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Abstract

The second-order Taylor polynomial provides a local, “bowl-shaped” approximation of a given
function. This approximation serves as the foundation for curvature-based methods. These include
in particular (i) optimization techniques based on the Newton step—the step into the minimum
of the local approximation—as well as (ii) the Laplace approximation. The latter allows arbitrary
probability distributions to be approximated by simpler Gaussian distributions.

Such curvature-based approaches offer opportunities to improve existing machine learning methods.
Training modern models on large data sets is often computationally expensive. Newton-based
approaches could make a valuable contribution to improving training efficiency. Curvature-based
approaches are also useful in the context of approximate inference: The Laplace approximation, for
instance, is used for inference in non-conjugate Gaussian processes and for quantifying uncertainty
in neural network predictions.

Despite their potential, curvature-based methods are still only used to a limited extent in machine
learning. This is primarily due to the fact that these algorithms require second-order derivatives,
whose evaluation incurs high computational costs. In addition, the Taylor polynomial is in some
cases not computable accurately, but only accessible in the form of a stochastic estimate. The
overarching goal of this work is to address these limitations in order to further unlock the benefits of
curvature-based methods in machine learning. Specifically, the thesis presents three contributions.

We first introduce the iterative inference method ITERNCGP for non-conjugate Gaussian processes,
which is based on the Laplace approximation. Our method uses “incomplete” computations—
enabling inference on large data sets—but captures the resulting approximation error as an
additional source of uncertainty. This allows our approach to trade off reduced computational costs
for increased uncertainty. Furthermore, by reusing computationally expensive intermediate results,
the inference process is accelerated significantly.

Second, we present the open-source library ViViT, which provides efficient access to curvature
information in the context of neural networks. Our approach exploits the low-rank structure of
the generalized Gauss-Newton matrix. This enables efficient computation of eigenvalues and
eigenvectors, as well as slopes and curvatures along those directions. Unlike existing methods,
our approach explicitly exposes the noise in the slope and curvature estimates and implements
principled approximations that allow for a trade-off between computational cost and accuracy.

Computing the exact Taylor polynomial is prohibitively expensive for neural networks. It is therefore
typically approximated on a small subset of the training data. In our third contribution, we show that
this leads to systematic biases in the Taylor approximation. We provide a theoretical explanation for
this phenomenon and explain its negative effects on curvature-based methods. Finally, we develop
effective strategies for correcting these biases. These strategies incur negligible computational
overhead, but improve the quality of the approximation significantly.

This thesis advances curvature-based methods for machine learning: Methodological innovations
improve their efficiency, software implementations make them more accessible, and acknowledging
and correcting inherent approximation errors increases their reliability and effectiveness. Our
contributions support the broader application of curvature-based methods in machine learning
research and practice.



Zusammenfassung

Das Taylorpolynom zweiter Ordnung liefert eine lokale, ,schiisselformige” Ndherung einer gege-
benen Funktion. Diese Approximation ist Ausgangspunkt fiir kriimmungsbasierte Methoden. Dazu
zdhlen insbesondere (i) Optimierungsverfahren, die auf dem Newton-Schritt—dem Schritt ins Mini-
mum der lokalen Approximation—aufbauen, sowie (ii) die Laplace-Approximation. Diese erlaubt
es, beliebige Wahrscheinlichkeitsverteilungen durch einfachere Gauf3-Verteilungen anzundhern.

Derartige kriimmungsbasierte Ansitze eroffnen Moglichkeiten zur Verbesserung bestehender
Methoden des maschinellen Lernens. Das Trainieren moderner Modelle auf grofien Datensdtzen
ist oft mit erheblichem Rechenaufwand verbunden. Newton-Schritt basierte Ansitze kénnten hier
einen wertvollen Beitrag zur Effizienzsteigerung leisten. Auch im Bereich der approximativen
Inferenz sind kriimmungsbasierte Ansitze hilfreich: Die Laplace-Approximation wird etwa zur
Inferenz in nicht-konjugierten Gaufischen Prozessen sowie zur Quantifizierung von Unsicherheit in
den Vorhersagen neuronaler Netze eingesetzt.

Trotz ihres Potenzials finden kriimmungsbasierte Verfahren im maschinellen Lernen bislang nur
begrenzt Anwendung. Das liegt primér daran, dass diese Algorithmen zweite Ableitungen berech-
nen, was mit erheblichen Rechenanforderungen verbunden ist. Des Weiteren ist das Taylorpolynom
teilweise nicht exakt berechenbar, sondern nur in Form einer stochastischen Naherung zuganglich.
Das tibergeordnete Ziel dieser Arbeit ist es, derartige Hindernisse zu adressieren, um so die Vorziige
kriimmungsbasierter Methoden im maschinellen Lernen weiter zu erschlieffen. Konkret werden in
dieser Dissertation drei Beitrdge vorgestellt.

Zunichst stellen wir das iterative Inferenzverfahren ITERNCGP fiir nicht-konjugierte Gaufische
Prozesse vor, das auf der Laplace-Approximation basiert. Unser Ansatz verwendet ,unvollstindige”
Berechnungen—dies ermoglicht Inferenz auf grofien Datensdtzen—erfasst aber den entstehenden
Approximationsfehler als zusétzliche Unsicherheit. So ermoglicht es unsere Methode, reduzier-
ten Rechenaufwand gegen Unsicherheitszuwachs abzuwédgen. Durch die Wiederverwendung
rechenintensiver Zwischenergebnisse wird der Inferenzprozess erheblich beschleunigt.

Zweitens prasentieren wir die Open-Source-Bibliothek ViViT, die effizienten Zugang zu Kriim-
mungsinformation im Kontext neuronaler Netze bietet. Unser Ansatz nutzt die Niedrigrangstruktur
der generalisierten Gauf3-Newton Matrix aus und ermoglicht so eine effiziente Berechnung von
Eigenwerten und Eigenvektoren sowie Steigungen und Kriimmungen entlang dieser Richtungen.
Im Gegensatz zu bestehenden Verfahren macht unser Ansatz die Streuung in den Steigungs- und
Kriimmungsschitzern explizit sichtbar und implementiert fundierte Approximationen, die einen
Kompromiss zwischen Rechenaufwand und Genauigkeit ermoglichen.

Im Kontext von neuronalen Netzen ist es zu aufwendig, das Taylorpolynom exakt zu berechnen.
Stattdessen wird es typischerweise auf einem kleinen Teildatensatz der Trainingsdaten approximiert.
In unserem dritten Beitrag zeigen wir, dass dies zu einer systematischen Verzerrung der Taylor-
Approximation fiihrt. Wir liefern eine theoretische Erklarung fiir dieses Phanomen und erkldren
dessen nachteilige Auswirkungen auf kriimmungsbasierte Methoden. Schliefilich entwickeln
wir effektive Strategien zur Behebung der Verzerrungen. Diese erzeugen vernachldssigbaren
Rechenmehraufwand, verbessern die Approximationsgiite aber erheblich.



In dieser Arbeit werden kriimmungsbasierte Methoden fiir das maschinelle Lernen weiterent-
wickelt: Methodische Innovationen steigern ihre Effizienz, Softwareimplementierungen machen
sie breiter zugédnglich, und die Anerkennung und Behebung inhdrenter Approximationsfehler
steigern ihre Effektivitit und Zuverldssigkeit. Unsere Beitrdge fordern die breitere Anwendung
kriimmungsbasierter Methoden in der Forschung und Praxis des maschinellen Lernens.

viii
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Notation

Scalars, Vectors & Matrices

The notation is influenced by Goodfellow et al. [45].

a€eR
acRN
AERMXN

(ai,...,a,) e RMXN

a;or|al;

Ai,]‘ or [A]z,]
diag(a)

Diag(A)
blockdiag(Aj,. ..
AL AT

Tr(A), det(A)
rank(A)

a = vec(A)
span(ay, ..., ay,)

llallz or [|al|
llalla

(A, u;)

e

1y

ITorly
A®B

Data

X cRP,Y

C
(x,y) e XXY
D

N
D={1,...,N}
BcD

|B| and |D|
(%6, y,) € XXY

A scalar

A column vector with N entries

A matrix with M rows and N columns

A matrix whose columns are the vectors aq, ..., a, € RM

The ith entry of the vector a

The (i, j)th entry of the matrix A (row 7, column j)

The square matrix with vector a on the diagonal and zeros elsewhere

The vector containing the diagonal elements of the square matrix A

A block-diagonal matrix with L square matrices Ay, ..., A on the diagonal
Inverse and Moore-Penrose pseudo-inverse of a matrix A

Trace and determinant of a matrix A

Rank of a matrix A, i.e. the number of non-zero singular values

Matrix A € RM*N flattened into a vector a € RMN by stacking A’s columns
Span of the vectors ay, ..., a,, i.e. the set of all linear combinations that can be
formed from these vectors

2 norm/Euclidean norm of a vector a, i.e. ||u||§ =a'a
A-norm/Mahalanobis norm of a vector a, i.e. ||a|l» = VaTAa, with A spd
The ith eigenpair (eigenvalue A;, eigenvector u;) of a matrix A, i.e. Au; = A;u;
The ith unit vector whose ith entry is 1 and all other entries are zero

An N-dimensional vector containing ones everywhere

Identity matrix of size N X N, omitting the index y when clear from context
Kronecker product of two matrices

Input and output spaces, Y depends on the task and the encoding of the outputs
Number of classes/outputs in classification/multi-output regression tasks
Input-output pair, typically indexed by n

Set of training examples D = {(x,,,y,) € X X V}szl

Number of data in a data set or mini-batch, depending on the context

The set of training data indices

A set of mini-batch data indices

| - | denotes the cardinality of a set, i.e. the number of elements
Input-output pair from the test set



Neural Networks

The layer number is indicated by parenthesized superscripts, e.g. o) e R

of layer [.

