceptibility y°.
It should, therefore, be possible to encode this collective excitation in a purely s-wave bosonic propagator
wP. The influence of V on other objects is expected to be of secondary importance. In practice, the
challenge is how to adapt the SBE formalism such that it ideally ¢) includes the influence of V' on all
SBE quantities and w® in particular, ii) does not destroy the numerically favourable factorization of
Vg, k, k") = X"(q, k)w"(q)A\"(q, k"), iit) retains the close connection between x”7 and w”, all while iv)
not introducing any approximations. We will here demonstrate that by cleverly modifying the notion of
bare interaction reducibility, all four conditions can be met simultaneously.

For a bare interaction, like the one in question here, that can be divided into a purely bosonic part
and one that depends on fermionic arguments

bare(q7k k ) bos(q) + ferm(k kl)’ (365)

the notion of bare interaction reducibility should be based solely on the purely bosonic part [81, 82]. In
physical channels the bosonic bare interactions then reads

bos(q) U (366&)
Ihes(q) = - (3.66Db)
Tios(a) =U +4V(COS(%:) +cos(gy)), (3.66¢)

and the fermionic bare interaction is given by

I8¢ (k,K') = 2V (cos(k, — k') + cos(k, — k. ) (3.67a)
7 (k,X) = -2V (cos(ky — k') + cos(k, — K/ ) (3.67Db)
IR (& K') = =2V (cos(ky — k') + cos(k, -ky)). (3.67c)

The former are used as initial values for the bosonic propagators whereas the latter are moved to the
rest function as its initial value. Expansion in form factors and projections between the channels are
reported in Appendix B.6. This split guarantees the bosonic propagator remains bosonic and the fermionic
parts of the interaction are treated exactly in the rest function, an object that already depended on
fermionic arguments thus not giving rise to any additional form factor dependencies. Likewise, the
multiplicative nature of V" is upheld and no additional form factor sums are introduced. Figure 3.14
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Figure 3.14: Diagrammatic illustration of applying the notion of bare interaction reducibility adapted to
the non-local interaction of the extended Hubbard model.

diagrammatically illustrates the improved approach. On the downside, both the rest functions and
the fermion-boson couplings develop non-trivial high-frequency asymptotics that possibly require larger
numbers of frequencies for convergence. It is also unclear a priori whether the rest function can be
neglected in this approximation. Both questions will be addressed in Section 4.5. The flow equations do
not require any modifications compared to those for a purely local interaction introduced in Section 3.3,
including the multiloop extensions. Instead, the initial conditions of the bosonic propagator and the rest
function change

W™, q) = Z7_(q) (3.68)
AT Q) g, v,n) = (3.69)
M™™NQ g, vn, V0" = T (n,n), (3.70)

while the initial value of the fermion-boson couplings remain unchanged. The relation between the s-wave
susceptibility x7 and the bosonic propagator Eq. (3.9) has to be adjusted slightly, to

w"(Q,q) -7} (q)

x"(Q,q) = 3.71
@97 @y BTy
The high-frequency asymptotic of the fermion-boson coupling A are
1 n=>0
lim A(Q, q,v,n) = NP2YPPHO g n) 1<n<b (3.72)
0 else
and the rest functions asymptotics are given by
MI(Q 'n')1
lim M"(Q,q,v,n,v,n')= 2 (8 G, ¥yl ) LR A4S (3.73a)
v—o0 0 else
MI(Q N1
lim M"(Q,q,v,n, v/, n') = {0 1 (Q,q,n,n) 1< n<5 (3.73b)
b, else.

They can be treated analogously to the high-frequency asymptotics of the two-particle reducible vertices,
see Section 3.2.5. The flow equations given in Section 3.3 apply also to the high-frequency asymptotics
as long as the appropriate frequencies are replaced by co.

The bare interaction irreducible in a specific channel ZJ, . needs to be considered carefully, as trans-
lating the bare interaction from one channel to another can change it from bosonic to fermionic in nature
and vice versa, see Appendix B.6. Also the double counting correction D7 in V" and IgBE must be

2The Wentzell asymptotics K; and K5 do acquire additional form factor arguments, but the flow equations remain
unchanged.
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. . .. i 't I
reconsidered. The initial value of ZJpp" = M™™ = T

oo MUst be ensured. We use

Igg]’;jmt — MSC,mlt + Pph—»pp [5(VD7lnlt + MD,lmt) _ §(VM,m1t + MM,mlt)] _Pph—>pp [VM71mt + MM,mlt] +DSC
= Wi + PP [ L av, - o) - LU - 2vi) | - PP [ - 2]+ DSC
-k 5 a k) = 5 K-k k-k/
= Wieae + U + 2View + U + 2V + D5

=Tpen +2Tpee + D5C

erm are

= DSC = 975 (3.74)
to determine DSC. If the rest function is neglected, the double counting prevention has to be changed to
DSC = 275,
ISSEC;I::init _ prh-pp [%VD,init B %VM,init:I _ pph-pp [pmnit] - 9 pSC
1 1 —
— Pphapp [i(U + 4vq) _ 5(_U)] _ Pphapp [—U] _ 2DSC

=U + PPh=PP [2V,] + U - 2D5C
= Tiom + 2Tpe, + 2D

ferm 08
= DS = 275C (3.75)
or the value of M" has to be fixed to the initial value, thus only neglecting the flow of the rest function,
not the entire object. For the magnetic and density channel we make the ansatz DM/P = —21'&1]3 when

including the rest function, and DM = —2ZM and DP = —2U when neglecting the rest function. This

bos
yields
Ié\/lla,iEnit — pMinit _ Pph—»?h [% (anit " MD,init) _ % (VM,init " MM,init)] _ Ppp—»;Th [VSC,init i MSC,init] _ 21}13\/;Lre
=T (3.76)
and
Isl\/é,iEnit _ _prh-ph [% (VD,init) _ % (VM,init)] _ ppo—ph [VSC,init] oM
=Tt (3.77)
and for the density channel
Ié)]éi]git _ g Dsinit | o ppp—ph [vsc,inic + Msc,init] _ ppp—ph [VSC,init + MSC,init] (3.78)
_ o pph-ph [VM,init N MM,init] _ pph—ph I:%(VD,init - MDAy _ %(VM,init N MM,init)] _o1D
=T2 . (3.79)
When neglecting the rest function extra care is due in the density channel
I]SZ)E,’iEit - 9 ppp—ph [VSC,init] _ Ppp—»ﬁ [VSCJnit] _ 2P;Th—>ph [VM,init] _ Pph—)pih [%anit _ %VM,init:I _9U
=T2 . (3.80)

In Appendix B.7 a different, yet equivalent way of handling double counting and initial values is presented.
It is less intuitive from a diagrammatic stand point, but better suited to numerical implementations.

The setup so far does not include any approximations. The extended part of the bare interaction
has been moved to the rest function in the magnetic and superconducting channels. In addition to
the algorithmic advantages, this choice is made in the expectation that the main effect of V' is on the
charge density wave tendencies captured in w”, while the influence of Igmn and thus the non-trivial high-
frequency asymptotics are expected to be negligible. If the rest function and non-trivial high-frequency
asymptotics are indeed negligible, the scheme is already set up to take advantage optimally from a
numerical stand point. Where, on the other hand, the rest function and high-frequency asymptotics
are non-negligible, there is no approximation favouring CDW fluctuations over other possible ordering
tendencies when they are included. The quantitative accuracy of the assumptions about the relative
influence of V' on the various SBE quantities will be investigated in Section 4.5.
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3.5.3 Schwinger-Dyson equation

Applying the SDE equation to the extended Hubbard model requires careful re-evaluation, as the ap-
proaches so far made implicit use of the locality of the bare interaction. In [71] the SDE for the extended
Hubbard model is derived to be

Sk =gt == ) GrrgGrGrg [(U+ Vo) Fyy(k k+q, k' + q, k") + VqFyy (kb + ¢, k' + ¢, k)]
k'q

- Z Gk’(U + 2Vq=0) - Z Gk+qvq (381)
k' q

where F' is used to denote the vertex instead of the usual V, to avoid confusion with the non-local part
of the bare interaction, Vg = 2V (cos(¢s) + cos(gy)). A diagrammatic illustration of the individual terms
from left to right is given in Fig. 3.15. Note that the extended bare interaction gives rise to new spin

iy kg MK ket M A kgt M
_s\//- ’\/_
By g NV By g i Va By |piqr§ YVa
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(d) Hartree-Fock (e) Hartree (f) Hartree (g) Fock

Figure 3.15: Diagrammatic illustration of the SDE for the extended Hubbard model. The momentum
labels are chosen in accordance with ph-notation.

combinations and the Hartree and Fock terms no longer necessarily coincide. The identity from Eq. 3.19
holds in a generalized form for the extended Hubbard model,

w, e A, =T{ +T] oll.oF,. (3.82)

bos

Thus, the SDE will not reduce to the expression found for the local Hubbard model unless Zg, oIl oF;. = 0,
which is the case in the s-wave truncation [77].



36CHAPTER 3. THE SINGLE-BOSON EXCHANGE DECOMPOSITION AND FRG FORMULATION



4 Results for the SBE scheme

In this centrepiece of the thesis the applicability and advantages of the SBE to the fRG for the (extended)
Hubbard model are demonstrated. After an overview of the implementation in Section 4.1 used to obtain
the data in this chapter, the SBE approximation is analysed in detail in Section 4.2 (at half filling), and
Section 4.3 (finite doping). In particular, the dependence of the fermion-boson couplings, susceptibilities,
and rest function on frequencies, momenta, filling, interaction strength, and next-nearest-neighbour hop-
ping are investigated, with a focus on establishing the applicability of the SBE approximation. Next, the
SBED approximation, neglecting the flow of the fermion-boson coupling, and neglecting the rest function
of the high-frequency Wentzell asymptotics, are compared in Section 4.4, which along with the Section 4.2
details results published in [78]. Note that notation and sign conventions may differ with respect to the
publication to ensure consistency within this work. The remainder of the results section expands on the
published results, beginning with an analysis of the extended Hubbard model, implemented using the
natural bosonization of bare interaction reducibility, as outlined in Section 2.1.3.

4.1 Implementation

A general overview of the implementation is given in Section 2.3.4. For completeness, the technical
parameters used in the calculations are reported in Table 4.1. A one-loop (1¢) truncation and Q cutoff
was used, unless specified otherwise.

4.2 The SBE approximation at half filling

The SBE approximation consists of setting the flow of the rest function to zero after the derivation
of the flow equations, reducing the numerical effort by roughly a factor of four. This approximation
was introduced under the name SBEa approximation in Section 3.3.3, to distinguish it from the SBEDb
approximation (neglecting the rest function before taking the derivative). Unless specified otherwise, the
term SBE approximation equates to SBEa throughout this chapter. The influence of this approximation
on the accuracy of A\, x, and X at half filling is explored in detail: the momentum and frequency
dependencies are analysed as well as the change in behaviour with U and 8. The accuracy is established
by comparing results of the SBE to 1¢ data, including the rest function. As the AF tendencies dominate
the picture at half filling even at weak coupling, the treatment of the fermionic momenta is restricted to
a single, constant s-wave form factor [17].

4.2.1 Fermion-boson couplings

Results for the fermion-boson couplings A" are shown in Figs. 4.1 for U = 2, =0, t' = 0 and different
values of the temperature.

37
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bosonic frequencies | ferm. frequencies | bosonic momenta | form factors
w 128n kZ+ p2-1
A 4n 4n ki + p2 -1 1-2
M 4n) 4n) k3 + p2 -1 1-2
I 128n 64-n kZ+ p2-1 1-2
S 8n (keps)?
b 8n (kxpz)?

Table 4.1: Number of frequencies, momenta and form factors. At half filling the constant s-wave form
factor is used, at finite doping the d-wave form factor fi(k) = 1/(4m)(cos(k;) — cos(k,)) is added. For
the largest T'= 0.4 - 0.2 we use n =6,k = 18 and p, =5. At T = 0.15 we increase n to 8 and at 7' = 0.1
k, is adjusted to 18 to resolve the sharpening AF peak.
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Figure 4.1: Momentum and frequency dependence of the fermion-boson couplings. The left panels show
the momentum dependence of the static (Q = 0) fermion-boson couplings for the magnetic AM(Q, q,v =
T, n = 0), density A\P(,q,v = 7T, n = 0), and s-wave superconducting channel \3¢(Q, q,v = 7T, n =
0). The right panels show the frequency dependence for fixed momentum (q = (0,0)/(w, 7) for SC/D
and M respectively). The data sets are obtained with rest function (blue symbols) and with the SBE
approximation (red symbols), for U =2 and different values of the temperature (¢’ =0, p = 0).

More specifically, the (bosonic) momentum and frequency dependence of the real parts in the magnetic,
density, and superconducting channels respectively, are displayed. Note that at half filling and ¢’ =
NC(Q,q,v,n =0) = \P(Q,q + (7,7),v,n = 0) for the s-wave components. The overall reduction with
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Figure 4.2: Magnetic channel of the static fermion-boson coupling AM(Q=0,q,v,n =0), for the same
parameters as in Fig. 4.1, and different fermionic frequencies. The relative difference A between the
results with and without rest function is shown in the insets.

respect to the bare initial value of the fermion-boson couplings A\™* = 1 due to Kanamori screening [23],
shows that their flow cannot be neglected (see Section 4.4.3 for the effects of the approximation A7 = 1).
The observed structures become increasingly sharp at low temperature, where the difference between the
results obtained with and without rest function also becomes larger. On a quantitative level, the relative
error amounts to 5.2 % at T = 0.1, but does not exceed 2.1 % for T > (.2 in the reported momentum
and frequency ranges. The overall agreement in both panels of Fig. 4.1 is very good, demonstrating that
the contribution of the rest functions to the fermion-boson couplings is minimal in all channels for the
smallest fermionic frequency v = 7T

Next, the question is addressed whether this observation also holds for larger fermionic frequencies, see
Figure 4.2, where the focus is on the dominant magnetic channel. Equivalent plots for the superconducting
and density channel are provided in Appendix C.1. The results for the static (i.e. evaluated at = 0)
fermion-boson couplings at the different temperatures exhibit a moderate dependence on the fermionic
frequency v, featuring an overall slight suppression of the asymptotic value A" ~ 1. Such a reduction is
due to the metallic screening effects [75, 83] in the proximity of the Fermi level. This behavior is observed
also in the other channels, see Appendix C.1.

It may, therefore, be concluded that neglecting the rest functions leads to quantitatively marginal
differences in the fermion-boson couplings, for the considered parameter regime at half filling.

4.2.2 Susceptibilities

Next, the impact of the rest functions A" on numerical results for the susceptibilities x” is studied,
starting with their evolution with the temperature, displayed in the left column of Fig. 4.3 for U = 2.



40 CHAPTER 4. RESULTS FOR THE SBE SCHEME

—A— wo. M e 4] A wo M Va
1001 —v— with M A —v— with M /
S — /
= ' = f
= 0.751 - & 3 /
< X >;10"" S /
# —
= .50 ' AN S
2\/ 4 ‘ EX ///‘
= 0.25 1 * e
Rad ‘ +
01 e o ¢ 1 i
0.001 # a—
‘\\
\\
RS
\k\\
g,
Y
M
\‘\\
\\\
&
N
\
AN
N \l\\
\\t‘\\ g : P \\\\
O . . % &) \\\
% s V. e 8 ) ; \\\
Rl \\. " \\\‘\
019- T T T T T T T T T
0.1 0.2 0.3 0.4 0.0 0.5 1.0 1.5 2.0
T U

Figure 4.3: Magnetic xM(Q = 0,q = (7, 7)), density ¥2(Q = 0,q = (0,0)), and s-wave superconducting
static susceptibility y*“(Q = 0,q = (0,0)), as obtained from the SBE formulation of the fRG with and
without rest function at ¢ = 0 and g = 0. The data is presented as a function of T (left column, U = 2)
and a function of U (right panel, T' = 0.15). The relative difference A between results for different
temperatures with and without rest function displayed in the insets is below 1 %, except for T < 0.2 in
the magnetic channel. For the different U the relative difference between the results with and without
rest function is below 0.1 % in the density and 0.5 % in the superconducting channel, while it reaches
1.4 % in the magnetic one (for U = 2).

As for the previous figures, the static susceptibilities, evaluated at the relevant momentum values
q in the magnetic, density, and s-wave superconducting channels, are compared to the ones obtained
without the SBE rest functions M"”. From the relative difference shown in the insets it can be seen
that the contribution of the rest function increases with the inverse temperature. At the same time, the
absolute values are very small, leading to a marginal effect of the rest functions, except for the magnetic
susceptibility at 7' = 0.1. Note that in the density and superconducting channels the importance of
the rest function is significantly smaller than in the dominant magnetic channel. A similar behavior
is also observed for the interaction dependence of the susceptibilities, see right column of Fig. 4.3 and
Section 5.4.5. As expected, the contribution of the rest function increases with U, but remains marginal
in all channels for 7 > 0.1. Note also that the susceptibility of the dominant magnetic channel x™, which
is mostly driven by vertex corrections, significantly increases with the interaction. In contrast, the bubble
dominated subleading susceptibilities decrease with U, since the growing AF fluctuations lead to stronger
damping via the electronic self-energy. The increase at lower temperatures is due to the growing AF
fluctuations for the magnetic channel and a Fermi-liquid-like behavior for the subleading channels.