0 €0 cCcR’
P
fo: X = F
L

o .
P™is the parameter vector

Neural network parameter vector

The total number of parameters in a model

A neural network, parameterized by 0 € O, typically F C RC
Number of layers in the neural network

Empirical Risk & Derivatives

For the quantities below, we omit the explicit dependence on 0 and/or data index set D when clear

from context.

I:FxY—->R
£(6;D)

Ereg(e} D)
Vyh(xg) or Vh(xg)
J h(xg) € RMXN

V,zch(xo) or Vzh(xo)
gp(e)
Hp(0)
Gp(0)
Fp(0)
Kp(0)
qp(0)

0«

Loss function to compare the model’s prediction fg(x) € F to the targety € Y
Empirical risk £(0; D) = Y/|D| X yep {(fo(xn), y,,) on index set D at 0
Regularized empirical risk Lreg(6; D) = L(0;D) + r(0) withr: © — R
Gradient vector of scalar-valued function h with respect to x, evaluated at xg
Jacobian matrix of a vector-to-vector function #: RN — RM . Its entries are
given by the partial derivatives [J, 1(x0)];,j = 9i(*)/0x;|x=x,, evaluated at xo.
Hessian matrix of scalar-valued function / with respect to x, evaluated at xg
The gradient of the (regularized) empirical risk on index set D at 6

The Hessian of the (regularized) empirical risk on index set D at 0
Generalized Gauss-Newton matrix of the empirical risk on index set D at 6
Fisher information matrix on index set D at 0

K-FAC curvature matrix on index set D at 0

Quadratic approximation of the (regularized) empirical risk on index set D at
0, around an anchor point 6y € ©

The maximum a posteriori (MAP) estimate of the parameters

Distributions & Gaussian Processes

AT c RC

E[x] or E,[x]

Var(x] or Var,[x]
Cov|x,y] or Cov,[x,y]
N (1, X)

Cat(y, p) = py
GP(m,K)

The probability simplex A~! := {p € R¢ | p. > 0, Zle pe =1}

Expectation of x under the probability distribution p

Variance of x under the probability distribution p

Covariance of x and y under the joint probability distribution p

Multi-variate Gaussian distribution with mean vector u € RN, spd covariance
matrix £ € RNV, and density NV (x; g, Z) = (2r) /2 det(E) 2 exp(=1/2(x —
WTE (x - p)

The PMF of the categorical distribution, where p € A“"'and y € {1,...,C}
(Multi-output) Gaussian process with mean function 7: X — R¢ and kernel
function K: X x X — REXC

Xii



Miscellaneous

= Equality up to an additive constant
o(-) Big-O notation, informally f(x) € O(g(x)) if f(x) is bounded by a constant

multiple of g(x) for all sufficiently large values of x

Acronyms & Abbreviations

2D, 3D Two-dimensional, three-dimensional
AD Automatic differentiation

CG Conjugate gradients

CNN Convolutional neural network

CPU Central processing unit

ECE Expected calibration error
E.g.oreg. For example (exempli gratia)

ELBO Evidence lower bound

FIM Fisher information matrix

GGN Generalized Gauss-Newton (matrix)
Gp Gaussian process

GPu Graphics processing unit

Le.orie. That is (id est)

Lid. ori.id. Independent and identically distributed
K-FAC Kronecker-factored approximate curvature
KL divergence Kullback-Leibler divergence

LA Laplace approximation

L-BFGS Limited-memory Broyden-Fletcher-Goldfarb-Shanno (optimization algorithm)
MAP Maximum a posteriori

MC Monte Carlo

ML Machine learning

MSE Mean squared error

NCGP Non-conjugate Gaussian process
NLL Negative log-likelihood

NTK Neural tangent kernel

PDF Probability density function

PLS Probabilistic linear solver

ResNet Residual neural network

SNR Signal-to-noise ratio

SVD Singular value decomposition

spd Symmetric positive definite

W.r.t. or w.r.t. With respect to
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Introduction

Machine learning models have achieved astonishing performance
on a diverse set of tasks like image classification [54, /9], playing
games [127], natural language processing [13], and protein structure
prediction [65]. In this manuscript, we focus on two prominent
classes of supervised machine learning models: Gaussian processes
and neural networks. Rather than following explicit, hand-crafted
rules, these models learn latent functional relationships directly
from the data.

Second-Order Optimizers. The learning process of these machine
learning models can be framed as an optimization problem—
optimization thus lies at the very heart of machine learning. As
models become more complex and data sets expand in size, this
optimization process becomes more and more computationally
intensive, requiring a considerable amount of time, energy and
financial resources. The availability of efficient optimization algo-
rithms is thus of crucial importance. For training neural networks,
first-order methods—which rely primarily on the objective func-
tion’s gradient—are the workhorse of model training due to their
relative simplicity and scalability. To further enhance these meth-
ods, richer statistical or geometric information can be incorporated.
For instance, curvature information has recently become more
readily available in deep learning frameworks [26, 28, 106]. Curva-
ture crucially provides access to a quadratic Taylor approximation
of the objective function, which motivates a class of second-order
optimizers that are conceptionally different from and potentially
more powerful than customary first-order methods.

Uncertainty Quantification via the Laplace Approximation. As
machine learning models are increasingly deployed in high-stakes
domains such as autonomous driving, medical diagnostics, and
judicial decision support, it is crucial that these models express not
just their predictions, but also their confidence—or lack thereof—
in those predictions. A simple and elegant way to quantify this
uncertainty is the Laplace approximation [53, 90]. It is based on the
idea of approximating the log-posterior distribution of a Bayesian
model with a second-order Taylor expansion around the mode,
which effectively turns the posterior into a Gaussian. The Laplace
approximation is used, for instance, for approximate inference in
non-conjugate Gaussian processes [114] and for equipping neural
networks with predictive uncertainty [30, 77, 115].

Thesis Contributions. Second-order optimizers and the Laplace




Chapter 1 Introduction

approximation both fundamentally rely on a quadratic Taylor ex-
pansion and thus require access to curvature information. However,
processing this curvature information presents significant chal-
lenges: The size of modern machine learning models combined
with massive data sets typically incurs substantial computational
costs in terms of memory and run time. In deep learning, addi-
tional complications arise, such as the stochasticity in the curvature
estimate introduced by mini-batching. The overarching goal of this
thesis is to address these challenges. Specifically, we aim to make
curvature-based methods more efficient through methodological
innovations, more accessible via software implementations, and
more effective and reliable by acknowledging and addressing in-
herent approximation errors—ultimately advancing their wider
application in machine learning research and practice.

Thesis Outline. This manuscript contains four parts:

» DPart I establishes the foundational concepts necessary for
understanding our research contributions. In Chapter 2, we
examine the two primary machine learning models con-
sidered in this thesis: Gaussian processes and deep neural
networks. Chapter 3 introduces curvature-based methods,
including second-order optimization and the Laplace approx-
imation. Finally, Chapter 4 discusses the specific challenges
that arise when applying those methods to machine learning
problems and outlines how our research contributions in
Part IT address these limitations.

» Part II constitutes the core of the thesis, presenting the
research contributions across Chapters 5 to 7, each corre-
sponding to a peer-reviewed scientific publication.

» Part III concludes with a summary of our findings and
explores promising directions for future research.

» Part IV provides supplementary material for Part II: It in-
cludes mathematical derivations, implementation and exper-
imental details as well as additional empirical results.



Part |

Background & Thesis Contributions



2.1 Gaussian Processes &

Bayesian Inference. . . 5
2.2 Neural Networks & Deep
Learning ... ... .. 8

Figure 2.1: Supervised Learning
Tasks. For one-dimensional regres-
sion (Left), the goal is to predict a
continuous output y € Y € R at
x € R. The training data {(xn, yn)}
(®) were generated by the function
xZ — x + 0.7 cos(3x) (shown as - -)
with some additive noise. The right
subplot shows inputs x,, € X € R2
that belong to one of two classes
yn € Y={-1,1} (®/@) and the de-
cision boundary (- -) of the underly-
ing data-generating process.

Machine Learning Models for
Supervised Learning

Machine learning encompasses various learning paradigms, in-
cluding supervised, unsupervised, and reinforcement learning [,
Sec. 1]. This thesis is concerned with the supervised setting.

Supervised Learning. In supervised learning, the goal is to learn
a functional relationship between input data x € X € RP and
corresponding outputs y € Y using a set of training examples
D= {(xs,y,) € XX Y};\Izl. Two common supervised learning
tasks are regression and classification, which differ in the output
space Y: For regression, the outputs are continuous (i.e. Y € R
or, more generally, Y C RC in multi-output regression), while
for classification tasks, the output space is discrete. For instance,
the output space is typically represented as Y = {—1, 1} in binary
classification and as Y = {1, ..., C} in multi-class classification.

Figure 2.1 shows a regression and a classification problem. The
training data for these toy examples was generated using a process
that we specified. In practice, however, this process is unknown. To
make meaningful predictions for new inputs, we must therefore
learn the underlying relationship between inputs and outputs from
the training data. Below, we introduce Gaussian processes (an
instance of a non-parametric model, see Section 2.1) and neural
networks (an instance of a parametric model, see Section 2.2). Both
models define a class of functions for the dependency between
inputs and outputs, and need to be fitted to the training data.

Regression, Y C R Classification, Y = {—1,1}

1 s /o
\ N /
1.0 \\. O-. [ I J ° /..
Pt -c\\ ° {,—" °
0.54 S [ — 14 PN \ e o L |
= 0‘\\ I,l Q‘ [\ o/ ..\“ PY \\‘ .
I P \,
0.04 \\\ .I,’ —24e \\\ [ J : LY .\\‘ °®
\\. 7 \\_,’ o
\ / oo © )
—0.54 o/ —34 L e
AN o 0
L] .I 74 P L] .. L] - L] :' .I .$_
-1 0 -2 0 2 4
X X1

Overfitting & Generalization. A model that simply memorizes
(or overfits) the training data without capturing the true underlying
relationship between inputs and outputs is typically not useful in
practice. Instead, we aim to learn a model that can make meaningful
predictions on unseen test data (i.e. data that is not included in



2.1 Gaussian Processes & Bayesian Inference

the training set D). This ability is referred to as generalization.
Generalization relies on an inductive bins—a model assumption
that constrains the space of possible outcomes in favor of those
that are expected to generalize well.

2.1 Gaussian Processes & Bayesian Inference

Overview. Gaussian processes (GPs) provide a flexible framework
for supervised learning tasks like regression and classification.
They define a distribution over functions, i.e. they inherently provide
an uncertainty estimate for the model’s predictions. Such a proba-
bilistic approach is essential when critical decisions must be made
based on limited information, e. g. in medical diagnosis, robotics, or
public policy. Below, we define what a GP is, explain the role of the
kernel function, and introduce GP regression. This will serve as a
basis for the more general setting of non-conjugate GPs that we will
introduce in Chapter 5. For a thorough introduction to Gaussian
processes, we refer the reader to Rasmussen and Williams [114].

Definition 2.1 (Gaussian Process) A Gaussian process is a
collection of random variables, any finite subset of which follows
a multivariate Gaussian distribution [114, Def. 2.1].

Notation. A Gaussian process f ~ GP(m, K) is specified by its
mean function m: X — R and covariance or kernel function K: X X
X — R. They encode our belief about the unknown underlying
functional relationship f between inputs and outputs: The mean
function m(x) specifies the expected value of f(x) at input x, while
the kernel function K(x, x”) quantifies the covariance between the
function values at inputs x and x’, i.e.

m(x) = E[f(x)] and K(x,x") = Cov[f(x), f(x")].

By Definition 2.1, evaluating the Gaussian process f ~ GP(m, K)
at a set of inputs x1,...,xy € X C RD yields a multivariate
Gaussian distribution

f(x1) m(x1)\ [K(x1,x1) -+ K(x1,xn)
f = ~ N 7 . . 7
f(xn) m(xn)) \K(xn,%1) -+ K(xn,xn)
which we write in short as f ~ A'(m, K), where m = m(X) € RN

is the mean vector and K = K(X, X) € RN*N js the covariance or
kernel matrix.!

Kernel Functions. The kernel function is a crucial component of
the GP model as it encodes assumptions about the properties of the

1: We adopt the notation from [114]
and use m(X)€RN and K(X, X’) e
RN*M t5 denote the evaluation of
m and K on the stacked inputs X =
(x1,...,2xN5)T € RNXD and X’ =
(), ..., x) )" € RMXD e,

[m(X)]; = m(x;) and
[K(X, X")]i,j = K(xi, x)).
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Figure 2.2: GP Regression with
Different Kernels. (Top) The prior
mean m(x) = 0 (shown as —), prior
covariance K(x, x) (the shaded area

covers two standard deviations
around the mean), and three sam-
ples from the GP prior (shown as
- -) for three different kernels from
(Left) to (Right). (Bottom) The bottom
panel shows the GP posterior mean
Mpost aS =, posterior covariance
Kpost(x, x) as ' (see Equations (2.3)
and (2.4)), three samples as - - and
the training data as ®.

2: For a comprehensive and more
precise overview of kernel functions
and their properties, we refer the
reader to [114, Sec. 4.2].
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function being modeled, such as smoothness or periodicity. These
functions often have hyperparameters (e.g. a characteristic length
scale) that can be adjusted to match the modeling assumptions.
To be a valid covariance function, the kernel function must be
symmetric and positive semidefinite, i.e. it must give rise to a
positive semidefinite kernel matrix for any collection of inputs.
Popular kernel functions include the radial basis function (RBF)
kernel (for modelling smooth functions), the Matérn kernel (for
controllable smoothness), and the periodic kernel (for periodic
functions).? The top panel in Figure 2.2 shows samples from
GP(0, K) for these three kernel functions. Kernel functions can also
be combined via addition or multiplication to implement more
complex dependencies between function values [114, Sec. 4.2.4].

Gaussian Process Regression. In GP regression, our goal is to infer
an unknown function f: X — R, X € RP from a set of input-
output pairs. We start with the prior belief—the belief over f before
observing any data. In GP regression, this prior belief is modelled
with a GP f ~ GP(m, K). Assume that we are given a set of training
locations X = (x1,...,xn)" € RNXD for which we have observed
the corresponding real-valued outputs y = (y1,...,yn)" € RN
and a test location x, with unknown output. By Definition 2.1, the
prior GP implies a prior Gaussian belief over the latent function
values f = (f(x1),...,f(xn))T € RN and £, := f(x,) € R:

f m(X) K K(X, x,)
(fo) N ((m(xo)) / (K(xo,X) Ko, x| @Y
Next, we assume that the observed outputs y are generated by

evaluating the latent function f at the training locations and adding
i.i.d. Gaussian noise, i.e. y, = f(x,) + €, with €, ~ N(O, 02). We
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can write the noise-term € = (€1, ...,ex) € RN as

(g) N ((g)(? 8)) 22)

As the Gaussian random variables in Equations (2.1) and (2.2) are
independent, their sum is also Gaussian, with mean and covariance
given by the sum of the individual means and covariances. The first
component of the resulting random vector f+¢ is a random variable
y that represents our prior belief over the regression targets. We
thus arrive at the following joint prior Gaussian distribution

ANY: m(X)\ (K+d’I K(X,x.)

f, m(xs)] " \K(xs, X) K(xo,x5)))
We obtain the posterior distribution—the distribution after observ-
ing the training data—by conditioning on the observed training

outputs y = y. For Gaussians, this can be done in closed form (see
e.g. [9, Sec. 2.3.1]). We obtain p(fs | y = y) = N (m,, K,), where

Mo = m(x,) + K(xo, X)(K + 021)_1(y - m(X)),
Ko = K(xo, x0) — K(x0, X)(K + ¢2I) ' K(X, x,).

As the derivation above is valid for any finite set of test inputs,
there is an associated posterior GP GP (1post, Kpost) with mean
and kernel function

Mpost(x) = m(x) + K(x, )R '(y - m(X)),  (23)
Kpost(x, %) = K(x, %) - K(x, )R K(X,¥),  (24)

where K := K + ¢2I. The bottom panel of Figure 2.2 shows training
data (as ®) and the resulting posterior GPs for the three different
kernel functions (from (Left) to (Right)). The posteriors attempt to
fit the training data under the constraints imposed by the kernel
function. The reason why the uncertainty does not contract to zero
at the observed data points is that our observation model contains
noise (denoted by € above).

Scalability of Gaussian Process Regression. Equations (2.3)
and (2.4) each require solving a system of linear equations with
symmetric positive definite (spd) coefficient matrix K € RN*N,
The textbook implementation (see e.g. [114, Alg. 2.1]) uses a
Cholesky decomposition K = LLT, where L is a lower triangular
matrix. The linear systems can then be solved efficiently for any
right-hand side by forward and backward substitution. However,
the quadratic memory requirements and cubic run time complexity
of the Cholesky decomposition are prohibitive for large N. Thus,
many methods have been developed to scale GP regression to
large data sets, including variational approaches like [59] (this
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3: More precisely, the output space
of the neural network is an “interme-
diate” space [ that can differ from
Y. One example is multi-class clas-
sification, where the output space
of the model is typically F € RC,
whereas the labels are discrete, i.e.
Y={1,...,C}.

approach is based on a set of inducing points that serves as a
compressed representation of the training data) or matrix-free
low-rank approaches (e.g. [143]).