Next, attention is turned to the large contribution of the rest function obtained for the magnetic
channel at low temperatures, with a deviation of A > 50 % between the results with and without rest
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function. In the inverse susceptibility displayed in the upper left most panel of Fig. 4.3 this is not so
clearly visible because of the small absolute values. At the same time, the almost vanishing inverse
susceptibility at 7' = 0.1 indicates the proximity to a divergence in the magnetic channel'. The diverging
14 flow in correspondence of a finite temperature (or interaction) marks the pseudo-critical transition
towards a magnetic instability. Including higher loop orders within the multiloop fRG extension [17, 30,
84] would reduce the strong AF peak due to the stronger channel interference, see Fig. 5.6. In particular,
the resummation to infinite loop order in the parquet approximation would recover the Mermin-Wagner
theorem. Here, as at half filling, the observation holds that sizable differences for the computation with
and without the rest functions M" arise only in the dominant magnetic susceptibility close to the pseudo-
critical AF transition. Away from it, the tiny differences justify the approximation to neglect the rest
function.

The appearance of the pseudo-critical transition characteristic of the 1£ fRG approximation is further
illustrated in Fig. 4.4, more specifically in the inset of the panel reporting the magnetic susceptibility.
This figure shows the momentum dependence of the static magnetic, density, and s-wave superconducting
susceptibilities as obtained from the inversion of Eq. (3.9) for the screened interactions, for U = 2 and
different temperatures. The corresponding results for the frequency dependence are provided in Fig. 4.5.
The magnetic susceptibility exhibits a pronounced peak around momentum q = (7, 7), indicating strong
AF fluctuations. Except for xM(Q = 0,q) at T = 0.1, the results of the computation with and without
the rest function for the dominating magnetic channel, as well as for the subleading channels related
by x°“(Q2=0,q,Q) = x°(Q = 0,q+ (7,7)) at particle-hole symmetry, present an excellent quantitative
agreement, with the largest deviation in correspondence of the AF wave vector. The relative difference
for xM(q,0) is below 1 % (except for T = 0.1) and, as a consequence, the inclusion of the rest function
only sightly affects the pseudo-critical temperature [24]. For xP (2 =0, q) and x°¢(Q = 0,q), the relative
difference is even smaller, below 0.1 % for all values of the temperature.
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Figure 4.4: Magnetic YM(Q = 0,q), density x°(€ = 0,q), and s-wave superconducting x°“(Q = 0,q)
static susceptibilities for U = 2, and different values of the temperature (¢ = 0, x = 0). The results
for T'= 0.1 are shown in the insets. The relative differences between the results with and without rest
function is below 1 % (see also the insets of the left column of Fig. 4.3), with the exception of the magnetic
channel for 7' =0.1.

1To access temperatures below the pseudo-critical temperature, one needs to allow for the formation of an order parameter
in the system and therefore to include anomalous components of the vertices [36].



42 CHAPTER 4. RESULTS FOR THE SBE SCHEME

—A— T=02wo0 M —4— T=03w.0. M —A— T=04wo M
—v— T =0.2with M —v— T =0.3 with M —v— T =04 with M

—A— T =0.1w.o0. M
e v— T =0.1 with M

Figure 4.5: Bosonic frequency dependence of the magnetic ™ and superconducting x5“ susceptibilities
for the same parameters as in Fig. 4.1. The relative difference A between the results with and without
rest function does not exceed 0.8 %, except for the magnetic channel at T = 0.1, where A reaches 58 %.

T = 0.1 is very close to the pseudo-critical transition temperature. Note that the associated divergence
in the susceptibility is reflected in the corresponding screened interaction, but not in the fermion-boson
coupling, see Figs. 4.1 and 4.2. The multiboson exchange processes associated to spin fluctuations at low
temperatures, appear to induce only a marginal increase of the fermion-boson couplings. While the rest
function MM, too does not diverge (discussed in the following section), its influence on x™ may become
non-negligible, as close to the divergence w™ is very sensitive to small changes in A", see Eq. B.5.

4.2.3 Rest function

The upper panels of Fig. 4.18 show the fermionic frequency dependence of the rest functions A" evaluated
at the relevant q and Q = 0 for 7' = 0.15, as well as T" = 0.1 in proximity of the AF pseudo-critical transition.
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Figure 4.6: Rest functions for the magnetic MM(Q = 0,q = (7, 7),v,m = 0,0, m' = 0), density MP(Q =
0,q=(0,0),r,m =0,",m' = 0), and s-wave superconducting M“(Q = 0,q = (0,0),v,m = 0,v",m' = 0)
channels at T = 0.15 (upper panels) and T = 0.1 (lower panels), with n and n’ labeling the fermionic
Matsubara frequencies according to v() = (2n{) + 1)aT, for U =2, t' =0 and p = 0.
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It highlights a key feature of the rest function: its characteristic decay to zero at large frequencies
(which is particularly pronounced for larger values of the interaction [24]). This implies that the high-
frequency asymptotics of the two-particle vertex functions is fully captured by the screened interactions
w' and the fermion-boson couplings A".

Also this regime can thus be reliably described by the SBE scheme without rest function, which
significantly reduces the numerical effort of the fRG flow. For the considered parameter regime, the gain
in the run times for the computation without SBE rest function is (~ 3 -4 for T'= 0.1 — 0.15), but most
importantly the lower number of required momentum and frequency variables entails a better scaling.

Summarizing, it has been shown that in the SBE formulation of the fRG the contribution of the rest
function is marginal, as long as the 1£ flow does not diverge. In proximity of the divergence it becomes
relevant on a quantitative level, but does not qualitatively affect the physics. Thus, the U-reducible part
of the two-particle vertex captures the physically relevant information near the pseudo-critical transition.
The physical susceptibilities (as well as the self-energy, see following Section 4.2.4), can hence be reliably
determined by the flow of the screened interactions and fermion-boson couplings, without including the
rest function. This puts forward the SBE-based fRG as a computationally more efficient alternative to the
conventional fermionic description. In Section 4.3 the validity of this finding at finite doping is examined,
where superconducting correlations are expected to play a more prominent role.

Figure 4.18 illustrates a basic symmetry property of the rest functions, namely, the rest functions can
be decomposed as

MM q, k'Y =M""q,k k") + M " (q,k, k), (4.1)

with M+ =" being symmetric/antisymmetric with respect to the inversion of a single fermionic frequency,
ie.,

1
M*"(Q=0,q,1,k, 1) = 5 [M"(Q=0,q,,k 1) £ M"(2=0,q, -1, k,1/)]. (4.2)

In most situations, M7 is the dominant contribution, which is clearly the case for MM in Fig. 4.6.

4.2.4 Self-energy

The results for the self-energy, as obtained from the SBE formulation, are displayed in Fig. 4.7 for the
representative parameters of U = 2 and T = 0.15 at half filling. The frequency dependence of the imaginary
part presents a typical Fermi-liquid behavior at small frequencies, both at the node k = (7/2,7/2) in the
left and at the anti-node k = (7,0) in the right panel. For these parameters the resulting self-energy does
not develop a momentum-selective gap. The computation without rest functions M" almost perfectly
reproduces the full one including the rest function. The deviations of the order of a few per cent are
maximal for the lowest Matsubara frequency 2 = 7T and decrease for larger frequencies. On a quantitative
level, in the full Green’s function G(v, k) the differences between the computation with and without rest
function are almost negligible, due to the large v contribution of the bare Green’s function.
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Figure 4.7: Imaginary part of the self-energy 3(v, k) at the node k = (7/2,7/2) and anti-node k = (,0)
forU=2and T=0.15 (t' =0, p=0).

4.3 The SBE approximation at finite doping

In order to illustrate the validity of the SBE approximation in a physically more relevant parameter regime
than the perfectly particle-hole symmetric case, results at finite doping are presented. Specifically, a next-
nearest-neighbour hopping close to van Hove filling at p = 4’ (due to the flow of the self-energy, the initial
value of the chemical potential is renormalized during the flow), is considered for which the magnetic
fluctuations are expected to be suppressed in favor of superconducting correlations. These are taken into
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account by the flow of the d-wave components (and their interplay with the s-wave components) in the
different channels. As in Section 4.2, the effects of the rest functions on the fermion-boson couplings
and physical susceptibilities will be analysed, including also a comparison to the conventional fermionic
formulation.

4.3.1 Fermion-boson couplings

The results for the fermion-boson couplings in all relevant channels are shown in Figs. 4.8 and 4.9,
illustrating the (bosonic) momentum and frequency dependence of the real parts evaluated at the lowest
fermionic Matsubara frequency v = nT, for U = 2, t’ = -0.2, and different temperatures. The general
shapes in the magnetic, density and s-wave superconducting channels resemble those of Figs. 4.1 and 4.2
at half filling. For the momentum dependence, AM and AP are suppressed in correspondence with the
magnetic ordering wavevector q = (,7), whereas A\5%* falls off near the I'-point. For the frequency
dependence the reduction in the low-frequency regime results from the electronic screening. Lowering the
temperature, these features become sharper.

An important difference to the previous study at half filling consists in the finite d-wave component
A5G4 which exhibits a slight dip between the T'- and X-points (see Fig. 4.8). Further note that AS¢(Q,q =
0,v,n = d-wave) = 0 for all bosonic frequencies due to the vanishing of all mixed form-factor bubbles at
the T'-point in a framework involving only s- and d-wave form factors [85]. This can be understood
diagrammatically: the U-reducible part of the two-particle vertex in the d-wave superconducting channel
involves the product

(4.3)

between the fermion-boson coupling AS©¢ and the screened interaction wSC. Since the latter has only s-

wave components, all contributions to (4.3) contain mixed bubbles with at least one propagator connecting
different form factors, such as
d

d
where the form factor indices are indicated explicitly and the fermionic propagators G(v,k) are repre-

sented by solid lines. The reason why these mixed bubbles vanish exactly at the I-point (q = 0) can be
illustrated through the bare superconducting susceptibility

[, (2 @) =% [dkf (00 £ (G2 k)
xG(Q-v,q-k),

(4.5)

with m and n form factor indices. This simplest mixed bubble of interest for m = 0 and n = 1 # m reads
(for 2=0)

6]y, (2=0,q) = > fdk(cos(k:x) - cos(ky))G(v, k)

XG(_qu_k)v

(4.6)

where the s-wave fy(k) = 1 and d-wave fi(k) = cos(k;) — cos(ky) form factors have been inserted. At
q = 0 the momentum integral in Eq. (4.6) vanishes exactly. This reasoning can be straightforwardly
generalised to all mixed bubbles involving s- and d-wave form factors, such as that of Fig. (4.4).
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Concerning the contribution of the rest function to the results for the fermion-boson couplings at
finite doping, the relative difference between the results with and without rest function in the magnetic,
density, and s-wave superconducting channels is below 2.2 % in both Figs. 4.8 and 4.9. Because of the
zeros of Re{\5“}(Q = 0,q,v = 7T, n = d-wave), for the d-wave superconducting channel the absolute
difference is considered, which does not exceed 107 for all temperatures. Hence, the overall contribution
of the rest function to the fermion-boson couplings is still negligible in all channels.
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Figure 4.8: Momentum dependence of the static fermion-boson couplings for the magnetic \M(Q = 0,q,v =
7T,n = 0), density A\P(Q=0,q,v = 7T,n = s — wave), and both \3%*(Q =0,q,v = 7T, n = s — wave) and
N5C4(Q =0,q,v = 7T,n = d — wave) superconducting channel, as obtained from the SBE formulation of
the fRG with (blue symbols) and without rest function (red symbols), for U = 2, ¢ = 0.2, p = 4¢', and
different values of the temperature. At the end of the flow the filling equals 0.44 for all temperatures
(with 0.5 corresponding to half filling), with or without rest function.
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Figure 4.9: Frequency dependence of the fermion-boson couplings for the magnetic AM(Q,q = (7,7),v =
7T,n = 0), density AP(Q,q = (0,0),v = 7T, n = 0), and s-wave superconducting channel A3 _.(Q,q =
(0,0),v = 7T,n = 0) for the same parameters as in Fig. 4.8. Note that A3“(Q,q = (0,0),v = 7T,n =
d-wave) = 0.

4.3.2 Susceptibilities

Next, the physical susceptibilities are analysed. The results for the magnetic x™, density x*, and s-wave
superconducting x5©® static susceptibilities along the I-X-M-T" path in the Brillouin zone are shown in
Fig. 4.10, for the same parameters used for the fermion-boson couplings. The corresponding results for the
frequency dependent susceptibilities are provided in Fig 4.11. The AF peak in the magnetic susceptibility
appears reduced with respect to half filling, while the subleading density and s-wave superconducting
susceptibilities exhibit a rather weak momentum dependence. The agreement of the results with and
without rest function is also very good at finite doping (the deviations are below 1 % for all temperatures
considered here), justifying the application of the SBE approximation.
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Figure 4.10: Magnetic x™(Q = 0, q), density x°(€2 = 0,q), and s-wave superconducting static suscepti-
bility x5“*(2 = 0,q). The relative difference between the results with and without rest function is below
1 % for all temperatures in the magnetic, density, and s-wave superconducting channels. Data obtained
from the SBE formulation of the fRG with and without rest function, for the same parameters as in
Fig. 4.8.
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Figure 4.11: Bosonic frequency dependence of the magnetic ™ and superconducting x®¢ susceptibilities
for the same parameters as in Fig. 4.8. The relative difference between the results with and without rest
function is always below 4% in both the magnetic and s-wave superconducting channels.

The corresponding d-wave superconducting x°©¢ susceptibility displayed in Figure 4.12 cannot be

determined from the (s-wave) screened interaction as above and is obtained by postprocessing using
Eq. (5.1). Note that for the s-wave susceptibilities the differences to the postprocessing results that arise
at the 1¢ level are the same as the ones observed in the conventional fermionic fRG [30] (for details on
the (dis-)agreement of flowing and postprocessing results see Section 5.2). For the considered parameters
at U = 2 the d-wave superconducting susceptibility appears to be well described by the bare bubble
contribution yg, shown for the lowest temperature T = 0.2. Compared to the results from the full
computation, the vertex corrections turn out to be very small (and consequently also the ones due to
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inclusion of the rest function), with an appreciable contribution only around the I'-point. Moreover, the
absolute values of Y5©¢ are not very large with respect to the dominating magnetic channel of Fig. 4.10,

but the peak at q = (0,0) is expected to increase and become more pronounced for larger values of U,
as well as at lower temperatures. A detailed analysis of the vertex’ contribution to y
temperature dependence, is performed in Chapter 5.
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Figure 4.12: Momentum dependence of the d-wave superconducting susceptibility y>¢¢, determined from
postprocessing with and without rest function, for the same parameters as in Fig. 4.8. The relative differ-
ence between the results with and without rest function is below 1 % for all temperatures. Additionally,
results for the bare bubble contribution xq are provided for 7" = 0.2. There, the relative difference between
the full d-wave superconducting susceptibility and its bare bubble contribution reaches 5 % at the I'-point
(with or without rest function), which decreases for larger temperatures.

The small differences between the results with and without rest function in the d-wave superconducting
susceptibilities demonstrate that the SBE effective interactions correctly account for the vertex corrections
in this parameter regime. These can be inferred from the difference to the respective bubble contribution
Xo, reaching a relative difference of 15 % (13 %) at the I'-point for ¢’ = -0.2 (¢' = -0.25). In this parameter
regime the vertex corrections originate in the s-wave contributions. In fact, the computation with only
an s-wave form factor yields no visible difference in the results (Fig. 4.13).
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Figure 4.13: x" calculated with only s-wave (open circles) and s+ d-wave form factors (triangles), T =
0.2, =-0.2,U =3, = 0.8. x°%? ig calculated via postprocessing.

A more detailed analysis may be obtained from a fluctuation diagnostics [86, 87, 88], as performed in
Chapter 5. Finally, let it be remarked that, in contrast to the d-wave superconducting susceptibility, for
the magnetic susceptibility the vertex corrections dominate the physical behavior and exceed the bubble
contribution (see Section 5.3), by far.