Bayesian Inference. GP regression is an instance of Bayesian infer-
ence: We start with a prior belief over the latent function values,
define a likelihood that models how the observed data is generated
from these latent values, and obtain the posterior distribution by
conditioning on the observed data—this process is formalized in
Bayes’ theorem. GP regression assumes a GP prior and a Gaussian
likelihood for which the posterior GP is available in closed form
(and reduces to linear algebra, specifically the solution of a linear
system, see Equations (2.3) and (2.4)). In Chapter 5, we derive an
efficient inference method for the non-conjugate case, where the
likelihood is not Gaussian and the posterior is therefore no longer
available in closed form.

2.2 Neural Networks & Deep Learning

Neural networks form a powerful class of models capable of
learning complex patterns from data. Their structure is loosely
inspired by the information processing mechanisms in the human
brain, i.e. a set of interconnected neurons—hence the term neural
networks. These models are widely used in practice and have
achieved state-of-the-art performance in various domains like
computer vision [54, 79] and natural language processing [13].

Overview. We introduced supervised learning as the task of learn-
ing the underlying functional relationship between inputs x € X
and outputs y € Y. A neural network (see Section 2.2.1) is a parame-
terized function fg that maps between those spaces.’ The parameters
0 € O C RP determine the behavior of the network and need to be
adjusted for accurate predictions. The problem of finding “good”
parameters can be formulated as an optimization problem (see
Section 2.2.2): We want to choose the parameters such that the
network’s predictions fg(x,) are as “close” as possible to the true
training labels y,, for all training examples (x,,y,,) € D. This opti-
mization problem has an interpretation as maximum a posteriori
(MAP) inference in a Bayesian treatment of the parameters (see
Section 2.2.3). The prerequisite for developing optimizers for this
problem is the ability to compute gradients of the objective function
with respect to the network’s parameters. We thus explain the core
concepts of automatic differentiation (AD) in Section 2.2.4 and
introduce common gradient-based optimizers in Section 2.2.5.
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2.2.1 Neural Networks

Feature Hierarchies Through Layer Composition. With a neural
network, we can model complicated input-output relationships*  4: There is a vast body of literature

by using a composition (see Equation (2.5)) of simple functions  on the expressiveness and approxi-
mation properties of neural network

called layers. Each layer serves a distinct purpose in transforming architectures, ¢.¢. | |

the incoming data. By stacking more and more of these layers, we
obtain a deep neural network. The idea behind deep learning is that
the network can learn a hierarchy of features: Lower layers capture
simple patterns (e.g. edges in an image), while higher layers learn
more abstract features (e.g. object shapes). Software libraries like
TensorFlow [1], PyTorch [111], or JAX [12] enable users to easily
combine these building blocks and build complex neural network
architectures tailored to their specific needs.

Sequential Feedforward Neural Networks. In this manuscript, we
focus on sequential feedforward neural networks, which encom-
pass many widely used architectures like the multilayer perceptron
(MLP), convolutional networks (CNN) [84] and residual networks
(ResNet) [54]. For a comprehensive introduction to neural networks,
we refer the reader to Goodfellow et al. [45].

4 )
Definition 2.2 (Sequential Feedforward Neural Network) A

sequential feedforward neural network fg: X — [F transforms
aninputdatum x € X C RP intoanoutput f = fg(x) € F € R¢

) that are called

using a sequence of parameterized functions fe((’)

modules or layers, i.e.

L 1
fo = é(L)) 0...0 é(l)), (2.5)

where 8" € RP" is the parameter vector of the [-th layer and

oW
0=| ' |[e0cRP
o)

is the layer-wise concatenation of these vectors. L is the number
of layers and is also referred to as the network’s depth. P%) is
the number of parameters in the /-th layer and is also called the
layer’s width; and P = Zlel P is the total number of parameters
_in the network.

J

For computing the network’s output f = fg(x) (this is called a
forward pass), we propagate the input x through the network layer
by layer, i.e.

z0 = x

1 _
20 = fé&(z(l DY forl=1,...,L (2.6)
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5: The notion of a layer is quite
vague. Sometimes a single item from
the list of building blocks below
is considered a layer, whereas for
larger architectures, it is more con-
venient to group multiple of these
building blocks into one layer.

z0 = f.

This type of architecture is called a feedforward neural network
because the data flows in one direction from the input layer
through the intermediate hidden layers to the output layer without
any backward connections.

Common Building Blocks. Here, we introduce some commonly-

)
0]

tion 2.2.% For brevity, we omit the layer index for the parameters
(i.e. we use 0 instead of 6(1)) and use zin € R and zoy € RO to

used neural network layer types, i.e. instances of f; in Defini-

denote the input and output of a layer, respectively.

» Dense (Fully-Connected) Linear Layer. This module imple-
ments an affine linear transformation to the input, i.e.

Zout = Wzin + b,

where W € RO is the weight matrix and b € R is the
bias vector. The trainable parameters of that layer are given
by the concatenation of the flattened weight matrix and bias
vector 0 = (vec(W)T,b")T.

» Convolutional Layer. Convolutional layers leverage the spa-
tial structure of the input data, making them particularly
effective for image processing. These layers extract features
by applying a set of convolution kernels, each of which is
represented by a small square matrix. When a kernel is ap-
plied to an image, it generates a new image (called a feature
map) where each pixel value is given by a weighted sum
(the weights are defined by the kernel) of neighboring pixels
in the input image. This operation enables the extraction
of meaningful spatial features such as edges, textures, and
other patterns from the input. Importantly, the entries of
these kernel matrices are treated as trainable parameters
that are optimized during the training process. By using
multiple kernels within a single layer, the network learns
to detect a diverse set of features simultaneously, creating
rich representations of the input data that can be further
processed by subsequent layers.

» Pooling Layer. Pooling is a downsampling operation: It splits
the input image into windows and aggregates the values
within each window into a single number. Common variants
include max pooling [150], which extracts the maximum value
from each window, and average pooling [35], which takes
the average. This operation serves multiple purposes: It
reduces computational complexity by decreasing feature map
dimensions and helps with robustness to small translations
in the input data (by focusing on feature presence rather than
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exact spatial location). Unlike convolutional layers, pooling
operations contain no trainable parameters.

» Activation Layer. This module is another example of a
layer without trainable parameters (with few exceptions,
e.g. PReLU [53]). An activation layer applies a transforma-
tion element-wise to all inputs, i.e.

[zoutli = 0([zin];) fori=1,...,1I.

The activation function o: R — R is non-linear, which
allows the network to model more complex relationships
in the data. The most common activation function is the
rectified linear unit (ReLU) o(z) = max(0, z).

The list of modules is not exhaustive. Other common building
blocks of neural networks are dropout layers, recurrent layers,
normalization layers, skip connections, transformer layers, etc.®

2.2.2 Empirical Risk Minimization

In the previous section, we introduced the feedforward neural
network as a parameterized function fg: X — F with trainable
parameters @ € © C RP . In order to tune the network’s parameters,
we must first define an objective function that quantifies the model’s
performance. This leads to the empirical risk, which we introduce in
the following. The subsequent Sections 2.2.4 and 2.2.5 discuss how
this minimization problem is solved in practice using automatic
differentiation and specialized numerical optimization methods.

Loss Functions. Given an input x, we want the network’s prediction
to be as “close” as possible to the ground truth y. To measure
“closeness”, we need to specify a loss function {: F XY — R
that quantifies the dissimilarity between the predicted output
f = fo(x) € F and the true label y € Y. In the multi-output
regression context with F = Y C R, a common choice is the mean
squared error (MSE) loss

C
W=Dyl =lf-ylP. @)
c=1

Multi-class classification tasks with F € R€, Y = {1, ..., C} often
use the softmax cross-entropy loss

exp(f,)
f(f,y)=—10g([softma><(f)]y)=—log( Py ) (2.8)

X exp(f.)

6: A comprehensive list of such
modules can be found in PyTorch’s
torch.nn documentation at


https://pytorch.org/docs/stable/nn.html
https://pytorch.org/docs/stable/nn.html
https://pytorch.org/docs/stable/nn.html
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7: We choose this notation via the in-
dex set since it is a bit more compact
compared to

€

L£(6,D) = D]
(x

2 tfo(xn), y,)-

rz/yn)EID

8: There are many other strategies
that address the issue of overfitting
such as dropout layers, or data aug-
mentation techniques.

where softmax: R€ — A1 is defined as

exp(f1) exp(fc)

f = Jeeoy :
oftmax () =\ 3T exp) " 5, explfe)

The softmax function maps the network’s output f to the probabil-
ity simplex A~ ¢ R, i.e. a vector of non-negative real numbers
that sum to one. The output can thus be interpreted as the proba-
bilities the network assigns to each class. The cross-entropy loss
extracts the probability assigned to the true class y and penalizes
if this probability is low.

Expected & Empirical Risk. Assume that the training data is
sampled i.i.d. from a joint distribution p(x, y) over the input-
output pairs (x,y) € X X Y. The expected risk is defined as the
expected loss under this data-generating distribution, i.e.

Ex,y)~p[E(fo(x), y)]. (2.9)

Since the loss is a measure of dissimilarity between the network’s
predictions and the true labels, the model’s parameters should
be chosen such that they minimize this performance metric, i.e.
0, = argming g E(x y)~px,y [{(fo(x), y)]. However, since the data-
generating distribution is inaccessible in practice, we have to rely
on an approximation thereof. By using the Monte Carlo (MC)
estimator of the expectation based on the set of i.i.d. training
examples D = {(x,,y,) € X X Y}nNzl, we obtain the empirical risk

1

L£(0,D) = D]

> Ufo(xn), y,). (2.10)

neD

Here, D = {1, ..., N} denotes the indices of the training data.”

Regularization. In practice, it is common to augment the empirical
risk with a regularizer r: © — R to prevent overfitting.® An
example is the ¢>-regularizer r(0) = /2||0]|> with § € Rxo. The
underlying assumption is that overfitting is caused by overly large
parameter values. By penalizing the parameter magnitudes, we
thus expect a more robust model that generalizes better to unseen
data [80].

Objective for Training Neural Networks. We want the model to
(i) make accurate predictions on the training data and (ii) generalize
well to unseen data. We thus use the regularized empirical risk (or
regularized loss) as objective for training a neural network, i.e. we
aim to find

0y = argmin Lig(0, D) where L5(0,D) = L(0,D) +r(0).
0e0
(2.11)
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2.2.3 Bayesian Neural Networks

Probabilistic Interpretation of the Regularized Empirical Risk.
In many cases, the regularized empirical risk Ly from Equa-
tion (2.11) can be interpreted as the log-posterior of a specific
probabilistic model. One example is the softmax cross-entropy
loss (see Equation (2.8)) with an fz-regularizer, as we will see in
the following.” Let Cat(y, p) = py denote the probability mass
function of the categorical distribution, where p € A1 is a vector
of probabilities (i.e. p. > 0 and chzl pc=1),andy e {1,...,C}.
The regularized loss can be rewritten as

. N
N Leg(0;D) B S loglfsoftman(fo(a)Vly,) + 5 1013

neD

= — > log(Cat(yy, softmax(fg(x,))))

neD

1.+
- (—59 (Nﬁ~1)9)

=—log ( | T Cat(yu, softmax(fo(xx))) )

IneD
likelihood p(D | 0)

1
—log (N(G;O, N_ﬁl) ) -7,
prior p(0)

where Z = P/2]log(27/Np) absorbs the normalization constant of
the Gaussian prior.

Neural Network Training as MAP Estimation. As the derivation
above shows, the empirical risk £ is connected to the negative
log categorical likelihood, and the regularizer r takes the role
of a negative log Gaussian prior over the parameters (note that
it does not depend on the data). The (rescaled) regularized loss
function Lyeg can thus be interpreted as the negative unnormalized
log-posterior of a Bayesian model'

N L1eg(8;D) = —logp(D | 8)~logp(0) = —logp(6 | D). (2.12)

With =, we denote equality up to an additive constant that
does not depend on the parameters 6. Equation (2.12) implies
that minimizing the regularized empirical risk is equivalent to
finding the mode of the posterior distribution (also called maxi-
mum a posteriori (MAP) estimate) O, = arg ming g Lreg(6, D) =
arg maxgy.p logp(0 | D).

Bayesian Neural Networks. The interpretation of the regularized
empirical risk as a log-posterior suggests a Bayesian perspective on

9: Analogous derivations are possi-
ble for other loss functions, e. g. the
MSE loss from Equation (2.7) can
be interpreted as the negative loga-
rithm of a Gaussian likelihood.

10: From Bayes’ theorem

p(D | 0)p(6)

pO10)= =0

follows

logp(6 | D) =logp(D | 6)
+logp(0)
—logp(D).

The log-evidence term log p(D) is
constant w. . t. the parameters 6 and
can thus be omitted for the sake of
our argument.
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11: Immer et al. [66] suggests replac-
ing fg with a local linearization (in 6)
to alleviate the common underfitting
problem with the LA. More recent
work by Roy et al. [117] supports this
approach.

neural networks: Instead of finding a single MAP point estimate
0., we could consider the full posterior distribution p(0 | D) over
the parameters. A neural network that is equipped with such a
posterior distribution is called a Bayesian neural network.

Approximate Bayesian Inference with Laplace. Computing the
exact Bayesian posterior p(0 | D) = p(B16)p(6)/p(D) is infeasible in
practice as the evidence term p(D) = /p([D | 0)p(0)do in the
denominator requires the computation of an integral over the
entire (high-dimensional) parameter space and the integrand does
generally not have structure we can leverage to obtain a closed-
form solution. Consequently, we need to resort to approximate
methods. A widely used approach is the Laplace approximation (LA)
which approximates the posterior with a Gaussian distribution
p(0 | D) = N(0; 0,4, X) centered around the MAP estimate. We
will discuss this method in more detail in Section 3.2.

Posterior Predictive Distribution. The posterior is particularly
useful for quantifying uncertainty in the model’s predictions by
propagating the uncertainty over the parameters to the network’s
outputs: Given a test input x, € X, the posterior predictive distri-
bution over the output y, is obtained by taking the expectation of
the model likelihood under the posterior, i.e.

P(Yo | x5, D) = Epo)[p(¥o | X, 0)]
_ / p(ye | x.,0)p(6 | D)dO.  (213)

A straightforward approximation to this integral is given by the
Monte Carlo (MC) estimator

13 , S
p(ye |20, D) = 5 3 3p(ye | x5, 6%)), with 6~ p(6 | D).
s=1

(2.14)
For instance, for the softmax cross-entropy loss (see Equation (2.8)),
we have p(y, | x., 0)) = Cat(y., softmax(fye (x.)))."! Being able
to capture the uncertainty in the model’s predictions is particularly
important for decision-making in safety-critical applications like
autonomous driving or medical diagnosis.

2.2.4 Automatic Differentiation

In the previous section, we established the equivalence between
minimizing the regularized empirical risk and maximizing the pos-
terior. No matter which perspective we take, we must solve a
high-dimensional optimization problem to determine the optimal
parameters 0, € © C R”. Most modern optimizers designed for
this task are based on the gradient of the loss function with respect
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(a) Function as Python Program. (b) Computation Graph.

1| from math import exp, sin z® 420
2
3| def z7(z1: float, z2: float): \
;1 Example function. 2(4) '2(5) 2(6)
6 # intermediate variables / N
7 z3 = sin(z2)
8 z4 = exp(zl) z(4 exp(z(l))
9 z5 = z3 + z2
10 26 = z4 * 25
12 # output variable N
13 z7 = z4 + 26
15 return z7
sin:) TN

(d) Bauer Paths.

(c) Local Derivatives.

to the parameters V Leg(6; D). Popular libraries for building neural
networks such as TensorFlow [1], PyTorch [111], and JAX [12] also
provide automatic differentiation (AD) tools that efficiently compute
these gradients using the backpropagation algorithm [119].

Automatic Differentiation (AD). AD produces a program that

computes the derivative of a function with respect to its input.

The underlying principle is that all programs can be decomposed
into a sequence of elementary operations with known derivatives. By
applying the chain rule of differential calculus, AD computes the
derivative of the composite function by combining the derivatives
of the elementary operations.

Automatic Differentiation Toy Example. Figure 2.3 illustrates
this process. (a) shows a Python program that produces an output
z? = exp(zM) + exp(zM)(sin(z?) + z?) from inputs z1) and
z(® through a sequence of intermediate results 2(3), 2(4), 2(5), and
z©) (b) visualizes the relationship between those variables as
computation graph. It consists of vertices zW .z connected

Figure 2.3: Basic Automated Differ-
entiation Principles [105]. This fig-
ure is reproduced with the author’s
permission from [25, Fig. 2.5]. (a)
The Python program produces the
result

27 = exp(z(l))
+exp(zV) (sin(z?) + 2?)

from the inputs z(!),z(?) through
a sequence of intermediate results
z03),24, 20 2(6)  (b) Representa-
tion as computation graph to track
dependencies between the interme-
diate variables on the level of ele-
mentary operations. (c) Computing
derivatives relies on local deriva-
tives 9z0/920) on edges (z(),z()),
which need to be accumulated ac-
cording to the chain rule. (d) Inter-
pretation of the chain rule as sum
over path products. Computing the
derivatives of a node w.r. t. another
node in the graph requires summing
the path product of local derivatives
for all paths that connect them (see
Equation (2.15)).
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Y
z(o) > z(l) > 2(2) > - ﬁk@ﬁ

20 — 4 L) = fé}l))(z(o)) 2@ = féfz))(z(l)) f= fé(LL))(Z(L_l))

Figure 2.4: Computation Graph for a Sequential Feedforward Network. The computation graph (similar to Figure 2.3
(b)) for the loss of a single datum (x, y) in a feedforward neural network with L layers (see Definition 2.2). The loss ¢(f, y)
is computed by comparing the network’s output f = fg(x) to the target y.

by directed edges that indicate a direct dependency. In (c), the graph
is extended with the local derivatives of each node with respect
to its inputs. Finally, in (d), we combine these local derivatives to
obtain the derivatives of the output z7) with respect to the inputs
z() and z®? using the path formulation of the chain rule from
Bauer [6]

9z 9z

e et (2.15)

pe[z(i)ﬁz(f)] (Z(k),Z(I))Ep

where [z() — z())] denotes the set of paths (a path is a sequence of
directed edges) that connect z!) to z\/). The local derivatives along
the edges (z(¥), z(") of the path are then multiplied. We obtain (the
colors used below correspond to the path color in Figure 2.3 (d))

927 9z 9z 927 5z(6) 5z (4)
220~ 920 9200 " 526 9z gz
= exp(z(l)) + 20 exp(z(l))

= exp(zV) + (sin(z?) + z?) exp(zV),

9z7) 9z 920 9z
22 - ¥ 926 920 2@
= +2z®
= +exp(zV).