Figure 4.20 shows the results for the most relevant magnetic and d-wave superconducting suscepti-
bilities as a function of momentum for U = 3 and, in addition to a next-nearest-neighbour hopping of
t' =-0.2, also for t' = —0.25 (at van Hove filling). Compared to the results for U = 2 (for ¢’ = -0.2), an
enhanced tendency towards magnetic ordering is detected. At the same time, changing the value of the
next-nearest-neighbour hopping to t' = —=0.25 induces a reduction of the AF peak. Also, a trend towards
an incommensurate peak is observed, as expected for larger dopings [36, 89, 90, 91]. In contrast, the
d-wave pairing susceptibility is almost invariant under these changes. The considered parameter regime
is still far away from any instability and the d-wave pairing susceptibility is expected to increase only at
lower temperatures (see Section 5.4 for a detailed analysis). Due to the increasing computational cost, the
superconducting transition temperature is currently not accessible. Including the flow of the fermionic
rest functions M" (for which the SBE approach is equivalent to the conventional fRG formalism based
on the 1PT vertex function), leads to slightly larger corrections as for U = 2, but still below 4 %.

It can thus be concluded that in the entire weak- to intermediate-coupling regime the susceptibilities
obtained without M" correctly describe the physical behavior, confirming the reliability of a description
in terms of the SBE effective interactions. On a practical level, this means that the momentum and
frequency dependence of the two-particle vertex can be efficiently parametrised by V", i.e., through the
screened interactions and fermion-boson couplings (with the exception of the pseudo-critical transition,
where the weak-coupling approximation breaks down and quantitatively accurate results are not feasible,
even by taking into account the rest function). Finally, the importance of the d-wave form factor is shown
in Fig. 4.14.
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Figure 4.15: Rest function M5¢(Q,q = (0,0),v,m = d-wave, ', m’ = d-wave) = ¢°4(Q,q = (0,0),v,m =
d-wave, ', m' = d-wave) in the d-wave pairing channel, with n and n’ labeling the fermionic Matsubara
frequencies according to v = (2n) + )T, for U = 2, t/ = -0.2, p = 4¢', and different choices of the
bosonic frequency €.
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Figure 4.14: Data obtained with only an s-wave form factor (circles) compared to s + d-wave (triangles)
at T =0.1,1' = -0.25,U =2, 1 = 0.8. The former overestimates the results compared to the latter. While
the relative difference § in the magnetic channel between results with and without rest function is <2 %
for the s + d-wave data, it increases to 14 % when using only an s-wave form factor.

4.3.3 Rest function

As discussed in the previous section (and in more detail in Section 5.4), a divergence of ¥ must be driven
by the value of ¢ at q = (0,0). As A3%? = 0 at this momentum vector, ®5%? = M54 whose momentum
dependence is displayed in Figs. 4.15 and 4.16 for U = 2 and U = 3 respectively. Unsurprisingly, as the rest
functions were already established to be negligible in this parameter regime in the previous sections, the
absolute values of M5“4 are vanishingly small, marking the regime as being far from a superconducting
phase. Note however, that the maximum does increase by an order of magnitude for U = 3 compared to
U = 2 hinting at the rest function possibly becoming relevant for larger couplings. Thus the validity of
the SBE approximation may be cast in physical language: as long as AF dominates over superconducting
tendencies (or indeed other ordering tendencies not well captured by single-boson exchange processes)
neglecting the rest function yields reliable results. However, to capture the competition between the
two in more challenging regimes, the multiboson processes are expected to become necessary even for
qualitatively correct data.

4.4 Comparison of approximations

4.4.1 SBE approximation versus neglecting the high-frequency asymptotics
rest function

The convenience of the SBE formulation also emerges from the direct comparison with data obtained from
the conventional fermionic fRG. Figure 4.17 provides the results for the leading magnetic susceptibility as
a function of both the (bosonic) momentum and frequency, for U = 2 and T = 0.15. At the maximum at
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Figure 4.16: Same as Fig. 4.15 with U = 3 instead. Note the increase of one order of magnitude in the
absolute values as compared to Fig. 4.15.

q = (m,7) and Q = 0, the relative difference between the results with and without rest function reported in
the insets is about 10 times smaller in the SBE decomposition with respect to the one in the conventional
fermionic formulation, while away from it, the contribution of both (SBE and conventional fermionic
fRG) rest functions rapidly decay. Both 1£ results agree exactly, confirming that the SBE algorithm was
implemented correctly and convergence in numerical parameters was reached in both cases. Away from
the AF-peak in momentum space and at finite bosonic frequencies all four agree very well, the differences
are concentrated on the AF-peak. In particular, the effect of the SBE rest function is marginal in the
whole momentum and frequency range, in contrast to the conventional fRG implementation. In the
following, an explanation for this discrepancy will be provided by comparing the respective rest functions
in detail.
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Figure 4.17: Bosonic momentum and frequency dependence of the magnetic susceptibility x™, as obtained
from the SBE and conventional fermionic fRG formulation with and without rest function, for U = 2 and
T =0.15 (' =0, p=0). The insets show the relative difference A between results with and without rest
function.
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Figure 4.18: Rest function MM(Q=0,q = (7, 7),v,m = 0,2/, m’ = 0) in the magnetic channel, as obtained
from the SBE (upper panels) and the Wentzell asymptotics [RG formulation (lower panels), with n and
n' labeling the fermionic Matsubara frequencies according to v) = (2n() + 12T, for U =2 and T = 0.1
and T'=0.15 (' =0, x = 0). Note that the SBE rest function almost vanishes in comparison.

Comparing the results for the SBE and the conventional fermionic decompositions in Fig. 4.18 a
marked difference in the absolute values of the rest functions becomes apparent. For T = 0.15 the SBE
rest function is almost an order of magnitude smaller, with M(Q = 0,q = (7, 7),,n = 0,",m = 0) «
R(Q=0,q=(m,7),v,n=0,,m=0) for the maximal values. As seen in Fig. 4.17, it is in fact essential
to include the contribution of the rest function in the conventional fermionic fRG, while in the SBE
formulation it leads only to minor corrections. This discrepancy is further enhanced as the temperature is
lowered down to T = 0.1, due to the dramatic increase of RM in proximity of the pseudo-critical transition.
In contrast, M™ is of the same order as for 7' = 0.15 (see Fig. 4.6). The difference between M™ and RM
can be traced back to the (magnetic) screened interaction: according to RM = (A\M - 1)wM(AM - 1) + MM
(see Eq. (3.17)), the increase of RM(Q = 0,q = (7,7),v,n = 0,1/, m = 0) is absorbed by its U-reducible
part, specifically by the growing screened interaction, while the SBE rest function stays small even in the
vicinity of the pseudo-critical transition. Figure 4.19 shows an example of such a U-reducible diagram of
the type (AM - D)wM(AM - 1) included in RM but not MM,

Figure 4.19: Example of a diagram included in R but not part of M.

Note that despite MM showing no sign of a divergence at T = 0.1 the results of the SBE approximation
are still quantitatively incorrect.
Calculating the susceptibilities via the postprocessing equation
M_ M, MM M
XM =xgt +xo VG (4.7)

shows that the direct contribution of the rest function is negligible, as the rest function contribution
to VM is vanishingly small. Close to the AF-divergence, feedback between different objects such as
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Figure 4.20: Magnetic x™(Q = 0,q) and d-wave superconducting static susceptibility ¥“¢(Q = 0,q),
including both the results obtained from the SBE and the conventional fermionic fRG formulation of the
fRG with and without rest function, for U = 3 and ' = —0.2 (left panels) and t' = —0.25 (right panels),
with g =4¢', and T = 0.2. At the end of the flow the filling equals 0.45 and 0.44 at ¢’ =-0.2 and ¢’ = -0.25
respectively, for both the SBE and conventional fermionic decompositions, with or without rest function.
Note that YM(Q = 0,q) is determined from the screened interaction, whereas ¥*“4(Q = 0,q) from
postprocessing. The relative difference between the data with and without rest function is always below
4 % for the SBE decomposition. For the conventional fermionic fRG, however, this relative difference
reaches 20 % (10 %) in the magnetic and 6 % (6 %) in the superconducting channel for ' = -0.2
(t' = -0.25). Results for the bare bubble contribution g to the susceptibilities are shown as well.

the self-energy and bosonic propagators becomes very strong and any slight changes to the algorithm
and approximations to the flow equations can cause different outcomes, indicating that the method is
approaching the edge of its applicable parameter regime. Even though the SBE approximation is not
applicable, if quantitatively correct results are needed in this regime, the SBE decomposition still has
the advantage as numerical convergence in frequencies of the rest function is faster than for the Wentzell
asymptotics rest function.

These observations are not limited to half filling: at finite doping, for U = 3 and different #'s, the
same picture emerges. While the SBE approximation gives quantitatively correct results away from the
AF divergence, neglecting the Wentzell rest function leads to qualitatively correct, but quantitatively
unreliable results.

4.4.2 SBEa versus SBEb approximation

As detailed in Section 3.3.3, neglecting the flow of the rest function after deriving the flow equations
(SBEa approximation) and setting the rest function to zero prior to deriving the flow equations (SBEb
approximation), though similar in spirit, are not equivalent. In Fig. 4.21 susceptibilities are compared
using the SBEa/b approximation and parquet decomposition based algorithm without the high-frequency
rest function. The SBEb approximation yields results that capture the correct qualitative behaviour, but
fails at a quantitative level. In fact the AF-peak is underestimated even more than when neglecting
R. While the SBEb could be seen as a first step beyond RPA towards SBEa, the data shows that it
underestimates rather than overestimates the AF-peak as both RPA and SBEa (though only slightly) do.
Without self-energy feedback, which makes the setup more comparable to RPA, SBEb yields lower peak
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values than both RPA and SBEa. Disentangling the exact effect of different types of diagrams is highly
challenging, due to the complex feedback between different quantities. This raises the question how the
SBEb multiloop AF-peak value compares to the SBEa multiloop and multiloop result including the rest
function. In particular, does the SBEDb also yield lower results at higher loop order (which would indicate
observance of the Mermin-Wagner theorem)?
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Figure 4.21: Bosonic momentum and frequency dependence of the magnetic susceptibility x™, as obtained
from the SBE with rest function, SBEa/b, and conventional fermionic {RG formulations with and without
rest function, for U =2 and T = 0.15 (' = 0, g = 0). The insets show the relative difference A between
results with and without rest function.

4.4.3 Neglecting the flow of the fermion-boson couplings

Setting the flow of the fermion-boson coupling to zero on top of neglecting the rest function results
in calculating only ladder diagrams for the single-boson propagator with the simplified flow equation
Eq. (3.37). Without the self-energy flow this would correspond to doing an RPA calculation.
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Figure 4.22: Magnetic ¥ (Q = 0, q), density xP(Q = 0,q), and s-wave superconducting x>“(2 = 0,q)
static susceptibilities, for U = 2 and T = 0.2 (t' = 0, p = 0), see also Fig. 4.4 for comparison. Data as
obtained from the SBE formulation of the fRG (with rest functions), where the flow of the fermion-
boson couplings has been discarded, i.e., by fixing A7 = 1 throughout the flow. The relative difference
between the results obtained with and without imposing this condition reaches 9 % in both the density
and superconducting channels, and 165 % in the magnetic one. Including the rest function does not alter
these findings.

A fermion-boson coupling fixed to 1 leads to an increased x"(€2 = 0), as in general A7(2 = 0) < 1,
which renormalizes w”(€ = 0). Results for x” with and without the flow of A7 are compared in Fig. 4.22.
Neglecting the flow of the fermion-boson coupling has a much stronger effect than neglecting the rest
function.
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4.5 Extended Hubbard model

In Section 3.5 we discussed how to apply the concept of the SBE to the extended Hubbard model
and its non-local interaction. Due to the favourable numerical scaling and physical insights into the
relevant collective excitations, the natural bosonization introduced in Section 3.5.2 was chosen for the
implementation.

First, the importance of the now non-trivial high-frequency asymptotics and rest function, as well as
the necessity of including the full first shell of form factors, are analysed in Section 4.5.1. Armed with
an understanding of which approximations are permissible first, data investigating the influence of the
non-local interaction V' on the physics at half filling are presented in the following Section 4.5.2.

4.5.1 Implementation and approximations

The increase in form factors that are necessary to include even the bare interaction correctly along
with the additional non-trivial high-frequency asymptotics, result in a drastic increase of run times.
Approximations are necessary to venture into the regions of parameter space of physical interest. In this
chapter several possible approximations resulting in reduced numerical effort are inspected and evaluated
based on the reduction of run times balanced against loss of accuracy. We perform this analysis at
U=2V=U/4,T =02 and p = 0> and use numerical parameters n = 6,k, = 12 and p,, according to
Table 4.1. As run times including high-frequency asymptotics and rest functions with the full first shell
of form factors are well beyond feasible (on the order of months), we test their relevance separately.
Neglecting the non-trivial high-frequency asymptotics in practice means using A7 = A% outside the
frequency box and setting M 17’/2 =17/  for all values.

Mixed bubbles

Bubbles IT; ;» with | # I” are referred to as 'mixed bubbles’ and are generally significantly smaller than their
counterparts with [ =’. This observation prompts a simplification of the flow of the bosonic propagator

@"(2,q) =w(Q,q) 3 A(Q,q, 0, DI(Q,q,v, 1L, T)A(Q,q,1,1)w(2,q) (4.8)
Vil

~w"(Q,q) Z A(Q,q,v, l)l;I”(Q7 q, v, L, D)N(Q,q,v,D)w"(£2,q), (4.9)
vl

which transforms the scaling of w" from quadratic to linear in the number of form factors. Figure 4.23
shows the minimal effect (< 0.1 % at T =0.2,U =2,V = U/4, half filling) this approximation has on the
results. The flow of the rest function, including the flow of its high-frequency asymptotics, as well as
the non-trivial high-frequency behaviour of \"7, have been neglected here. The fermion-boson couplings
are even less affected due to the approximation entering only indirectly (not shown). However, since the
approximation rests on a general observation on the properties of mixed bubbles, it is fair to assume that
the presence or absence of high-frequency asymptotics and rest functions cannot alter the validity of said
approximation notably. As a default going forward we use the data set labelled as [ =1’ in Fig. 4.23.

2At the end of the flow the doping is § ~ 4 % hole doping, due to the flow of RX.
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Figure 4.23: Bosonic propagator w" calculated with and without mixed bubbles. At T'=0.2,U =2,V =
U/4, half filling with a local and full first shell of form factors. The non-trivial high-frequency asymptotics
and the flow of the rest function are neglected.

Fermion-boson coupling high-frequency asymptotics \#sy™pPt

In the natural bosonization formulation non-trivial high-frequency behaviour of the fermion-boson cou-
plings arises as a consequence of moving parts of the bare interaction that depend on fermionic momenta
from the bosonic propagator to A" and M. The high-frequency asymptotics AN72¥™Pt A70 - and M) are
calculated in analogy to the fermionic high-frequency asymptotics of the two-particle reducible vertex
functions, as explained in Section 3.2.5. Fortunately, as Fig. 4.24 shows, the influence of \#Y™Pt on the
bosonic propagator is negligible (< 1 %) and even smaller (< 0.1 %) on A\]_y.ve itsell (Fig. 4.25, left panel).
For the non-local form factors of the first shell the relative difference in the fermion-boson coupling is
much larger (up to 15 %), however, in absolute terms A"(l > 0) <« A(s-wave) the difference is orders
of magnitude smaller. If w” and A\"(s-wave) are the objects of interest, the non-trivial high-frequency
asymptotics need not be included. For completeness the frequency dependence of A7, with and without
the inclusion of high-frequency asymptotics beyond A\»3Y™Pt = | ig reported in Appendix C.2. To avoid
repetition a thorough discussion of \*Y™P* and Fig. 4.25 is deferred to Section 4.5.1.
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Figure 4.24: Bosonic propagator w” calculated with and without high-frequency asymptotics A\25Y1pt,
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Figure 4.25: Fermion-boson coupling A" calculated with and without high-frequency asymptotics
)\n,asympt.

Rest function asymptotics M; and M;

To keep the run times to a reasonable length, the non-trivial high-frequency asymptotics of A7 are
neglected, and M) and M are treated individually. The influence of the high-frequency asymptotics
of the rest functions M and M. is shown in Fig. 4.26. The inclusion of the flow of M; and M. leads
to corrections of less than 1 %. Note that the initial value of M 1/2 =7 ., and thus the rest function

asymptotics are not small. However, their influence on w” and the s-wave component of \7(s-wave), is,
similar to A\"asympt,
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Figure 4.26: Rest function asymptotics M{ and M. . M1/2 =0 is equivalent to [ = I’ of Fig. 4.23. Note
that the rest function is also approximated by My, here at low frequencies.

Form factors

The greatest source of increased numerical effort of the extended compared to the local Hubbard model
is the jump from one form factor at half filling (two at higher dopings) to five in the extended model even
at half filling.
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Figure 4.27: Influence of form factors on w” and A"7. Results calculated with the full first shell (same
data as [ =1 of Fig. 4.23) are compared to different subsets of form factors.

Figure 4.27 compares the bosonic propagator and fermion-boson coupling calculated with only an
s-wave, s +d-wave, s+ d+ extended s-wave, and the full first shell of form factors. While five form factors
are necessary to expand I  without loss of information, Fig. 4.27 shows that a local form factor is
sufficient for qualitatively and also quantitatively accurate results at half filling.