From Scalar to Vector-Valued Nodes. The prerequisite for com-
puting gradients of Lz (see Equation (2.11)) is that we can compute
gradients of the loss ¢(f, y) (see Equations (2.7) and (2.8)) with
respect to the network’s parameters 0, i.e.

Vg(l)f(fl y)
Vol(f,y) =
Vg(L)f(fr y)

In principle, the AD procedure above can be used to compute this
gradient. However, the nodes in the computation graph (see Fig-
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ure 2.4) primarily represent vector-valued quantities. Fortunately,
Equation (2.15) can be generalized to this setting. The overall struc-
ture of the formula remains the same; the only difference is that
the scalar partial derivatives are replaced by Jacobian matrices (see
Definition 2.3).

Gradient Backpropagation. The assumed feedforward architec-
ture of the network implies a chain structure in the computation
graph (see Figure 2.4). Therefore, when computing V0 {(f, y),
there is only a single path in [0, £(f, y)]. As a result, the sum in
Equation (2.15) collapses to the Jacobian matrix chain

Vo l(f,y)
= [Iga)Z(Z)]T [IZU)Z(ZH)]T . []z(H)Z(L)]T [L.wt(f, y)]T,
IERP(l)xoU) ! erOWxo+1) ] crOL-Dxc ! =Vel(f y)eRC I
(2.16)

where z) € RO" denotes the output of layer / and o e p®
the number of parameters. The gradient from Equation (2.16) is
usually computed from right to left (this is known as reverse mode
AD or backward pass). There are two main reasons for this:

1. Multiplying from right to left results in a sequence of matrix-
vector products (rather than a sequence of matrix-matrix
products in forward mode AD) which is more efficient in
terms of memory consumption and run time.

2. The paths frome.g. 8" and 8@ to £(f, y) share most of their
edges (see Figure 2.4). Consequently, most of the compu-
tations required for evaluating Va0 {(f,y) and Vo ((f, y)
via Equation (2.16) are identical and can be shared. This is
not possible in forward mode AD because the intermedi-
ate results are “tainted” by the application of the left-most
Jacobian in Equation (2.16) and thus cannot be reused.

] and is the
cornerstone of neural network training. Deep learning frameworks
such as PyTorch [111] implement backpropagation in a highly
optimized way with support for GPU (graphics processing unit)
acceleration.

The resulting algorithm is known as backpropagation |

Higher-Order Quantities. The standard backpropagation algo-
rithm efficiently computes the gradient of the loss function w.r.t.
the network’s parameters. However, it can be extended to compute
additional information, such as higher moments (e.g. the gradient
variance) or higher-order derivatives like the Hessian matrix (or
approximations thereof, see Section 3.4). Software libraries like
BackPACK [28], ASDL [106], and CurvLinOps [26] implement
these extensions, making them more accessible to researchers and
practitioners.

e N
Definition 2.3 (Jacobian) The Ja-

cobian matrix of a differentiable
vector-to-vector function

h: RN 5 RM ) x5 h(x)

w.r.t. its inputs x, evaluated at x(
is denoted by J h(xg) € RMXN,
It contains the partial derivatives

ohi(x)

Uxh(xo)]i,j = W

X=X0

fori=1,...,Mandj=1,...,N.
g J

If I is scalar-valued (M = 1), the

Jacobian reduces to the gradient
T

(Jeh(x0))" = Vxh(xo) € RY.
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12: Practitioners are often not in-
terested in the empirical risk on the
training data itself. In classification
tasks, for example, the ultimate goal
is typically high accuracy (not loss)
on previously unseen test (not train-
ing) data. However, test accuracy
cannot be used directly as training
objective: Test data cannot be part
of the training pipeline and accu-
racy does not provide a meaningful
gradient signal for optimization. We
thus have to make do with a sur-
rogate objective (e.g. cross-entropy
loss on the training data) that does
not necessarily reflect all the crite-
ria that are relevant for the model’s
practical usefulness.

________

AN N
\‘\‘\\\\ S

Figure 2.5: Gradient Descent in 2D.
Trajectory of iterates created by gra-
dient descent updates applied to a
2D objective function (contour lines

-0

2.2.5 Gradient-Based Optimizers for Training Neural
Networks

Training a neural network is the process of finding the minimizer
04 = argming_g Lreg(0, D) of the regularized empirical risk.'?
Specialized numerical optimizers can be used to solve this high-
dimensional optimization problem (approximately). Given an
initial parameter vector 8y € © C R”, these methods create a
trajectory of iterates 01,0, ... to approach 0, (see Figure 2.5).
Different optimization methods differ in their update rule, i.e. how
they compute the next iterate 0;,1 given 0;. The simplest one is
gradient descent.

Gradient Descent. Let g, = VLs(0;, D) denote the gradient
of the regularized empirical risk w.r.t. the model’s parameters 0
evaluated at ;. The gradient descent update rule is defined as

O0i1 =0t —a18p, (217)

where a; > 0 is the scalar learning rate or step size. The following
paragraph provides an intuitive explanation for why the gradient
is a reasonable choice for the update direction.

Gradient Descent as Steepest Descent. Ultimately, our goal is to
decrease L;eg as far as possible. Locally, the direction that reduces
the loss function the fastest—this is the direction of steepest descent—

is optimal. It holds [Y5, Sec. 6]
i 1 . _8p
im —  argmin  Lye(0; +AO,D) = , (2.18)
€20 € Agep,||AB]|r<e ”gDHZ

Equation (2.18) shows that, locally, the direction of steepest descent
is given by the normalized negative gradient. This justifies the
gradient descent update rule. By moving into the direction of
steepest descent, the next iterate 0,1 will have a lower loss value
(assuming a suitable learning rate a; > 0).

Stochastic Gradient Descent (SGD). The run time of gradient
descent is dominated by the computation of the gradient g, which
has to be re-evaluated via AD (see Section 2.2.4) in every iteration.
This is infeasible for large-scale problems. Stochastic gradient descent
(SGD) addresses this by replacing the gradient g, in Equation (2.17)
with a stochastic estimate g B = VLieg(04, By) evaluated on a mini-
batch (i.e. a subset B; C D sampled uniformly at random from the
training data in step ¢). The update rule is given by

9t+1 = Gt — ¢ gBt' (2.19)

In Section 2.2.2, we introduced the empirical risk £(0, D) as a
Monte Carlo estimate of the expected risk E(x,y)~p(x,y)[{(fo(x), y)]
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based on a set of i.i.d. training examples drawn from the data
distribution p(x, y) (see Equations (2.9) and (2.10)). Analogously,
L(0, B) yields an estimate of the expected risk—just based on a
smaller set of samples from p. The respective gradients g, and
&5 thus approximate the same object, namely the gradient of the
expected risk (plus the regularizer’s gradient). The main difference
between them is their variance: g, has lower variance than g,
because the variance of the Monte Carlo estimate drops linearly
with the size of the sampled data set.

Other Popular Gradient-Based Methods. While there is a vast
number of different optimization methods [122, Tab. 2], they often
share common fundamental techniques to improve convergence,
stability, and efficiency. Here are two examples:

» Running Averages. Due to the noise in the observations
caused by mini-batching, many optimizers use running av-
erages to estimate the relevant quantities more reliably. An
example is momentum [113] that introduces a velocity term,
which is the exponentially weighted sum of past gradients.
Another example is Apam [74] which uses two exponential
moving averages to estimate the first and second moment of
the gradient.

» Adaptive Learning Rates. Many optimizers adjust the effec-
tive learning rate dynamically based on the history of their
observations. Examples are AbAGRrap [56], RMSProp [157],
and Apawm [74]. All three methods use an estimate of the
gradient’s second moment to adapt the learning rate for each
parameter individually. The second moment estimate ap-
pears in the “denominator” of the update rule, the intuition
being that parameters with larger gradient variance should
be updated more carefully than those with smaller variance.