This can be understood by examining the way Z; _ enters into the flow equations of M and @". The

ferm
flow of the bosonic propagator

w"(Q,q) =w"(Q,q) Z N(Q, q,v, DIT(Q, q, v, L, IN(Q, q, v, Dw"(Q,q),
vil’
being a purely bosonic quantity, favours s-wave quantities in two ways. Firstly, mixed bubbles (II}}, with
1 #1’) are small, suppressing most non s-wave contributions to w?. Figure 4.23 illustrates the negligible
effect of the approximation of I17(,1) = 0 in the flow of 1" (Eq. (4.9)). Secondly, A ave 18 of the order
of unity, whereas A is initialised to zero and remains orders of magnitude smaller throughout the flow.
Consequently, the non-local contributions w (€2, Q)A"(Q, q, v, DII"(Q, q, v, 1, DN(, q, v, ) w"(Q, q), that
are not suppressed by mixed bubbles, are instead rendered insignificant by )\7>0 ~ 0.
The same arguments can be applied to the flow of the fermion-boson coupling

).‘n(Qaqa Z/,TL) = Z )\W(Q’q’ Val)ﬁn(ﬂaqa V,alal,)IgBE(Qaqa Vallal/,an)' (410)

vl

Any contribution that is not N7(, q, v, s—wauve)ff7 (Q,q, V', s-wave, s-wave) L. (Q, q, v, s-wave, /', s-wave)
is suppressed either by a mixed bubble or A7(l > 0) «< A7(s-wave). Note that an s-wave only calculation
automatically excludes the calculation of the non-trivial asymptotics, as these occur only for non-local
form factors and Z™* = 0 in this case as Zgerm does not have an s-wave component.

In the light of the thought experiments of Chapter 2.1.3 about the influence of nearest-neighbour
interactions, these findings can be given a physical underpinning: The charge configuration is the one
directly affected by the introduction of non-locality into the bare interaction. Consequently, it is the s-
wave density susceptibility that exhibits the strongest dependence on V', mirroring the direct connection.
Susceptibilities of other channels and higher form factor quantities are mostly indirectly affected. This is
reflected by a bosonic bare interaction (initial value of w") that differs from the local model only in the
density channel. Taking a step back to the considerations of collective excitations, the findings can also
be interpreted as having successfully identified and appropriately handled the main ordering tendencies
in the bosonic propagators w”. It highlights how both the employment of form factors for the fermionic
momenta, as well as the single-boson exchange decomposition, serve not only to reduce numerical effort
but can also encourage physical insights by exposing which processes/diagrams matter and which do not.
Note that while the influence of the rest function on s-wave quantities remains small for the same reasons
as detailed above, the absolute value of A" may not in itself be small and could have a non-negligible
effect on X7>0, calculated from the vertex and bubble in a postprocessing procedure.
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SBE approximation

Finally, the validity of the SBE approximation, established in detail in Section 4.2, is confirmed in the
presence of a finite V in Fig. 4.28. The relative difference between the fermion-boson coupling A",
calculated with and without the flow of the rest function, is below 2 % in all channels including the
lowest temperature 7 = 0.1. The same holds for x5€ at all temperatures and xP'™ above T' = 0.1. At
T = 0.1 both the magnetic and charge channel are approaching a divergence and the relative difference
increases to 6 % and 8 % respectively, comparable to the behaviour in the local Hubbard model as shown
in Fig. 4.4. At finite frequencies the approximation holds likewise (not shown).
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Figure 4.28: x" (left panels) and A7 (right panels) calculated with and without the flow of the rest
function for various temperatures and same parameters as Fig. 4.23, except that only a local form factor
was employed.
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4.5.2 Results at half filling

After establishing an s-wave only calculation neglecting the non-trivial high-frequency asymptotics and
the flow of the rest functions as sufficient, the reduced run times allow for an investigation of the effect
the non-local interaction has on the physics at half filling.

Effect of V on SBE quantities

Figure 4.29 reports the evolution of A7 and w" with increasing V. The fermion-boson couplings are not
strongly affected by the non-local interaction strength V' and show no sign of divergence also for the largest
V = U/4 close to the divergence of the charge density wave. This observation is another confirmation
of the natural bosonization formulation: the fermion-boson couplings remain finite and undergo only
quantitative changes, whereas any divergence and qualitative change with V is observed only in w”
and x7. While AP and AM are slightly decreased with V', the opposite is true for the superconducting
channel. Though A5€ exhibits the strongest dependence on V, x5C shows little alteration. In xM and
xP the competition between AF and the charge density wave (CDW) can be observed. The increase
in charge ordering interferes with AF ordering and thus x™ is reduced with increasing V', whereas xP
increases. The growth is slow at first and ever more steep as the pseudo-critical transition is approached,
see Fig. 4.31.

The bosonic bare interaction P (q) = U + 4V (cos(gx) + cos(g,)) leads to a momentum dependent
initial value of wP. It is extremal at the M- and X- points of the BZ, with Z1 (q=(0,0)) = U + 8V and
IP (q = (m,m)) = U - 8V respectively. Along the magnetic zone boundary (defined by |k.|+ |k,| = 7),
which includes the X-points of the BZ, Z2 (q = (0,7)) = U reduces to the local bare interaction. At this
boundary the non-local part of Ik]?os(q) changes sign. In accordance, the V-dependence of xP is strongest
around the M-point, where it leads to an enhancement of the maximum and vanishes almost exactly
along the magnetic zone boundary. Outside, an increasing V results in a decrease of x?, which is most

pronounced at the I'-point.

Phase diagram

As discussed in Section 2.1.3 and shown in Section 4.5.2, in Fig. 4.29 an increasing nearest-neighbour
interaction enhances ", while simultaneously dampening x™. The interaction flow is most suited for
a sweep of the U — V' plane of parameter space, as the results of the intermediate solver steps at cutoff
parameter A are related to the physical system at U = (U and V = [?V. For details on the interaction flow
and relations linking the intermediate results to the corresponding physical systems, see Section 2.3.3.
Note, however, that the pseudo-critical transition is pushed to low coupling strengths compared to the
Q-flow. Figure 4.30 shows a phase diagram of the U —V Hubbard model at half filling for 7= 0.1. At half
filling, the energy cost per site of a perfectly even charge distribution in the atomic limit is [V, where [ is
the number of bonds per site, [ =4 in the case of a square lattice, and U is the average cost per site for a
charge density wave with g = (7, 7). In keeping with this simple picture, a crossover from the dominant
feature being x™(q = (7, 7)) to xP(q = (7, 7)) is observed for 4V > U [56]. Upon further increase of V
the density susceptibility diverges, indicating the onset of a strong tendency to CDW order, as the fRG
in the 1¢ approximation violates the Mermin Wagner theorem. Note that the competition between CDW
and AF ordering tendencies effectively slightly extends the weak coupling regime to higher U and V.
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Figure 4.30: Phase diagram of the extended Hubbard model at half filling and = 10, data obtained with
the interaction flow. Green indicates a dominance of xP(2 = 0,q = (7,7)), and blue of Y(Q =0,q =
(7, 7)), while the intensity of the colour reflects the height of the maximum. The white areas to the right
and at the top are areas of parameter space where the 1/ approximation yields a divergence. Note that
the contour lines’ rugged features are a result of lack of data points. The divergence occurs at lower U/V

compared to data obtained with the Q-flow.

Figure 4.31 shows how the maxima of xM, and the s+ d-wave components of x°¢ and P evolve
relative to one another with V. At V =0, xM is close to a divergence, all other susceptibilities are orders
of magnitude smaller. As V is increased xM decreases and xP increases, finally reversing roles around
4V |U = 1 before diverging at 4V /U = 1.1. While x5, s-wave increases with V, the opposite is true for
"¢, d-wave, however both remain an order of magnitude smaller than the maximum of x™ for all V.
The symmetry between xP(q = (7, 7)) and x°“(q = (0,0)) is broken at finite V.
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Figure 4.31: Maximum of yMs-wave, xPs + d-wave, and x°“s + d-wave over 4V /U at T =0.1,U = 2, =
0,t' =0, for data obtained with the Q-flow.
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5 Fluctuation diagnostics of the susceptibil-
ities

This chapter is dedicated to presenting the results to be published in [85]. After an introduction of the so-
called "postprocessing’ procedure in Section 5.1, an overview of the phase diagram at U = 3,t' = -0.15 and
B =15 is given in Section 5.2, followed by a detailed fluctuation diagnostic of the physical susceptibilities
M, x5C€, and xP in Sections 5.3, 5.4, and 5.5 respectively. The data was calculated using the Q-flow and

numerical parameters listed in Appendix D.1.

5.1 Postprocessing

The results of the flow used in this analysis are the self-energy X, the two-particle reducible vertices
¢" and susceptibilities x”. A multitude of physical observables can be calculated from the information
contained therein, such as the filling, double occupancy, correlation functions and lengths, and spectral
functions. A ’postprocessed’ susceptibility can be obtained by inserting the vertex V into the exact
equation !

X"(Q,q,k k") =Y 1I"(Q,q,v,k,X) + > I"(Q,q,v,k, p)V"(Q,q,v,p,v, pHI"(Q,q,, p’ k)

7
v,V

U
p,p

=x"0(Q,q,k, k) + [x"°V "] (2, q,k, k), (5.1)

with x"%(Q, q,k, k') = ¥, 11"(Q, q, v, k,k’). A comparison between the result of the flow for x, compared
to the result of the postprocessed X, gives insight into multiloop convergence, as for / — oo the two
methods yield the same results. At lower ¢ the derivative of x, and V" are incomplete, leading to
inconsistencies between the flow and postprocessed results. In addition, the postprocessing relation can
be employed to perform a fluctuation diagnostic and thereby trace the relative influence of the different
channels on features of x”7. The individual physical channels’ contribution to x” can be extracted by
inserting the parquet decomposition Eq. (2.19) into the postprocessing relation Eq. (5.1) and rewriting
it as

X" = Xn,O + Xn,O(bSCXn,O + %X”’Oq[)DXn’O _ ;XW’OQSMXWO + Xn,OUXmO_ (5_2)

This relation will be used extensively to shed light on the interplay between the channels.

5.2 Overview

An overview of the 2/ results for the static magnetic, density, and superconducting susceptibilities for the
representative parameters of U = 3, ¢ = —0.15, and 8 = 15 is shown in Fig. 5.1, reporting the evolution
of their maximal values with the doping ¢ = (1 —n), where n is the occupation number. The asymmetry
around half filling is a consequence of the finite next-nearest-neighbour hopping amplitude ¢’ breaking
particle-hole symmetry. The dominant susceptibility is the s-wave magnetic x™ one, for almost all dopings
except for very large values, where two-particle interaction effects play a vanishing role and the physics
is dominated by Fermi-liquid behavior. The maximum around half filling occurs in correspondence with
the AF wave vector q = (m, 7). Its height decreases with doping, leading to a damping at large dopings.

IThe result for x is only exact if the exact V is inserted.
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Figure 5.1: Maximal values of s- and d-wave magnetic Y™ (€ = 0, qmax ), density xP(Q = 0, dmax ), and
superconducting x*“(Q = 0, qmax) susceptibilities as obtained from the fRG in the 2/ truncation (by
postprocessing), for U = 3, t' = -0.15, and § = 15. We refer to the text for the definition of Q.. In the
magnetic channel, the value at q = (7, 7) is added (dashed line). Note the logarithmic scale, highlighting
the different orders of magnitude.

At the same time, xy™ eventually becomes incommensurate at around 10% hole and 20% electron doping,
as indicated by the departure of the solid from the dashed line (see also Fig. 5.2 discussed below). The
largest subleading susceptibility is d-wave x°“, followed by the other d-wave components " and yM,
while the s-wave x" and ™ appear to be much smaller. The considered parameter regime is still far
away from any superconducting instability and we expect the d-wave pairing susceptibility to increase
only at lower temperatures, see also discussion below.

The characteristic behavior along a path in the Brillouin zone is illustrated in Fig. 5.2 both around
half filling and at finite doping. Close to half filling, shown in the left panel, the dominant feature is
the AF peak of M at q = (7,7). The situation is more complex at finite doping, reported in the right

8 w w 2.0

0,9)

1 1.0

Figure 5.2: Susceptibilities of Fig. 5.1 along a path in the Brillouin zone, for § = 10% electron and 26%
hole doping on the left and right panel respectively.

panel: the AF peak splits and the maximum shifts to incommensurate wave vectors. At the same time,
d-wave ¥ is of the same order of magnitude at its maximum value in correspondence with q = (0,0).
In the following analysis quax refers to the wave vector where the susceptibility reaches its maximum
and, as such, depends on the channel and doping. In Fig. 5.3 we show the leading magnetic, density,
and superconducting susceptibilities of Fig. 5.2 along a path in the Brillouin zone for § = 1%. From
the bubble and vertex contributions for the different channels one can infer their importance in driving
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the respective susceptibilities. In particular, we observe that the maximal values are dominated by the
vertex in the magnetic channel, while the density and superconducting ones are determined mainly by
the bubble. Nevertheless, a relevant vertex contribution is detected, especially around half filling. A
more detailed analysis is presented in the sections on the fluctuation diagnostics. For completeness, the
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Figure 5.3: Susceptibilities of Fig. 5.1 along a path in the Brillouin zone, for § = 1% hole doping.

evolution of the Fermi surface, as extracted from the self-energy at the lowest Matsubara frequency, is
provided in Appendix D.2.

While the 2¢ computations are not converged in loop order, they include the first explicit correction
terms to the two-particle vertex flow [75, 92], extending the Katanin substitution. These correspond to
the first two diagrams of Fig. 2.6. On a qualitative level, the 2¢ fRG is correct up to O(U?), in contrast
to O(U?) of the conventional 1/ scheme. On a quantitative level, the 2¢ contributions are typically the
most important ones [72]. This is confirmed by the small deviations with respect to the results obtained
from the flow of the response function, reported in Fig. 5.4. Except for the region around half filling,
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Figure 5.4: Leading magnetic x5 (Q = 0, qumax ), density X2 (2 = 0, qmax), and superconducting x5 (2 =
0, dmax ) susceptibilities of Fig. 5.1, with comparison of the results obtained from the flow (lighter colors)
to the ones from postprocessing (darker colors).

we observe almost no differences with respect to the postprocessing data of Fig. 5.1. A more detailed
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analysis of the effects of higher loop orders is presented in Section 5.4.2.

In the following we will perform a fluctuation diagnostics and analyse the contribution of the different
channels to identify the dominant two-particle scattering processes controlling the physical response of
the system. We will also discuss the effects of higher loop orders and explore different parameter regimes.

5.3 Magnetic susceptibility

The s-wave component of M is the dominant susceptibility at half filling, exceeding the largest sublead-
ing susceptibilities by two orders of magnitudes (see Fig. 5.1). The pronounced peak around the Néel
wave vector q = (m,7) indicates strong AF fluctuations. At finite doping the absolute value decreases
considerably with §. We also observe that the wave vector qumax corresponding to the maximum becomes
incommensurate, as expected for larger dopings [36, 89, 90, 91]. At hole doping the associated maximal
value of Y™ exhibits a pronounced ”shoulder”.

In order to perform a fluctuation diagnostics for the s-wave magnetic susceptibility x™, and thereby
trace the driving contributions to the AF peak, we insert the self-energy and the two-particle vertex
obtained from the flow into the postprocessing Eq. (5.2) for n = M. Using the parquet decomposition for
the magnetic vertex in form factor expansion, yields

LA iy L %PPPF’L (@M - ®P) - prr-phgSC, (5.3)

As a consequence, there are two contributions of ®y: one originating from ®P" = —®M and the other
one from ®P" = - (<I>M - ‘I>D) /2, in which the projection from the particle-hole to the crossed particle-
hole notation used for VM leads to a different momentum and frequency dependence. Thus, the s-wave
magnetic susceptibility is composed of

X00(2a) =x00° (2, @) = [XMPUXM0] ) (2,q)
+ [MO@MMO] (2,q)
1 ‘)7
+ 5 [XM,OPph ph ((I>M _ ,I,D) XM,O]OO (Q’ q)

_ [XM,OPppaph(}SCXM,O:IOO (Q,9) , (5.4)
where X%’O(Q,q) = ¥, I} (Q,q,v) is the s-wave magnetic bare bubble. For this chapter the nota-

tion of form factor dependencies is changed from A(n,n’) to A,, and the expressions of the form
X" A" ] (Q,q) are to be read as ¥,/ 117, (Q,q,v) AL (g, v, )L, (2,q,v"). Bold symbols ®”

represents a 'form factor matrix’ with elélments [®"];; = <I>,:7j. The form factor sums run over s-wave
fn=0 = 1 and d-wave form factor f,-1 = cos(k;) — cos(ky). Equation (5.4) allows to determine the im-
portance of the different channels. As shown in Fig. 5.5, the static (s-wave) magnetic susceptibility x™
is driven by the vertex correction, in particular by the contribution of the crossed particle-hole channel
®M = —®?" and not by PPP=Ph@®M (in the figure we refer to them as ®M»P" and ®@MP" respectively).
In fact, in the projection from the particle-hole to the crossed particle-hole channel, only the momentum
average adds to the latter. All other contributions are negligible for the considered parameters of U = 3,
t'=-0.15, and 3 = 15.

The large AF fluctuations, which increase both with the interaction U and at lower temperatures,
originate in the ladder diagrams. This can be deduced from the comparison with RPA data? reported
in Fig. 5.6. The susceptibility obtained from the crossed particle-hole ladder of the RPA is drastically
lowered by the inclusion of the inter-channel feedback in the 1¢ fRG without self-energy. This trend is
enhanced with the inclusion of the self-energy and increasing loop order. It can be understood from a
diagrammatic point of view: the RPA includes only ladder diagrams yielding a magnetic susceptibility of
the form M/ (1 -U XM7O) which is prone to divergences. The 1¢ fRG, while still biased towards ladder
diagrams, also partially accounts for all other parquet diagrams. With increasing loop order this bias is
gradually lifted ® as diagrams of increasing order in U are fully included. For 2¢ they are accounted for

2RPA data is obtained by performing a 1¢ calculation without the flow of the self-energy and no inter-channel feedback.
3We note that the convergence towards the parquet approximation exhibits a characteristic oscillatory behavior in the
loop order [30, 84].
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correctly up to O(U?). Also the imaginary part of the self-energy plays a crucial role in renormalizing the
bubble contribution x™?°, in particular around half filling. In its evaluation with the Schwinger-Dyson
equation the self-energy itself appears to be controlled by AF fluctuations [70, 93].
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Figure 5.5: Fluctuation diagnostics for the s-wave magnetic susceptibility XON([)(Q =0,q) of Fig. 5.1, evalu-
ated both in correspondence with gmax (solid lines) and q = (7, 7) (dashed lines). The vertex corrections
dominate over the bare bubble and are determined essentially by the contribution from the crossed
particle-hole channel YM-0®M-Ph M0 whereas the one from the particle-hole channel M0 @®M:Phy M0 g
negligible. (The contributions from M@ M0 and yMOBP\MO are smaller than 0.01 and not re-
ported).

5.4 Superconducting susceptibility

In analogy to the analysis performed for the magnetic channel, the bubble and vertex contributions to the
s- and d-wave superconducting susceptibility x5¢ are determined. Inserting the parquet decomposition
of V5% into the postprocessing Eq. (5.2), we obtain

X (,q) =x3T (2, q) + [XFOATTHSO) (Q,q)
_ I:XSC,OPE%pp@MXSC,O:Ill (Q,q)

_ % [XSC,OPph%pp (q,M _ q,D) XSC,O]11 (Q, q)

+ [XSC,Oq)SCXSC,O]H (Q, q) ) (55)

The different contributions both for s- and d-wave superconducting susceptibilities, evaluated at the
maximum of 5% at quax = (0,0) and = 0, are displayed in Fig. 5.7 as a function of the doping, for the
reference parameters of Fig. 5.1. Comparing the overall values, the d-wave x°© clearly dominates over
the s-wave one. This is due to the cancellation between the s-wave bubble and the vertex contribution,
which is absent in the d-wave components. The latter will be discussed in detail in the following, through
an analysis of the terms in Eq. (5.5).

5.4.1 The d-wave bubble contribution to y5¢

For the considered parameters (U = 3, ¢/ = —0.15, and § = 15), the bare bubble is the dominating
contribution in the whole doping range. However, when the temperature is lowered, the growth of the
bubble is much slower than that of the vertex part (see left panel of Fig. 5.9). For large absolute values
of the doping |8], the large chemical potential |u| leads to a decrease of the Green’s functions, reflecting
the transition to an effectively ”uncorrelated” area of the phase diagram. The origin of the suppression
around half filling can be traced back to the renormalization of the self-energy. Specifically, the imaginary
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Figure 5.6: Magnetic x5 (€ = 0, Qmax) as obtained from RPA and the fRG in the 14 truncation (neglecting
the self-energy flow), for the same parameters as in Fig. 5.1, but for 8 = 10, since for lower temperatures
both RPA and 14 fRG without self-energy flow do not converge. For comparison, data with self-energy
are also shown for 14 and 2¢. Finally 'multiloop’ labels 8¢ data sets with five self-energy iterations as a
converged benchmark.

part of the self-energy becomes large close to half filling. Without self-energy feedback the bubble has
a single broad maximum around ¢ = 10% as shown in Fig. 5.8. Performing a fluctuation diagnostics in
analogy to the susceptibilities, the imaginary part can be split into the individual contributions according
to the parquet equation. The insets in Fig. 5.8 show the imaginary part of the magnetic contribution
IHEMYM(k = (7/2,7/2),v) = I{ [ -2®MCGGGU}(k = (n/2,7/2),v) and the sum of the other components.
©M depends strongly on doping, in contrast to the other contributions, which remain almost constant.

5.4.2 The vertex corrections yS¢.0VSCySC0

At lower temperatures the vertex term increases in importance whereas the bubble growth stagnates, see
left panel of Fig. 5.9. Since any divergence must ultimately be vertex, not bubble, driven we now examine
the vertex part in more detail. The doping dependence of the bubble translates to the vertex part, as this
congsists of a matrix-like product in form factors with a convolution in frequency space of two bare bubbles
and the vertex itself, see Eq. (5.5), so the presence of the same double dome structure in the vertex part
is not surprising. The largest contribution to the d-wave vertex correction [x5“0V5¢y5¢0] ; comes from
&M followed by ®°¢ and ®P, see bottom right panel of Fig. 5.7. Interestingly, [x5© 0 PPhPP @D SC0] ) »
[x5C0PPhoPP @l 15907, even though ®F) « ®F due to the projection from the ph to the pp channel.
While the bare interaction U is not small itself the mixed s- and d-wave bubbles in

DECOUXE] L () = 3 TG (R, q, »)UTIRT (2, q,07) (5.6)

I
v,V

vanish for g = (0,0), see Section 4.3.1. Both [x5“0®My5¢07;, and [x5©®5¢\5%:0],; increase when
lowering the temperature but the growth is strongest for the latter and by 8 = 40 they are of the same
order of magnitude.

To investigate the influence the magnetic channel in general, and the AF peak in particular, have on the
maximum of the d-wave superconducting susceptibility 5% (€2, q), we analyse % [XSC’()@M XSC’O]l L (Q2,q)
analytically. The full derivation can be found in Appendix D.3.1 and yields

3
5 [XSC7O¢MXSC7O]11 (Q = Oa q) ~ Z H?lc(ﬂ = Oa q, V)H§IC(Q = Oa q, V,)

r
v,V

L dp (=5 cospa b cosp,) = (€05 (e = 42) +c05 (0 = ) ) @~ + /). p. (v = V)2, (0 = ) 2).
(5.7)
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Figure 5.7: Fluctuation diagnostics of the superconducting susceptibility x5(Q = 0,qmax = (0,0)) of
Fig. 5.1, both for the s- and d-wave components (left and right panels respectively). Note that although
the absolute values of the different d-wave contributions are smaller than the respective s-wave ones, they
add up. In contrast, the negative sign of several s-wave contributions leads to a partial cancellation.

The bubble TI5{ reaches its maximum at q = (0,0), independent of doping. In the region where commen-
surate AF dominates ®}1(p) has its maximum at p = (7, 7), but moves to (7 - §,7) for larger dopings.
It is weighted by the factor -£(cospg + cospy) -(cos (pz-¢z) + cos (py-qy)), which stems from form factor
projections PP"~PP and PP"~PP between the channels. In the AF region the maximum of the bubble
at q = (0,0) and the maximum of ®}f at p = (7, 7) coincide with the maximum of the weight origi-
nating in the projections. When moving to larger dopings, into the incommensurate region, this is no
longer the case. The maximum of the bubble remains at q = (0,0), but the maximum of ®}) moves to
p = (7w, 7~48), so now the weight coming from the projection matrix’s PP*~PP maximum no longer favours
the maximum of <I)ON([) and the projection matrix’s PP"~PP maximum can only favour either the maximum
of the bubble or the incommensurate wave vector. In the case of max(®}) >» max(I[§¥) the maximum
of 3 [XSCV()@MXSC’O]H (2, q) could shift away from q = (0,0), something we have, however, not observed
for any of the parameter combinations surveyed in this work. Thus, even where the maximum of <I)ON([) is
incommensurate, the commensurate fluctuations are still favoured by the channel projection. Note that
for g = (0,0) both [Pph”pp‘iM]H and [Pph”pp‘iM]H contribute the same weight, so here it makes sense

to combine the two in the fluctuation diagnostic of 3¢, as we have done. Thus for large dopings not
only is the bubble as well as the maximum of <I)ON([) reduced, but they also do not combine together as
optimally as in the region of the phase diagram, where the AF wave vector is commensurate.

Around half filling the AF fluctuations are commensurate and strongest in size. However, in this
same region the bubble is suppressed. Put together, the influences of the bubble and AF fluctuations
lead to a double dome structure qualitatively similar to the bubble. The decline is, however, faster and
steeper at larger dopings owing to the decreasing, and less favoured, incommensurate fluctuations and a
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Figure 5.8: Bubble contribution Xflc ’O(Q =0,q = (0,0)) to the d-wave superconducting susceptibility

shown in Fig. 5.7, where the results obtained by using the bare Green’s function (dotted line) are compared
to the ones of the full Green’s function (dashed line) including the self-energy. The insets show the
imaginary part of ™ and the sum of the other contributions to the self-energy for three representative
dopings 3 - M.

less pronounced dip at half filling where the decrease originating in the bubble is reduced in severity by
the strong maximum of ®}j. While presenting as competing influences to % [XSC’()@MXSC’O]H (2=0,q),
here they are at the same time entangled via a feedback loop between <I)OM0 and Im{>}, as discussed in
the previous section.

The next largest contribution to the vertex part is [XSC’()@SCXSC’O]H (2 = 0,q), the contribution
of ®5C itself to x°“. While (I)goc’ which includes the pp-ladder diagrams, is much larger throughout all
dopings than @5 the vanishing mixed s- and d-wave bubble means that the former does not enter into
[XSC’()@SCXSC’O]H at all for Qmax = (0,0). The only diagrams that have a d-wave component are those
where neither the two incoming nor the two outgoing legs respectively combine into a purely local bare
vertex, which coincides exactly with those included in M5¢ [78]. The lowest order diagram fulfilling these
criteria (shown in Fig. 5.10) is of 4*" order in U and not completely included in the 1/ approximation
where only the Green’s functions belonging to the pp-bubble are replaced by their derivative. As part of
the 2¢ corrections the other Green’s functions that are part of ph-bubbles also undergo derivation.

5.4.3 Multiloop effects

We proceed by investigating the effect of higher loop orders on the different contributions to the d-wave
x>¢. The results are reported in the right panel of Fig. 5.9. In the analysis of the magnetic susceptibility
we saw that multiloop corrections (as well as the self-energy feedback) quench the effect of the ladder
diagrams in the ph-channel, suppressing the tendency towards a magnetic instability. For the d-wave
superconducting ¥ we find the opposite behavior: removing the bias towards ladder diagrams in the
multiloop scheme leads to an increase of ¥°©. All contributions present a distinct enhancement from the
1¢ (also with Katanin substitution) to the 2¢ results, followed by a saturation for higher loop orders. This
behavior confirms the 2¢ approximation to be an optimal compromise between quantitative accuracy at
loop convergence and reduced numerical effort, besides being correct up to O(U?).

By far the largest relative increase occurs in the ®5¢ component which more than doubles between
the Katanin approximation and the 2¢ result (see also discussion above). Though its share in the sum is
modest for the considered parameters, in particular when compared to its counterpart in the magnetic
channel, it increases rapidly with S as shown in the left panel of Fig. 5.9. Their analytic expressions for
the lowest order diagrams q = (0,0) are derived in Appendix D.3.2.
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Figure 5.9: Contributions to the d-wave superconducting susceptibility y*“(Q =0,q = (0,0)) of Fig. 5.7,
for § = 21.5 over temperature in the left panel and multiloop order in the right panel. Note that the
Katanin substitution is added as 1.5/.
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Figure 5.10: The diagram on the left is included in derivative with the 1 truncation, whereas the right
hand diagram is introduced only at the 2¢ level.

5.4.4 Fluctuation diagnostic in terms of bosonic fluctuations

Rather than performing a fluctuation diagnostic based on the parquet decomposition, it can be based on
the exchange of bosonic fluctuations of the SBE formalism [78]. Here, instead of inserting the individual
channel components of the full vertex separately into our postprocessing relation for the susceptibility,
see Eq. 5.2, vertex corrections of the d—wave superconducting susceptibility may be calculated from a
series of boson exchanges [24]. The single-boson exchange processes are

— 1 — 3
|:XSC70 (Pph%pva 2Pph pva) XSC,O]ll N 5 I:XSC,Oq)V XSC,O]ll (58&)
1 N 1
5 [XSC,OPph PPVDX8070]11 Ni I:XSC,O¢DX5070]11 , (58b)

and the difference lies in the SBE rest function.
In the SBE framework the multiboson exchange processes are gathered into M®®. As discussed in
Section 4.3.3, ®5¢(Q,q = (0,0),v,v") = M5Y(Q,q = (0,0),v,v") and thus for g = (0,0)

3 s T
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1
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1
_931
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[Xsc,opph»ppVDXSC,oPph»ppVMXSC,O]11

SC,0 SC ., SC,0 SC,04/S5C . SC,0
M0 PN

11 - [X (5.9)

This alternative decomposition is illustrated diagrammatically in Fig. 5.11, the results for the correspond-
ing fluctuation diagnostics together with a comparison to the previous data are displayed in Fig. 5.12.

N[X 11"
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Figure 5.11: Bosonic fluctuation contributions to the d-wave superconducting susceptibility, where the
dashed and dotted lines represent s-wave magnetic and density fluctuations V™ and v respectively. The
first and second term corresponds to Eq. (5.8a) and Eq. (5.8b) respectively, while the sum of the remaining
diagrams represent the multiboson exchange processes of [XSC’OM SCXSC’O]H, given in Eq. (5.9).
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Figure 5.12: Fluctuation diagnostics based on single and multiboson processes. The SBE based fluctuation
diagnostics is compared to the parquet based in the left panel. In the right panel [XSCVOMSCXSCVO]H is
broken down into the different two-boson contributions.

As we do not have direct access to VM/P within the parquet decomposition, we construct them from

the high-frequency asymptotics (see Eq. 3.17). The contribution of the magnetic channel encoded in
vM is in qualitative agreement with the contribution of ®M. The quantitative differences are due to
the effect of the SBE rest function, which is most pronounced in the leading channel as discussed in
Section 4.3. In fact, it does not affect the contribution of VP that agrees very well with the one of ®P for
all dopings. For the contributions to ®5¢ we focus on the two-boson processes for simplicity, since higher
order multiboson diagrams are not fully included at the 2/ level. In Fig. 5.12 the results for the sum
of the two-boson exchange processes reproduce the contribution of ®5¢ fairly well. This allows for the
inclusion of multiboson exchanges in the postprocessing of ¥°¢ even when the flow of the rest function
is neglected. We finally note that the magnetic and density fluctuations have opposite signs: while the
magnetic fluctuations enhance the d-wave superconducting susceptibility, the density ones reduce it (see
also the negative contribution of ®° in Fig. 5.7). Similarly, the multiboson contributions including an
odd number of density bosons are negative as shown in the right panel of Fig. 5.12. This alternative
decomposition hence offers a physically intuitive interpretation of the underlying fluctuations.

5.4.5 Role of U and ¢/

We now explore the role of the parameters U and ¢', which have been fixed for the previous analysis. In
Fig. 5.13 we present a fluctuation diagnostics for § = 21.5%, where x®¢ reaches its maximum for 3 = 15.
For smaller values of the interaction, a qualitatively different picture with respect to the default U = 3
emerges: x> is larger but entirely bubble driven, while the vertex corrections are almost negligible due
to lack of AF fluctuations. For the same reason, the bubble itself is larger due to the reduced self-energy
corrections. As a consequence, the dome structure is absent at weak coupling. It is, as of yet, unclear
whether a minimal U is required to observe the behaviour detailed above, or if simply lower temperatures
are necessary to see it in this case. As the interaction strength is increased, <I)ON([) grows and with it the
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vertex as well as the self-energy, which in turn dampens the bubble, thus inducing a more correlated
regime by U =3.