Hyperparameters. All the methods mentioned above have hyper-
parameters that control the behavior of the optimizer and need to be
set by the user or tuned. The hyperparameters include the learning
rate a;, the mini-batch size |B;|, the total number of iterations,
and optimizer-specific parameters like momentum coefficients
and exponential decay rates. As these parameters can drastically
affect the optimizer’s performance, they are typically tuned. Com-
mon approaches are to use a grid search over a pre-defined set
of values, a random search or more advanced techniques like
Bayesian optimization. There are also self-tuning methods that
adapt their hyperparameters automatically during training. Line
search methods, for instance, do not require a learning rate. Instead,
they probe different values along the given search direction and
choose a suitable step size using some selection criterion.

Gradient-Based Optimizers Perform Similarly. The most popu-
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lar optimizers for training neural networks are gradient-based
methods with structurally similar update rules. Schmidt et al.
[122] empirically compare the performance of a variety of such
methods on a range of tasks and data sets and report that “different
optimizers exhibit a surprisingly similar performance distribution
compared to a single method that is re-tuned or simply re-run
with different random seeds”. The authors thus question how
much value there is in the development of novel optimizers as
long as they are “conceptually and functionally close to the exist-
ing population” [122, Sec. 5]. In Section 3.1, we therefore discuss
a conceptually different and potentially more powerful class of
optimization methods: Second-order optimizers.



Curvature-Based Methods in
Machine Learning

Curvature, i.e. the Hessian matrix or an approximation thereof, is a
valuable quantity. Crucially, it provides access to a local quadratic
Taylor expansion of a function, which forms the foundation of
curvature-based or second-order methods. Minimizing this quadratic
yields the Newton step which serves as the core building block for
second-order optimization methods (see Section 3.1). A quadratic
approximation is also useful for approximate inference as it allows
to replace an arbitrary probability density function by a Gaussian—
this is known as the Laplace approximation (LA) (see Section 3.2).
We briefly discuss other use cases for curvature information in
Section 3.3. While the Hessian is the most natural choice for the
curvature matrix, it is often impractical due to undesirable proper-
ties and the associated computational costs. We therefore describe
commonly-used alternative curvature matrices in Section 3.4.

3.1 Second-Order Optimization

Curvature information enables us to derive a powerful class of
optimization methods: Second-order optimizers. These methods
can converge much faster than first-order methods and have a long
history of success in many scientific disciplines.

Derivation of Newton’s Method. Assume that we want to solve
the minimization problem min,cgp: 1(z) where h: R — R is the
objective function.! Ata given location zg € R!, we can approximate
h locally with a Taylor expansion. Using terms up to the second
order, we obtain

h(z) ~ q(z) = %(z —z0) H(z—z0)+(z—-2z0)"'g+¢c, (31

where H = V2h(zo) € R™! is the objective function’s Hessian
matrix evaluated at zp, g = Vh(zo) € R! is the gradient and
¢ = h(zp) € R is a scalar shift.

As g has a simple polynomial form (in contrast to /1), we can derive
its minimum in closed form and use it as next iterate. To find that
minimizer, we set the gradient of the quadratic approximation
from Equation (3.1) to zero:

Vq(z):H(z—zo)+gé0 = z=zy-Hg. (3.2)

3.1 Second-Order Optimiza-
tion ........... 21

3.2 The Laplace Approxima-

tion . .......... 23
3.3 Other Use Cases for

Curvature in Deep

Learning . ....... 25
3.4 Curvature Matrices for

the Empirical Risk . . . 27

1: In deep learning, the objective
function is the (regularized) empiri-
cal risk (see Equation (2.11)) and the
input space is the parameter space
6 c RP.
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Algorithm 3.1: Newton’s Method.

Input: Objective function h: R! — R, initial iterate zg
Output: Approximate minimizer of

1 fori =0,1,2,... while not StoppiNnGCriTERION() dO
2 g < Vh(z;)and H « V?h(z;) Compute the gradient and spd Hessian at z;

3 | Az—-Hlg
4 Ziv] «— z2i + Az

Compute the Newton step
Use the minimizer of the local quadratic as next iterate

The stopping criterion StorPINGCRITERION() typically includes a maximum number of iterations and/or a
threshold on the norm of the current gradient.

S

S

/
I
[l
i

i

i

i

\
\
\
\

S

_____

Figure 3.1: Newton’s Method in
2D. Three iterations (from (Top) to
(Bottom)) of Newton’s method ap-
plied to a 2D objective function (con-
tour lines - -). The local quadratic ap-
proximation around z; (@) is shown
as [ ] and the Newton step Az as
white arrow.

Newton’s method (see Algorithm 3.1) applies this update rule
iteratively. An illustration of the algorithm is given in Figure 3.1.

The Newton Step Requires a Positive Definite Hessian. The Hes-
sian must be positive definite; otherwise the quadratic’s minimum
does not exist. Obviously, eigenvalues cannot be zero as this would
imply that the Hessian is not invertible. But what if the Hessian
has negative eigenvalues? Consider a cut through the quadratic
(Equation (3.1)) from the anchor point z( along some normalized
eigenvector u of the Hessian H, i.e. Hu = Au, ||u|| = 1. It holds

1 A
r(7) = q(zo + Tu) = ETZuTHu +tu'g+c= ETZ +(u'g)T+ec.
This is a 1D parabola r: R — R with derivatives
r(t)=At+u’'g and r"(1)=A. (3.3)

Equation (3.3) provides a nice geometric interpretation of the
Hessian’s eigenvalues: For a quadratic approximation, the direc-
tional curvature r”(7) along the eigenvector u coincides with the
respective eigenvalue A. If A > 0, the parabola r has a minimum
at 7, := —u'g/a since 1'(14) = 0 and r”’(tx) = A > 0. However, if
A <0, r is unbounded from below and the concept of the Newton
step as the step into g’s minimum is thus no longer valid.

Local Quadratic Convergence of Newton’s Method. A key quan-
tity in the theoretical analysis of an optimization method is its
convergence rate. It describes, under certain conditions, how fast
the sequence of iterates converges to the optimum. For instance,
gradient descent algorithms can be shown to converge quite slowly
(at a linear rate [102, Theorem 3.4]) and are greatly affected by the
condition number of the Hessian [11, Sec. 9.3]: If the problem is
ill-conditioned (i.e. there are directions of small and large curvature
present at the same time), this greatly restricts the applicable step
sizes and leads to slow convergence. In Newton’s method, these
local “deformations” of the target function’s geometry are com-
pensated for by multiplying the gradient by the inverse Hessian
matrix. The resulting robustness against ill-conditioned problems
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is one of the key advantages of second-order methods and leads to
faster local convergence of quadratic order.

( A

Theorem 3.1 (Quadratic Convergence of Newton’s Method) Sup-
pose that & is twice differentiable and that the Hessian V2h(z)
is Lipschitz continuous in a neighborhood of a solution z,2 at
which the sufficient conditions® are satisfied. For the sequence of
iterates created by Newton’s method (see Algorithm 3.1) holds:
If the starting point z is sufficiently close to z, the sequence of
iterates converges to z, and the rate of convergence is quadratic.*

, Theorem 3.5].

Proof. See [
.

J

Failure Analysis (1D Example). Theorem 3.1 only ensures con-
vergence to a solution in a neighborhood of the optimum. That
means, if the initial iterate lies outside the convergence radius,
the vanilla Newton approach may not converge. To illustrate this,
consider the function h: R — R, z > z2 — cos(z) (see Figure 3.2)
with derivatives h'(z) = 2z + sin(z) and h”(z) = 2 + cos(z). The
objective h fulfills the assumptions of Theorem 3.1: It is smooth
(implying that the Hessian is Lipschitz continuous) with a strict
global minimum at z, = 0. Furthermore, & is strictly convex (since
h”(z) > 1 for all z). Despite those favorable properties, Newton’s
method fails to converge for z = 7. The subsequent iterate is given
by z1 = zo — W(20)/n"(z) = T — 2rtsin()/24cos(n) = —7r. Similarly,
zo = Tt = z, i.e. Newton’s method oscillates between 7w and —1.

Practical Second-Order Optimizers. The example above demon-
strates that Newton’s method in its original form can be “brittle”.
To improve its applicability and robustness, practical implemen-
tations typically incorporate modifications such as line searches
[102, Sec. 3] or trust-region approaches [102, Sec. 4].

For large-scale problems, solving the linear system Az = ~-H ! g
is often computationally infeasible. To mitigate this, we must
exploit or impose structure in the curvature matrix. Section 3.4
discusses commonly used curvature proxies and approximations
for the empirical risk. In the context of deep learning, additional
challenges arise, e.g. the non-convexity of the loss landscape and
the stochasticity of the gradient and curvature estimates—these
are discussed in Section 4.2.