The left panel of Fig. 5.14 shows the result for different values of ¢ for the same doping and U =
3 (8 = 15). With increasing nearest-neighbour hopping amplitudes, the growing asymmetry leads to
an enhancement of the dome at hole doping and to a suppression of the one in the electron-doped
regime. However, the overall doping dependence of the different components turns out to be rather weak.
Concerning the behavior as a function displayed in the right panel of Fig. 5.14, the maxima of both bubble
and vertex contribution to the superconducting susceptibility shift to larger values with increasing |¢'].
This effect is more pronounced for the bubble, whose maximum increases with [¢'|, whereas the one of
the vertex exhibits the largest value for ¢’ = 0.
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Figure 5.13: Dependence on the interaction strength U of the different contributions to the d-wave
superconducting susceptibility x5¢(q = (0,0),iw = 0) of Fig. 5.7, for § = 21.5. The vertex contributions
are shown in the left, the bubble and vertex corrections in the right panel, where the data for the magnetic
susceptibility are reported for comparison.

We note that a large ¢’ hopping amplitude of O(1) effectively alters the lattice geometry, leading to
frustration that dampens the AF peak as well as all other susceptibilities. The optimal doping is hence
determined by the maxima of both contributions being as close as possible in doping, and their sum (of
the decreasing vertex and increasing bubble) being maximal. We note that these effects are very small on
a quantitative level, as observed in Fig. 5.14. This also means that the reported results for the considered
parameters are generic.

5.4.6 Summary: What drives superconductivity?

While the divergence of the magnetic channel can easily be traced to ladder diagrams and nesting of the
Fermi surface, the picture is much more complex for the (d-wave) superconducting channel, characterized
by a subtle interplay between various competing effects. In the following we will summarize the physical
picture resulting from our detailed analysis.

A first prerequisite for substantial vertex corrections in the superconducting susceptibility are strong
AF fluctuations. These are generated for sufficiently strong interactions. In addition, both the doping
and the nearest-neighbour hopping amplitude has to be sufficiently small, since they suppress the AF
fluctuations. We now discuss the interaction effects in more detail, considering the various components
contributing to the susceptibility as introduced in the fluctuation diagnostics and the self-energy.

We saw that feedback of its imaginary part to ®™ leads to a double dome structure with a local min-
imum close to half filling. Hence, the large AF fluctuations around half filling drive both the importance
of the magnetic channel in the vertex corrections and the screening induced by the self-energy. Another
relevant mechanism is provided by the interplay between the magnetic, density, and superconducting
channels and their mutual feedback: a large <I)ON([) enhances the other channels, whose feedback, on the
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Figure 5.14: Contributions to the d-wave superconducting susceptibility x®“(€2 = 0,q = (0,0)) of Fig. 5.7,
for § = 21.5 over the next-nearest-neighbour hopping parameter t’.

other hand, controls the divergent tendencies of ph-ladders.

With increasing multiloop order <I)ON([) is renormalized, while the other d-wave channels and in partic-
ular the superconducting one, gain in importance as they rely on the input from other channels. The
individual components of the susceptibility are influenced to varying degrees by the different mechanisms
and physical parameters, such as temperature, doping, interaction strength, and next-nearest-neighbour
hopping amplitudes.

5.5 Density susceptibility

For completeness, we briefly also discuss the results for the fluctuation diagnostics of the d-wave density
susceptibility, shown in Fig. 5.15 for the same parameters as in Fig. 5.1. For xP significant vertex
contributions are observed only around half filling for the d-wave component. In contrast, the s-wave
components (see first and second rows of Fig. 5.15) of the bubble and vertex corrections are of a similar size
but opposing sign. Their mutual cancellation leads to a very small overall s-wave density susceptibility
XoDo with little dependence on §, a behavior similar to the superconducting one discussed in the previous
section. We also note that the wave vector corresponding to the maximal value shifts from q = (7, 7)
around half filling to incommensurate values at finite doping (shown in Fig. 5.3). Finally, we also consider
the charge ordering, i.e., the charge density wave susceptibility at q = (0,0). This can be directly related
to the (s-wave) charge compressibility & = 4xP. The results are displayed in the bottom panels of Fig. 5.15.
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Figure 5.15: Fluctuation diagnostics of the density susceptibility xP(€Q = 0, qmax ) of Fig. 5.1, both for the
s- and d-wave components (left and right panels respectively). Note that although the absolute values
of the different d-wave contributions are smaller than the respective s-wave ones, they add up instead.
In contrast, the negative sign of several s-wave contributions leads to a partial cancellation. The two
bottom panels show the compressibility x = 4xP (2 = 0,q = (0,0)).
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6 Conclusions and Outlook

We have introduced the SBE formalism which splits the two-particle reducible vertices into single- and
multiboson exchange processes and performed a detailed analysis of the advantages arising from bosoniz-
ing the two-particle reducible vertices in this way. In particular, we applied to the fRG for strongly
correlated electron systems.

The fRG has proven to be particularly versatile in the way the SBE may be applied, leading to
powerful new approximation schemes. Neglecting the flow of the rest function after deriving the flow
equations was demonstrated to have a negligible effect on physical observables at the 1/ level, while
resulting in a substantial reduction of the numerical effort in the weak coupling regime both at half
filling and finite doping. We note that this approximation is not accessible in inherently self-consistent
methods such as the parquet approximation. At larger couplings and lower temperatures, where the d-
wave pairing correlations are expected to become relevant, the rest function should, however, be included.
Additionally, the divergent behavior arising in proximity of the pseudo-critical temperature affects only
the bosonic propagator, while the fermion-boson couplings and the rest functions, which depend on more
frequency and momentum variables, remain finite. In contrast, in the conventional fermionic formulation
of the fRG with high-frequency asymptotics all objects of a given channel grow very large in the RG flow
by approaching the pseudo-critical instability.

On top of the algorithmic advantages, the classification of diagrams into a bosonic propagator, a
fermion-boson coupling, and multiboson rest functions facilitates a deeper physical understanding of the
two-particle vertex. The high-frequency behaviour is easily accessible and the relative importance of
single- versus multiboson processes is highlighted. Moreover, the characteristic picture of bosons medi-
ating effective interactions offers not only interpretative advantages for identifying the relevant degrees
of freedom, but remains valid even at strong coupling [19, 94] and the close connection between w and x
allows direct access to physical observables.

Likewise, prior knowledge about the dominant collective excitations can be used to devise optimal
approximations, as developed for the extended Hubbard model and its algorithmic implementation. By
modifying the notion of bare interaction reducibility a handy computation scheme has been derived for the
extension to nearest neighbour interactions, which does not increase the numerical effort compared to the
conventional Hubbard model. Data obtained with and without accounting for the fermionic momentum
dependence of the bare vertex and non-trivial high-frequency behaviour of the rest function and fermion-
boson couplings were demonstrated to be in quantitative agreement. The SBE approximation was also
confirmed to be applicable, which allowed us to perform numerically feasible scans of parameter space of
the extended Hubbard model. Additionally, this scheme requires very little modification with respect to
an existing implementation of the local Hubbard model. The reported flow equations for the multiloop
extension of the fRG are applicable to the local and non-local Hubbard model alike. The same options
of treating (or neglecting) the rest function, discussed in detail in the 1¢ analysis, are also available at
the multiloop level.

In addition to the multiloop corrections for the two-particle vertex, the flow equations for the self-
energy has to be modified in the TUfRG in order to correctly account for the form factor projections
and hence to recover the parquet approximation at loop convergence. To develop the TUfRG into a
quantitative method the derivative of the SDE is used to replace the conventional self-energy flow equation
[17]. Inserting the vertex expressed in SBE quantities (instead of two-particle reducible vertices) into the
SDE flow equation is possible, however, a simpler expression for the SDE equation more natural to the
SBE formalism is derived and its advantages discussed. In particular, the natural expression may also
be directly employed for the extended Hubbard model, whereas the conventional formulation of the SDE
was shown to be ill-suited to this case. Its effect in the different parameter regimes has to be further
analysed in subsequent studies.
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In summary, the SBE offers an intuitive connection to physical observables, reduced numerical effort,
and a simplified implementation for the self-energy flow with the SDE, which allows for the extension
to non-local interactions. These improvements could make quantitative fRG results available within
reasonable run times. A promising alternative to the multiloop extensions is obtained by taking the
derivatives of self-consistent equations for the bosonic propagator, the fermion-boson coupling, and the
rest function directly, without their expansion in loop orders (see also [28, 79]). Whether the inclusion
of the rest function is necessary to recover the Mermin Wagner theorem, remains an open question.

The SBE formulation paves a promising route for the combination with the dynamical mean-field the-
ory (DMFT) [12, 95] in the so-called DMF?RG [96, 97]. This would allow to access the non-perturbative
regime on a quantitative level. Further, the SBE formulation offers the possibility to study mixed boson-
fermion systems in presence of additional bosonic fields. Another promising future direction is the com-
bination with recent advancements in the description of symmetry-broken phases [91, 98, 99, 100].

In the second part of the thesis, the magnetic, density, and superconducting pairing susceptibilities
of the two-dimensional Hubbard model at weak coupling were calculated by using a fully frequency and
momentum dependent fRG at the two-loop truncation level, which takes into account all channels in an
unbiased way. Analysing the different fluctuation channels and their impact on the observed physical
behavior, their evolution with temperature, interaction strength, and loop order was investigated, both
in the electron as well as in the hole doped regime. A fluctuation diagnostic was performed by splitting
the susceptibilities into the contribution from the various two-particle reducible vertices as well as a bare
bubble contribution. This allows for a detailed study of the interplay between the channels. In particular,
the impact of vertex corrections on both s- and d-wave components was determined and relevant normal-
ization effects were identified. The performed fluctuation diagnostics allowed us to trace the influence of
anti-ferromagnetic fluctuations on the d-wave superconductivity and provide an analytical understanding
for the observed behavior. Finally, a connection is made to the SBE formalism, in particular the role of
single- versus multiboson exchange processes.

Despite the consensus on the general phase diagram of the Hubbard model, many open challenges
remain such as the determination of the precise location of phase boundaries and, in particular, the
parameter region with d-wave superconductivity. The physics of models with more orbitals and/or longer
ranged interactions remains largely unexplored with accurate methods, and reliable algorithms are yet
to be developed. Using the implementation of the extended Hubbard model introduced here serves as a
first step towards tackling nearest-neighbour interactions and longer ranged interactions may easily be
added and/or applied to lattice geometries other than the square lattice. Such methods will be essential
to connect calculations on the single-band model to multi-band Hubbard models and electronic structure
Hamiltonians without resorting to crude downfolding techniques. Recent years have seen a rapid progress
in this direction [10]. Nevertheless, the development of new, generally applicable numerical techniques
which overcome the shortcomings of existing methods remains the most urgent need for addressing the
open issues.



A Supplementary material: Model and Method

A.1 TUfRG: Form factors and channel projections

Throughout this appendix ®,,/(Q,q,v,v") and ®(Q,q,v,n,v’,n’) are used interchangeably. The former
serves to highlight the form factor arguments, where they are the main focus.

A.1.1 Projection matrices

Translating two-particle vertex-like quantities such as ®, M or V from one diagrammatic channel 7 to

another 7’ is achieved with the help of the so-called "projection matrices’ A", (1, q):
’ ’ 1 ’ ~ ~
P, (Q,q,v,n,v ") = P [07)(Q, q,v,n,0 n') = s > A (LA)@L(Q L 7m, v m)
m,m’,1

projects <I>;' in 7’ notation to @7, in r notation. The frequency arguments Q, 7 and v’ are chosen shifted
(see Section 2.3.4), such that entering them in <I);' will yield the same result as entering €, and v/ in
7.
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APPRR (L) = Y eMBrRHaR fyR LR fu (R - Ra) fr(Ra) fr (R2)

n,n’,m,m
R,R1,Rz2
ﬁ - ph

o = PP QPR (Q, g, 1m0 )

1 oh — 9] r_ 9] r_
:m m;l71AZ7ﬁeﬁn,m/(l,q)®§h (V’ — V,LV — lEJ + {TJJW% l/, + IVE“ + ’rl/ B V“gm')

APeh (Lg)= Y. MR po Ry Ry~ R) o (-R) fin (R1) f (R2)

n,n’,m,m
R.Ri,R2

pp — ph

<I)£7h :Ppp”pih[q)gp](ﬁ, q,v,n,v',n'")

1 PR
) > Afff?m,mf(l, q) -
m,m/ 1
! A
P u+u'+Q%2+1,l,u—{9J— v+ + Q%2+ 1 7m7V'—[QJ— v+ + Q%2 +1 -
2 2 2 2
Areh @)= Y eRTRP(R R fu (-R+ R2) frn(R1) o (R2)
R,R1,R2
ph — ph

o2k = PP GPh(Q, g, v, v 0

1 h.ph wl Q v -v , [Q v -v ,
:@ Z Afz,nl’),m,m’(LQ)(I)gl(V _V717V_ 5 + 2 , M,V +|V§“_ 2 , M

’
m,m/’ 1

At ()= Y MRz SRy R - Ra) fr(-R) i (R1) £ (Ra2)
R,R1,R2

The ’physical channels’ are linear combinations of diagrammatic channels. They do not come with their
own notation, instead they are expressed in purely fermionic or diagrammatic notation. Due to the close
connection between diagrammatic and physical channels, the natural notation of the SC/D/M-channel
is pp/ph/ph-notation respectively. Projection matrices are used in the same way to translate from one
notation to another.

A.1.2 Derivation of the TUfRG

In the main body the flow equations were given in terms of fermionic momenta. In this section the flow
equations for the form factor expanded ® are derived by insertion of unity [68]. These insertions are
expressed via the completeness relation of the form factor basis, which is subsequently approximated by
limiting the basis to a select few form factors; the eponymous truncated unity.

By exploiting 1 = [dp’ §(p-p’) = [dp' T, fu(P') fn(p) With ¥, fu(p") fu(p) = 6(p - p’) the 1£ flow
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equations can be rewritten as

&7(q. k. K) = [dp 1V"(q. k. p) 111" (g,p) 1V (g, p, k') 1
= [ ap [ akok-K) [ dgo(p-p)V"(a. k) (ap) [ dio(p-B) [ dRo(K ~K)V(q.5.F)
= [ v [T 90 [ a5 fo(B) e (0)V" (0, TP (0,1)
JEDRACIEOY R HACHACSIE D
= 5 050 ( [ b £ [ @5 V0. R5) ) ( [ @ S () S (P)TI(a.1) )

m,n
4 4
m',n

VT (Qaw’) (a0

(ﬁwmﬂf@m®W@mﬂ

Vn/ (2,q,v",v")

n’\n

=X L&) Y V(I (2,9, ) Vo n(2,9,0)

m/,n’ v v’

=3 (k) fu(K)DD, (2, q, v, "),

m,n

The content of the box represents the flow equation expanded in form factors. Limiting the number
of form factors considered corresponds to truncating the sum [ dp’Y,, fn(p')fn(p) = 1. Note that the
bubble depends on two form factors, despite having only one fermionic momentum dependence before
the expansion.

A.2 Relations between diagrammatic and physical channels

The parquet decomposition in diagrammatic channels and expanded in form factors yields

nn

Vph (Qv q,r, V,) = Ppp_)ph[q)pp]nn’(ga q,r, VI) + (I)ph,nn’(Q7 q,r, VI) + Ppih_)ph[(bpih]nn’(gv q,r, V,) + U

nn’

VPP,(Q, q,r, 1/,) = q)pp,nn’(Q7 q, Vv, VI) + Pph_)pp[q)ph]nn’(97qa v, V,) + Ppih_)pp[(bpih]nn’(g, q, v, V,) + U

V’Th(Q, q,v, V) = Ppp_’pih[fl)pp]nn:(fl, q,v, V) + Pph_’pih[q)ph]nnf(Q, q,u,V)+d— (Qquv,v)+U

nn’ ph,nn’

and Z, s =V,

nn’

- ®, ,,,r. The equivalent equations in physical channels are

nn’

1 R
V€, q,v, ") =85, (Q,q,v, 1) + 5PP’HW[@D - M), (Q,q, v, V) = PPPPP[OM],(Q,q, v, V) + U
V7BL,(Q’ q.,v, l/,) — 2Pppﬁph[(I)SC:|nn,(Q, q,v, I/’) _ PPP*PTI[(I)SC]TWI(Q, q,v, Vl) + (I)Bn’(ﬂa q,v, I/’)
P 1 P
_2Pph%ph[q)M]nn,(Q’ q,v, 1/') _ 5Ppiwph[(I)D _ @M]nn/(ﬂ, qa, v, 1/') +U

P 1 P
an\g’(Qv q,V, V,) = _Ppp_)ph[q)sc]nn/(ﬂa q, v, l/,) - gpph—ﬁnh[q)D - (PM]nn’(Qa q, v, V,) + @M (Q: q, v, 1/) -U

nn’

and again 7! , =V" - @

nn’ nn'’*
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A.3 Flow equations in diagrammatic channels

The flow equations of the two-particle vertex expressed in diagrammatic channels are [30]
Gpp (ki + ks, k1, ko) =0 iy, (ky + K3, k1, k)
= fdp V (k1 p, ks, k1 + ks = p)py (k1 + ks, p)V (p, ko, by + ks = p, ks) (A1)
G (ks = ko, K, ko) 3=3A¢27(7€3 = k2, k1, k2)
- fdp V (kr,py ks — ko + py ka) s (k3 = k2, p)V (D, ka, ks, ks = ka +p) (A.2)
éph(kQ = k1, k1, ka) 5=3A¢,[,\h(k2 = k1, k1, ka)
= [dp =2V (kb b = b, )Tz = b+, p)V (0, bz = i+, K, )
+ V(k1,p, ko — k1 +p, ko) Tpn (ko — k1 +p,p)V (p, ko — k1 + p, ks, ks)
+ V (ki kay ko = by, p) o (k2 = By +p,p)V (p,ka, ks, bz = ki + p). (A.3)

The slightly more involved form of q5ph is one of the motivating factors for the use of physical channels.
Multiloop flow equations in physical and diagrammatic channels are also found in [30].

A.4 Flow equations expanded in form factors

The 14 flow equations expanded in form factors are

@Z,;E,l)(ﬂ,q,my'): z VT?m(Q,q,V,V")H" (Q,q, ")V, (Q,q,0", V). (A.4)

mm/’
mm/v'"

The multiloop corrections are

(@ ) = Y IO, q,v )T, (9,0, )V, (9,0, 0) (A.5a)
(i)n,(ZJrl),R 0 no_ l n (O 1IN Q 17 I‘n,(@) QO "o A.5b

nn’ ( ’q’y,y)_ Z Vnm( YA VsV )pr,mm’( AV ) m’n’( AV 71/) ( '5)
1D Qqu )= Y SROR(Q gy, (2, a0V, (2,q,07, ). (A.5c)

mm/v"



B Supplementary material: SBE for fRG

B.1 Input V for the conventional self-energy flow equation

In physical channels and form factor notation the vertex, as it is inserted into the conventional flow
equation of ¥ (Eq. (2.24)), reads
V((V15k1)7(y2ak2)a (V3ak3)a (V4ak4))

= Y [fa(k)App (1 +vs, ke + ks, v1, 1) (wpp(v1 + v,k +kg) = U)Ap, (w1 + v, K1 + ks, vz, 1) frr (k)

+ fo(k1) My, (v1 + v, ki + ks, v1,n,v2,n") fr (ko)

+ fr (k)Xo (v3 = v2, kg — ko, v1,1) (wop (3 — v2, kg — ko) = U) Ay (vs — va, kg — ko, va, 1) frr (ko)

+ fn(kl)Mﬁ(l/g —vo, k3 — ko, vy, n,v9,n") frr(ka)

+ fo(ki)Apn(v2 — 11, ke — ki, v1,n) (wpr (v2 —v1, ke — k1) — U);\ph(ug —v1, ko —ki,v4,n") frr(kq)
(

+ fn kl)Mph(VZ -, k2 - kla V1,N, Vy, nl)fn’(k4) + U]a (Bl)
and in physical channels

V((v1,k1),(v2, ko), (v3,k3), (v, ky))
= Z [fn(kl)/\sc(ljl + Vg,kl + k3, l/l,n)(wsc(yl + 1/3,1{1 + k3) — U))\SC(I/l + I/3,k1 + k371/2,’n,)fn/(k2)

+f7’b(k1)MSC(V1 + V37k1 + k3a vy, n, VQan,)fn’(kQ)
— (k)M (3 = v2, kg — ko, v1,m) (W (Vs — va, ks — ko) = U)AM (5 — va, kg — ko, v9,1) frr (K2)
_fn(kl)MM(V3 - V2,k3 - k27 vy, n, V27n,)fn’(k2)

1
—§fn(k1)>\M(V2 -vi, ko —ky, Vlvn)(wM(VQ -vi, ko~ kl) - U)AM(VQ -vi, ko —ky, V47n’)fn’(k4)

1
—§fn(k1)MM(V2 —v1, ke =Ky, v1,m,v4,0") frr (Ka)

1

+§f’n(k1)AD(V2 —v1, ko —ky,v1,n) (WP (vy — v, ko — k) = U)AP (v — vy, ko — ki, 4, 1) frr (ks
1

+§fn(k1)MD(u2 —v1, ko =Ky, w1, vg,n") for(Ky)

+U]. (B.2)

B.2 SBE quantities in physical channels

This appendix translates the equations given in Section 3.2 to physical channels. The physical channels
are labelled by 7 compared to r used for diagrammatic channels. Unless specified otherwise, the mag-
netic/density /superconducting channels are given in ph/ph/pp-notation respectively. The bare interaction
in physical channels is

IM (qvka k,) =-U

bare
It]?are(q7 k, k,) =U
¢ (a,k, k') =U.

bare

85
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The sum of all U-reducible diagrams of a given physical channel is
v = N\,
and the sum of all two-particle reducible diagrams of a given physical channel are

(I)W — VTI 1'7]

bare

+ M".

The bare interaction irreducible vertex in a physical channel is defined by IgBE =V"-v" with

Tipe =M + %PP}HWWD + MP = (PN 4 MM)] - PPy M) - 2750 (B.3a)
T g =2PPPPh [§SC 4 MSC] - prroph [ySC 4 ySC] 4 P — o pPhoph [gM 4 M)

%PP’HF" [VP + MP - (vM+ MM)] - 270, (B.3b)
Ty = - PPPoPR [vSC 4 uS€] - %Pph_’?h [VP + MP — (VM + MM)] + MM - 27 . (B.3c)

The structure of the fermion-boson vertices remains unchanged

Mg, k) =1+ fdp dpr (e K, p)I1"(q,p) (B.4a)
A(Q,q,v,n) =0, 0 + Z e (. q, v,n, v ,m)II"(Q,q,v',m,0) (B.4b)
=00 + Z (S"(Q,q,v,n, v ,m) + M"(Q,q,v,n, v, m))1"(Q,q,v,m,0)
=0p,0 + VZ??S”(Q, q,v,n, v ,m)II"(Q,q,v,m,0)
+ Z VZ:mZ S"(Q,q, V,n,lZl)H"(Q,q,D,l,l')IgBE(Q,q,ﬂ,l',u'7m)H’7(Q7q, v m,0)
:5n;?%§:5n(ﬂ,q, v,n, v, NIT(Q, q,0,1,1")dy o
'

+ 38, q,v,n, 0, )I"(Q,q,7,1,1") ZIgBE(Q q, 7,0, v, m)I1"(Q,q,v',m,0)

T
—(5n0+ZZS" (2,q,v,n,0,D)II"(Q,q,7,1,1 )((51,0+ ZISBE(Q q,7, U, v, m)IT"(Q,q,v",m O))
T

=6n0 + Z ZS"(Q,q, v,n, 0, DIIN(Q, q, 7,1, IA(Q,q,7,1). (B.4c)

w o
The high-frequency limit is also unaffected by the change in channel basis

éim A"(Q,q,v,k) = lim A"(Q,q,v,k) =

Note that AM = )\fh without the relative minus sign. The connection to the three-point vertex v>7 is also
not affected by the channel change

A& g, v, n)w(R,q)
1'77

bare

’73777(97 q,v,n, 0) -

The connection of the bosonic propagators and susceptibilities is

(Igarc ) In

bare
and

IVI
bare . (B5)
1- fdp A"(q p)H"(q p) bare

w'(q) =

For large frequencies

hm w"(,q) =

bare
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the bosonic propagator reduces to the (now channel dependent) bare interaction. The high-frequency
behaviour of the multiboson rest function is not affected by the channel switch

lim M"(Q,q,v,k, v k') = S%im M"(Q,q,v,k, v k') =0.

v/v'—>o0

Analogous to the Bethe-Salpeter equation the rest function may be expressed as

Mg,k k') = [ dp Tl (. k) (0.0)S™ (4.9, 1')
Mn(Qaqv I/,TL,I/,,Tl,) = Z ZIgBE(Qaqa v,n, ﬂvm)Hn(Qvq7i)7m7m,)sn(9aq71~/7m,7ylan,)

mm’ v

where S, =7, spg — M". The Wentzell asymptotics in physical channels are obtained by merely switching
r for n and read

K{(q) = lim lim ®"(q,k, k')
K3(g,k) = lim ®"(q,k,k")
Kl(g,k") = lim ®"(q,k, k).
They are related to SBE quantities by the familiar relations

n_ n gyl
w = Kl +:Z’-baure

A =1+ K Jw"
M7 =R"-(1-A"w"(1-\").
The high frequency asymptotics of the vertex are
g%LH; V1(Q,q,v, kv K )=U
uh—glo V1(Q,q,v,k, v k) =w"(Q,q) N (Q,q,v", k)
Vlll_rgo V1 (Q,q,v,k, v k") = \(Q,q,v,k)w"(2,q)
lim V7(Q,q,v,k, v k') =w"(2,q).

v/[v' >0

B.3 Derivation of the SBE 1/ flow equations

The flow equations of the SBE quantities can be derived from those of the two-particle irreducible vertices
using ®7 = V7 - U + M". The flow equations of ®" are reported in Eq. (2.30) and expressed in SBE
quantities they are given by
5D .k k) = [dp V(. k)0, )V (0,9 K)
:/dp (V(q:p, k') + Zdg (g, 2, K )" (q,p) (V" (4, k') + Tdg(a, 0, k')
:/dp v (g,p, K)1"(q,p)V"(q,p, k") + V" (g, p, K )1 (4, ) I (4,0, k')
+IgBE(q7pa k,)ﬁn(Q7p)vn(Qap7 k,) +I§BE(‘LP7 k,))ﬁn(qvp)IgBE(qrpa k,)
=[dp A(g, k)w ()N (¢, P)TT" (g, )N (¢, P)w (@) (¢, k')
+ N(g, K)w"()A" (¢, )17 (¢, ) L (4,2, K) + T (0, k)T (g, p) N (g, p)w (@) A" (g, k')
+ Zpp(a,p, k)" (¢, 0) Idpy (¢, 0, k')

By expressing the derivative as

W) = W) L ) 2 AW\ Ay (WA L\ A1 (D) (1)
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it is possible to compare and match the two expressions [28], yielding

" (q,k, k') = fdp A(gq, k)yw" () A" (q, p)TI"(q, p)N" (g, p)w" (¢) A" (g, k')

v o
+ A(q, k)w (@) A" (¢, P)I1"(q, p) L (4, P, k') + T (4, p, KT (4, ) A" (g, p)w" () A" (g, k")
A wn A (1) A (D) qm \n
+ T (00, K NI (¢, p) L (0, p k') -
M)

The resulting 1/-flow equations for w7, A7 and M" are

WM (q) = w(q)N" (¢, )" (¢, )N (¢, p)w" ()
AT (g, k) = X"(q,p)11"(q, p) Ly (4,9, k)
Mn7(1)(Q7 ka k,) = IgBE(qvpa k,)Hn(le)IgBE(q’p’ k,)

Note that as long as A7 = A"

AT (q,k) = N(q,p)1T" (¢, p) L (4.9, )

= IgBE(q’p’ k)Hn(qap)An(Q7p)
=30 (g, ).

Alternatively, the connection between the high-frequency limits of ® and the SBE quantities may be
exploited. Using Eq. 3.17 for the bosonic propagator the derivative is

WM (g) = lim lim (95(®" M (q, k, k') + ], (¢.k,k'))) = lim lim (fdp V"(q,k7p)ﬁ"(q,p)V"(q,p7k’)))
= lim lim (fdp (N(q, K)w(@)A"(q,p) + Tdsg (@, k. p))IT" (q,p) (X" (¢, )0 ()N (¢, k) + T (a. p, k'))))

v—o00 p/ o0

= [ap v (@N (@)1 (0. PN (a.2)0" (a).

Similarly the A7 can be obtained from Eq. (3.17) by taking the derivative of the equation that links A"
to the asymptotic frequency behaviour of ®":

AP (g ) = (( Jim 870 g,k 1)) = X (q K0 O (@) f" ).
Inserting the flow equations for @7 and ™M) yields

A (g, k) =(( Jim [dp Vg, k,p)II"(q,p)V"(q.p, k")) = N"(q, k) [dp w"(g)\" (g, p)1"(g,P)\" (g, p)w" (q) ) [0 (g)
=(( lim fdp (A(q,k)w"(@Q)N"(q,p) + L (a. k. )" (¢, ) (A" (g, p)w" ()N (¢, k') + Tepr (¢, 0. K')))
- A"(q, k) fdp W (@)N"(¢, )T (0,p)X" (g, )w" () ) /" ()
= [dp X'(q kY0 ()N (4, )T (g, D)X (0. p) + Lo (0. K, P)IT (0, )X (0. )
= A(q, k)w" () A" (¢, P)II"(q,p) A" (q, p)
=fdp Ty (a, %, p) 1" (g, 2)N" (g, p).-
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B.4 Self-consistent SBE flow equations derived from the Bethe-
Salpeter equations

Self-consistent flow equations for the SBE quantities can be calculated from the derivative of the Bethe-
Salpeter equations. First we summarize the identities used in the derivation

¢ = TV

I"=Idpp-M"+U
=5"+U

S" = Lipp - M"

M" = ST,

Vi=vT+ %IBE
= N\ + T
AT =1+ SN = 1+ I, 11"
w’ =U + UNTTMw"
Y7 = NN + A"\ + A\

The starting point is the derivative of the two-particle vertex based on the Bethe-Salpeter equation:

" =TTV + TNV 4+ TV (B.6)
=S (NN + Tl ) + (87 + )T (AN N + T) + (S7 + U)IT (AT N 4+ X" N+ N1\ + T )
=S\ N + ST s + ST AT + UTT A" N + ST T o + U T

+ ST AT AT + UITTATw" A7 + TN A7 + UTI AT A"

+ ST AT\ + UTI A"\ + ST + UTI T
SU(IT Ty + T ) + ST AT + UTIATw A7 + (STTT7A7 + STTIAT 4 §7TT7A) " X7

+ (N7 = )" N7 + U (T17A\ 7w + TN + TN TN + ST + ST T + ST T
=U0A(I1"Td5p) + (A7 = D)w A" + (w" = U)X + Op (STITAT) WA + (A7 = 1)\ + Uda (TN 1w\

+OA (ST )
—UON (T Ty ) + N N = UX + Op (ST w N + (A7 = 1) N7 + U (A w )N + 0p (ST T,
=0A (STTITAT)w I\ + X" A" + AW\ + OA(STI"TILR) + (UoA(IT"Nw') — WA + U(OA(IT"Z55) - )7’),

(B.7)

where frequency, momentum and form factor arguments are suppressed to make the derivation more
easily readable. The terms can now be matched according to ¢ = Nw X7 + N1\ + A"Tw" A" + M™":

AT =95 (STITAT) (B.8)
M" =0 (S"T" ) (B.9)
as well as
(UoA(IT"NTw™) =) =0 (B.10)
ON(T" Tl ) = A = 0. (B.11)
For the fermion-boson coupling we obtain two flow equations
N7 = Op (TN Ty ) = TIT, + TV T (B.12)

and

A7 = O (STTITAT) = STIITAT + STTITAT + S"TTITA". (B.13)
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Note that if we had chosen ¢ = VII"Z" instead of ¢" = Z"II"V", the roles of A" and A" would be
reversed. The flow equation for the rest function is

M" =00 (S Tpg) = SN Ty + ST Ty + STy, (B.14)

For the bosonic propagator we find

W' = Uy (I N"w") = U (TN Mw" + T \Tw" + T\ (B.15)
U . . ) .
/- N \",,,M N\",,MY — N\2 (177 \" n\N
= _1_UH77)\77(H)\w + II"ATw™) = (w™)=(TI"A" + TI"\"7). (B.16)

This derivation confirms the results for the flow equations as obtained in Section 3.3.4.

B.5 Conventional SDE in the SBE framework

The derivative of the SDE is given by
Z(V, k) = Zg(u,k) + Zggg(mk) + th(u, k) + » (v, k) + pr(z/7 k),

ph
where in the SBE framework

Zg(v,k) =U Z aAGA(V,,k,)

v'k’
Yeea(rk)=-U* Y Y on (GMV K)GH(Q+v,q+ k)G (Q+ 1V, q+K))
q.k' v ,Q
Son (k) == 3 fu(k) fo(k) 3 On(G (V' K)
n vk’

(Vo (V' -, K =k, v,n, " . n") U+ My (v - v,k -k, v,n, 0" ,n"))
(v -, X -k, v n" n")6,0U)

2.:pih(m k) == Z fn(k)fO(k) Z aA(GA(V,a k,)

vk’
(VE(V,_Z/ak,_k71/7n71/"7n”) _U+Mp7(yl_Vak,_kayvnayﬂvn"))
I (vV -, X -k, " 0" n")o,0U)
Spp (k) == 3 (k) fo(k) Y Oa(GH (V' K')

1784
(Vop(V + 1, X + Kk v,n, v n") = U + My, (V' + v, k" + k,v,n, 0", n"))
I, (V' + v,k + k0" n" ,n")8,,U).

Note that V, = )'\T.wr/\,,,.+/\,,.w,./\,.+/\,,,w,,)'\7. is not generated during the flow and thus needs to be constructed
at each step, whereas ®,. is automatically available.

B.6 Bare interaction of the extended Hubbard model: form fac-
tor dependence

In physical channels the bare interactions expanded in form factors read
Le(a,n,n) = I () + Iy, (n,m) (B.17)
with
Z5C (n,n") = 2V (80,1001 + 020 2+ G 3007 3 + 0 4Or 4)

e (n,n') = =2V (86,1601 + 0202 + 0n 3007 3 + 0 a0nr 4)
IR (n,n') = =2V (8, 10,1 + 0202 + 0n 3007 3 + Op.abpr a).

The bosonic bare interaction depends only on the transfer momentum and is therefore not expanded.
Though the interaction may appear in a different form in the channels, there is only one bare interaction.
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This is highlighted by the relation Zj_ .(q,n,n") = proT(Tr

bare](q, n,n’) for the diagrammatic channels.

Splitting it into bosonic and fermionic parts complicates the picture as Z7 __ Jferm * pror [I{;OS /ferm] in
general. The relations are listed below for the diagrammatic channels. Analogous physical channel based
relations may easily be deduced from the well-known connections between the two, outlined in Sec-
tion 2.2.6. Summed up, translating between the pp- and ph-channel has no effect on the bare interaction.
However, translating to and from the ph-channel switches the extended bare interaction from bosonic to

fermionic and vice versa:

ph— ph
Ibos/ferm (q’ n,n ) prrTeE [I{))Ob/ferm] (q7 n, ’I’L,)
ph —ph
Zi&f()S/ferm (q7 n, n,) = preeer [Ilp;gs/ferm] (q’ n, n,)
h — h
Toh (e mn') = U = PP I (g )

TP (g ') — U = PPRPRPR TRl (g n,n')
" (q,n,n’) = PPHPPRR TR (g pony — U
TP (g n,n') = PP [T (g, - U,

ferm
The switch from Z;

bos 10 I and back means that extra care is due to avoid double counting of the bare
interaction.

B.7 Implementation-friendly tweaking of the refined approach
to the extended Hubbard model

Section 3.5 explains how Z!.  can be split into bosonic and fermionic parts. Moving the latter to the
rest function yields an insightful and computation friendly expression of the extended Hubbard model
in the SBE framework. Here we present a slight variation of said scheme that does not make any
approximations and is thus exactly equivalent to the one presented in the main body. While less intuitive
at first glance, it offers benefits for practical algorithmic implementations The main idea is that it is
also possible to move the fermionic part of the bare interaction to Zlpp directly and thereby restore
MO g v,n, v n') = MTN(Q, q,v,n, v n') = 0. As M enters the flow equations %" and A" only
via ISBE, they are not affected. The rest function M" of this alternative is given by

M"=M"-T7"

ferm’

(B.18)

where M7 is the rest function according to the definition used in the main body, which holds for the
initial value as well as the rest function’s high-frequency asymptotics. This way, the absolute value of
the rest function is expected to be comparable in size to its equivalent for the local Hubbard model. The
initial values of w and A" are not modified compared to the values given in the main body. As the initial
value of Mlnlt =0, the double counting prevention in ISBE has to be modified and is now unaffected by
the SBE approximation:

1

~ . 1 - s . ~ . — . ~ -
ISC init MSC,inlt + Pph%pp |:7 VD,inlt + MD,imt = vM,lnlt + MM,init ] _ Pphﬁpp vM,inlt + MM,lnlt —2U

1 1 —
=0+ prhorp [5((] +4Vg+0) = o (-U+ 0)] - PP LU 4 0] - 2U
=0+U +2V_w + U +0-2U =2V
=756 . (B.19)
Analogous for the magnetic channel

FM,init _ prMinit _ Pph»pfh [1
2

M (VD,mit + MD,init) B % (VM,init +MM,init)] _P;Dpﬁﬁ[vsc,init +Msc,init] _9U

=7 (B.20)



92 APPENDIX B. SUPPLEMENTARY MATERIAL: SBE FOR FRG

and the density channel

Ié:)g]glt :MD,init + 2Ppp—>ph [VSC,init + MSC,init] _ Ppp—>ph [VSC,init + MSC,init] (le)

— - g s —I1 - N s 1 - N s
_ 2Pph—>ph vM,lmt + MM,mlt _ Pph—>ph I:f vD,mlt + MD,mlt _ - vM,lmt + MM,lmt :| _oU
[ ] 5 ) -5 )
=TP . (B.22)

While it is conceptually more intuitive to define the fermionic part of the bare interaction to be the initial
value of the rest function, the approach presented in this appendix was used for the implementation
in practice. The main advantage being that the double counting prevention is not dependent on the
inclusion of the rest function and no extra bare fermionic interaction functions need to be implemented.
In summary, shifting Z;  from the rest functions to ZJgy does not affect any approximations or results,
it merely serves to simplify the double counting prevention. The equations affected by this change are

M!. =0 (B.23)
and the double counting in V7 /ngE is taken care of by using the familiar equations of the implementation
of the local Hubbard model

f/SC _ vSC +iSS]gE
- 1 - 1 - — -
= v5C + MSC 4 prhovr [i(VD +MP) - 5(vM + MM)] - prheee [gM oy M) - 20 (B.24a)
V=T B
- Sl . 1 N —
= yM pM - prhovh [5 (vP+MP) - 3 (vt MM)] - preoPh [gSC 4 SO - 20 (B.24b)
VP =vP+ T
=P+ MP + 2prrorh [§SC 4 pSC] - preorh [9SC 4 15C) (B.24c)

_ B —r1 - 1 -
—2pPhorh [gM oy AN - prheeh [§(VD +MP) - 5(vM + MM)] - 2U. (B.24d)

Of course V"/Il,p = f/”/ngE: the difference lies in the way they are constructed, not their values.
Note that the only necessary changes to fully incorporate the nearest-neighbour interaction given an
existing SBE implementation of the local Hubbard model are i) changing the initial value of wP = U —
U +4V (cos(gz) +cos(gy)) and i7) accounting for the non-trivial high-frequency behaviour of A7 and M.
In regions of the phase diagram where the latter may be neglected the only line of code that needs to
be modified is the initial value of wP. This reformulation also helps shed light on why the non-trivial
frequency asymptotics and non-local form factors may be neglected with such little loss of accuracy:
they are generated during the flow and enter only as corrections to the dominant physics in the bosonic

propagators.



C Supplementary SBE results

C.1 Additional SBE approximation data

Figure C.1 is equivalent to Fig. 4.2 but displays data for ASC/P instead of AM. Even at the lowest
temperature the relative difference with and without rest function is O(1072).

C.2 Additional extended Hubbard model data

Figure C.2 shows the frequency dependence of \7 with and without the inclusion of the high-frequency
asymptotics. The bosonic frequency dependence of \"(s-wave) is qualitatively the same as for V' =0 (see
Fig. 4.1) approaching 1 at large frequencies and the much smaller A"(n > 0) vanish for large Q. Though
A'"(s-wave) has not yet reached its high-frequency limit of 1 for the largest fermionic frequency included
(bottom left), and lim,_ A"(Q = 0,q,v,n > 0) # 1 (bottom right), the negligible influence of \"7-2symPt
proves the inner frequency box to be large enough to obtain qualitatively and quantitatively correct
results. Data for fo(k) = cos(ky) is related to fi(k) = cos(ks) by rotation symmetry and data for the
higher form factors f3/4(k) = sin(k,, ) are even smaller. They are therefore not included. The non-trivial
high-frequency asymptotics A\7Y™Pt are more than a factor 20 smaller, compared to the trivial s-wave
high-frequency asymptotics of 1. Since A"(n > 0) is only weakly dependent on v, it may be possible to
calculate only A\7#Y™MPt if extra accuracy is wanted or the asymptotics do become important in more
challenging parameter regimes.
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Figure C.1: Density and superconducting channel of the static fermion-boson coupling )\SC/D(Q =
0,q,v,n = s-wave) for the same parameters as in Fig. 4.2 and different fermionic frequencies. The
relative difference A between the results with and without rest function is shown in the insets.



C.2. ADDITIONAL EXTENDED HUBBARD MODEL DATA
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Figure C.2: Fermion boson coupling A" calculated with and without the inclusion of high-frequency
asymptotics at U = 2,8 = 5, = 0, = 0 over bosonic frequency Q for v = 7T (top panels) and over
fermionic frequency for = 0 (bottom panels), where the marker shape determines the form factor and
the marker filling the bosonic momentum respectively.



D Supplementary material: fluctuation di-
agnostics

D.1 Technical parameters

We here provide the technical parameters for the fRG calculations performed with a smooth frequency
cutoff. We use n = 4 positive fermionic frequencies that determine the parametrization of the two-particle
vertex (see Ref. [30] for the definitions). The rest function contains (4n+1) x (2n)x (2n), the Ko-function
and the fermion-boson vertex (4n + 1) x (2n), the Kj-function (128n + 1), and the self-energy (8n)
frequencies. The fermionic momentum dependence of the vertices and response functions is accounted
for by a form factor expansion, where we considered the local s-wave and non-local d-wave contributions.
The remaining momentum dependence of the vertices, the response functions and the self-energy are
calculated on (16 x 16) equally spaced momentum patches, with a refinement of (5x35) additional patches
around q = (7, 7) to resolve the AF peak. The Green’s functions and their summation in the particle-hole
and particle-particle bubble are calculated on a (80 x 80) grid.

D.2 Fermi surface
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Figure D.1: Fermi surfaces corresponding to the suscpetibilities of Fig. 5.1, for selected values of the
doping.

In Fig. D.1 we show the Fermi surface plots associated to Fig. 5.1. For the different values of the
doping, the evolution from an electron- to a hole-like shape is clearly visible.
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D.3 Analytical calculations

D.3.1 Magnetic contribution to the d-wave superconducting susceptibility

The contribution of the dominant magnetic channel ®™ to the d-wave superconducting susceptibility
X%C is given by

3
> [XSC,O(I)MXSC,O]H (Q2=0,q):=- Z I5°,(2=0,q,v)
1 _
: (5 [prrraM] | x[Pret| ) (2=0,q,7,)IE5(Q=0,q,0/). (D.1)

Since bubbles with mixed form factors are very small and 115G, ,(Q2,q = (0,0),v) = 0 exactly, we neglect

all terms with m’ = n’ = 0. Hence, the sum over the different components contains only the elements
n' =m' = 1. In the following we drop the frequency dependence to lighten the notation (with the sums over
internal fermionic frequencies implicitly taken into account). Projections from one notation to another
are necessary because a simple shift of arguments is not possible for the form factor arguments:

[P (@)= 3 [ dkdK £ ()2 (K) () (K@} (a ~ k= K)

m/n’

AT S [ dkdpfi () fia-k=p)fw ()1 (a-k-p)E)E (p)

m/n’

o [, dkdpfi () f1(a -k P)fo(k) f; (a - k- P)2Hi™" (p) . (D2

where we used that the contributions from ®M, and mixed components, are negligible compared to @%.
Analogously,

[P @] () = % [ dkdK £ (k) fu(K) fn(K) £ (a - K@M (- K')
v [ dkdK' 7 (1) £ (k= p) o) fj (k= )R () (D:3)

Inserting the above expressions in Eq. (D.1), together with the explicit form of the s- and d-wave form
factors fo(k) =1 and fi(k) = cos(kg) — cos(k,), yields

SC,Oq:.MXSC,O]11 (CI)

3
2 lx
sc L1 oph— M h— M SC
-0 () (5 [P (@) [P (@) T @)
= 115F () (5 akdp (cos(ha) — cos(hy)) (cosCls ~ pa) ~ cosCly ~ ) 857" ()
+ fBZ dkdp (cos(kz) — cos(ky)) (cos(ge — kz — pz) — cos(qy — ky — py)) @g/é’?h(p)) Hff(q)
-5 (a) [ ap (5 cospe conp,) +eos (e —a.) +cos 0y - a) | BRI @, (D

which reproduces Eq. (5.7).

D.3.2 Lowest-order diagram contributing to ®5¢

The lowest-order vertex diagram from the magnetic channel contributing to the d-wave superconducting
susceptibility reads

_[Pph—q)pq)g/é,lowest order]ll(q) _ _U2 [Pph—q)pHM:Ill (q)

- U? [ dkdpfi(K)f2(p - a+ )I(P) (D.5)
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With the expressions for the form factors, we obtain

_ fBZ dkdp (cos(kz) - cos(ky)) (cos(pz = @ + kz) — cos(py — gy + kyy)) TIN5 (D)
- _fBZ dp (cos(ps — gx) +cos(py, — ¢,)) o (P) (D.6)

and, inserted into XSQO(I)%XSC’O

, gives
XSC O‘I)M ,lowest order SC O(C]) _U? I:Ppih»ppHM:I (q)

« U IO (@I5F (@) [ dp (cos(ps - a.) + cos(p, - ) Ih(p) (D7)

as mixed pp-bubbles are very small and vanish exactly for q = (0,0). This lowest-order diagram exhibits
the same momentum dependence as Eq. (D.1) and illustrates how features in the s-wave magnetic channel
enter into X§§ In particular, we can trace how features at different transfer momenta in the magnetic
channel enter into the maximum of x§¥ at zero transfer momentum in the d-wave superconducting
channel, the main contribution being from (m,7)

1

M, low d,

KECOpp IO oren\ SO0 (g = 0) = U2 IEF(OILT(0) 5 [ dp (cos(p,) +cos(p,)) I (p).  (D.5)
The (cos(pg) + cos(py)) term acts as a weight, controlling how features at different p contribute. Com-
mensurate AF features at p = (7, 7) are the most favoured by the projection with a weight of -1, whereas
incommensurate features are reduced by a factor of (cos(p; — d,) + cos(py — J,)). Ferromagnetic features

at p = (0,0) have a weight equal, but opposite in sign, to AF contributions.
Likewise, we obtain for

eyt ten(q) = Ut 3 [P (a) G, (a) [P (a) (D.9)
with

=0t S ([, akdp (09 (o - @+ I (P) | 135, (@)
(J, aKap 710 (0" - 0+ KT )

=0t (i (eos(hi) = contl)) (cos(pa = o + k) = con(ry — y + 1)) TS (2) ) T (@)
( f AKdp (cos(k,) — cos(ky)) (cos(p — 4+ ha) — cos(p, ~ gy + b)) TR ()

=0 ([ dp (costpa = a.) + cos(p, - 4,)) T (p) ) TEEC (@)
(49" (costrt, = ) + cos(, - 0,)) I (") ) (D.10)

where we used the fact that the integral over k/k’ vanishes for m’/n’ = 0 and hence

XSC,O(b??}lowest order SC,O( )
~ U @) (] dp (cos(pe - a2) + cos(p, - ,)) T (p) | 155 (@)
(0" (cos(vl = a.) + cos(r, - 0,)) I3 (6) ) T (@) (D-11)

In fact, they represent the lowest-order contributions in the particle-particle ladder, with the insertion of
[P”h"m"l_ll\/[]11 instead of the bare (local) interaction, as illustrated in Fig. D.2.
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~ -~ -

Figure D.2: First and second order diagrams of a ladder expansion in the pp-channel W1th P”’HM’HM]

instead of the bare interaction.
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E Personal contributions to publications

E.1 Single-boson exchange functional renormalization group ap-
plication to the two-dimensional Hubbard model at weak
coupling

Authors: Kilian Fraboulet, Sarah Heinzelmann, Pietro M. Bonetti, Aiman Al-Eryani, Demetrio Vilardi,
Alessandro Toschi, and Sabine Andergassen

Kilian Fraboulet and I share first authorship. Published in: Fur. Phys. J. B 95, 202 (2022) https:
//doi.org/10.1140/epjb/s10051-022-00438-2

Sections 4.2-4.4 are adapted from the results section of this publication. My contribution consists in
the numerical implementation of the flow equations, which has then been used by Kilian Fraboulet to
generate the data and plots, which I adapted slightly for this thesis. The paragraph about bosonization
of the multiboson rest function in the publication was provided by Pietro Bonetti and is not included
in this work, whereas the sections on the SBEb were developed by me. The interpretation of the data
and preparation of the manuscript was a joint effort by all authors under the supervision of Sabine
Andergassen.

E.2 Entangled magnetic, charge, and superconducting pairing
correlations in the two-dimensional Hubbard model: a func-
tional renormalization-group analysis

Authors: Sarah Heinzelmann, Alessandro Toschi, and Sabine Andergassen

In preparation.

Chapter 5 is an adaption of this publication. The splitting of the susceptibilities into the individual
components in the existing postprocessing code, the data production and plots were done by me. Inter-
pretation of the data was done by me under the supervision of both Sabine Andergassen and Alessandro
Toschi. The manuscript has been jointly prepared with Sabine Andergassen, with feedback from Alessan-
dro Toschi.
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