3.2 The Laplace Approximation

The Laplace approximation (LA) goes back to the mathematician
Pierre-Simon Laplace [53]. The idea is to approximate a difficult-to-
handle probability density function (PDF) with a Gaussian. This

2: This condition ensures that the
Hessian cannot change arbitrar-
ily fast within the neighborhood
around zx (see[102, Eq. (A.42)]). The
smaller the bound on these changes,
the more accurate the quadratic ap-
proximation.

3: These conditions ensure that z4
is a strict local minimizer of & (see
[102, Theorem 2.4]).

4: The sequence of iterates {z;} con-
verges quadratically if

1zit1 — zx|l <
llzi — zxl2

7

for all i sufficiently large and some

positive constant M [102, Sec. A.2].
J
10 ,. — h(z)
/ q(z)
0 ® 2z
® z
710-

-25 00 25
z

Figure 3.2: Example. The function
h(z) = 2% — cos(z), its quadratic
approximation g around zp = 7,
and the subsequent Newton iterate
z1 = —7t. Newton’s method fails to
converge despite the favorable prop-
erties of the objective function.
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Figure 3.3: Laplace Approximation
in 1D. (Top) The top panel shows the
log-density and the local quadratic
Taylor expansion g around the mode
z4 (dashed vertical line). (Bottom)
The bottom panel shows the origi-
nal (non-Gaussian) density function
and the Laplace approximation.

technique is useful, in particular, when dealing with posterior
distributions in Bayesian inference.

Derivation of the Laplace Approximation. Let p denote a PDF
with mode z, = argmax, g p(z). Our goal is to find a Gaussian
approximation to p around its mode z,. As the log-density of a
Gaussian is a quadratic function, the first step towards that goal is
to approximate the log-density log(p(z)) locally around its mode
z with a quadratic Taylor expansion (see top panel in Figure 3.3)

log(p(2)) ~ 4(z)i=1og(p(z)) + (= — 22) Vlog(p(z.) (z - z.).

Note that the linear term V log(p(z4)) " (z — z4) is zero because z
is a local maximizer and thus the gradient Vlog(p(z«)) vanishes.
Exponentiating both sides yields

p(2) ~ exp(q(2)) = plz) exp (2 = 2V log(p(z))(z — )|

We want the approximation on the right-hand side to be a valid
PDEF, i.e. we scale it such that it integrates to one. The right-hand
side has the form of a Gaussian PDF with mean z, and covariance
matrix I = —(V? log(p(z*)))_l, i.e. to make it integrate to one,
we simply have to replace p(z4) by the Gaussian normalization
constant (27r) /2 det(X) /2. By substituting this scaling factor, we
finally arrive at the LA p(z) % N(z;z«, E) = (2n) > det(X) >
exp(=1/2(z — z4) TE7}(z — z4)) (see bottom panel in Figure 3.3).

The LA can still be applied even if p is not normalized. This is
because the normalization constant appears as an additive constant
in the log-density and thus neither affects the mode z, (the arg max
of the log-density) nor the curvature V2log(p(z)). This is useful
in the context of approximate inference where the normalization
constant is often intractable.

Potential Issues with the Laplace Approximation. The LA is a
local approximation, i.e. it only captures the shape of p(z) close to
the mode z,. The approximation can thus be poor if p is highly
“non-Gaussian”, e.g. if it is very skewed or multimodal. Another
limitation is that the support of the Gaussian approximation is
always R!. This can be problematic if p has a different support,
e.g. the positive real numbers. Finally, the LA requires access to
the Hessian matrix V2log(p(z«)), which is computationally expen-
sive to store and invert for high-dimensional problems. We must
also ensure that the covariance matrix X = —(V? log(p(z,()))_1 is
positive definite at z, i.e. the stationary point z, has to be a local
maximizer of p (and not a local minimum or saddle point). This can
require using an alternative curvature proxy (see Section 3.4).
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The Laplace Approximation for Neural Networks. The LA can be
used to turn a neural network into a Bayesian neural network (see
Section 2.2.3) in a post-hoc manner [30, 66,77, 90, 115-117]. Recall
from Equation (2.12) that the softmax cross-entropy loss with an
0> regularizer can be interpreted as the negative log-posterior over
the network’s parameters N - Leg(0; D) = - logp(0 | D). The LA
to the posterior is thus given by p(0 | D) ~ N(0; 0, L), where 0,
is the posterior mode and the covariance matrix is given by

-1212) 1

L =—(V2logp(0« | D)) N

(V2Lwg(01D) . (34)
A great advantage of the LA is that it can be applied in a post-hoc
manner to any pre-trained neural network as it only depends on
local quantities at 0.

Sampling from the Laplace Approximation. The primary goal of
Bayesian deep learning is to quantify uncertainty in the model’s
predictions. Using a LA, we can approximate the posterior predic-
tive via MC samples (see Equation (2.14)), which requires samples
0®) ~ N'(04,L). Assume s ~ (0, I), then Qs + ¢ ~ N(q,QQ7).
Consequently, we obtain samples from the LA by setting g < 0
and Q such that QQ" = X. Such a matrix can be obtained via
Cholesky decomposition LLT = X, where L is a lower triangular
matrix. Another option is to construct Q from an eigendecom-
position X = UAU T, where columns of U are eigenvectors of X
and A contains the eigenvalues. We obtain £ = QQ ' by setting
Q «— UA".

However, a Cholesky decomposition or eigendecomposition of the
covariance matrix (Equation (3.4)) is computationally infeasible in
deep learning applications, as both methods exhibit cubic run time
complexity in the number of network parameters P. Besides, the
Hessian Vzﬁreg(ﬂ* ; D) can be indefinite which would lead to an
invalid covariance matrix (that must be positive definite). We thus
explore alternative curvature proxies and approximations with
more favorable properties in Section 3.4.

3.3 Other Use Cases for Curvature in Deep
Learning

In this manuscript, we focus on two main applications of curvature
information: Second-order optimization and uncertainty quantifi-
cation via the LA (see Sections 3.1 and 3.2). In this section, we
briefly outline additional use cases for curvature information in
the deep learning context.
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5: Removing a parameter means fix-
ing it at zero.

Empirical Analyses of the Loss Landscape. Second-order approx-
imations to the loss landscape have been used to analyze the
geometry of the loss function and its local minima [29, 44, 50, 124,

]. These analyses have proven valuable for understanding funda-
mental challenges in training deep neural networks. Furthermore,
studying the spectral properties of the Hessian (or approximations
thereof) provides insights into the stability of the training process
[4, 20] and the network’s generalization properties [/1, 121].

Influence Functions. Influence functions [/6] leverage curvature
information to determine which training data points most signifi-
cantly impact a model’s prediction. This is useful for understand-
ing the behavior of complex models like deep neural networks,
detecting mislabeled training data, and studying model robust-
ness against adversarial attacks or input perturbations. Koh and
Liang [/6] derive a closed-form approximation for how model
parameters would change if a training point were upweighted or
removed—uwithout retraining the network. This expression (see [/,
Eq. (1)]) includes an inverse curvature-vector product.

Use Cases Based on the Laplace Approximation. Beyond uncer-
tainty quantification in Bayesian neural networks (see Section 2.2.3),
the LA has several other important applications in deep learning,
some of which we highlight below.

» Model Selection. In a Bayesian model, the marginal likelihood
or model evidence is the normalization constant of the posterior
distribution and quantifies the “plausibility” of observing
the training data under a given model. Via the LA, one can
obtain a closed-form estimate of this quantity [65, Eq. (3)],
providing a principled approach to compare different model
architectures and hyperparameter configurations.

» Model Pruning. Pruning techniques aim to reduce the num-
ber of parameters® in a neural network while maintaining
accuracy, resulting in faster inference and lower memory
requirements. Curvature-based approaches [34, 52, 56, 128]
leverage a quadratic approximation of the loss around the
MAP estimate 0. Under this approximation, we obtain a
closed-form expression that quantifies the expected increase
in training loss when removing a specific parameter. Param-
eters are then ranked according to this statistic, and those
with minimal predicted impact are pruned from the model.

» Model Merging. The goal of model merging is to combine
multiple trained models into a single one while preserving
the capabilities of the individual models. When each model
is equipped with a posterior distribution over its parameters,
we ideally want the merged model’s parameters to have high
probability under all individual posteriors. Matena and Raffel
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[98] propose Fisher merging, which approximates each poste-
rior with a LA—this helps “weigh” the relative importance
of parameters across different models and exhibits superior
performance compared to a naive averaging approach.

» Continual Learning. In continual learning, a model is
trained on a sequence of tasks. The goal is to learn each task
sequentially without compromising previously acquired
knowledge. Models must thus adapt to new tasks while
preserving performance on earlier objectives, balancing be-
tween catastrophic forgetting and loss of plasticity. Bayesian
approaches leveraging the LA [/5, 116, 129] offer a principled
framework for this. The LA effectively identifies directions
in parameter space that are crucial for the performance
on the current task. Penalizing changes in this subspace
during training on a new task via regularization thus helps
to mitigate catastrophic forgetting.

3.4 Curvature Matrices for the Empirical Risk

The Hessian Matrix. We already encountered the Hessian matrix
in Equation (3.1), which introduced the second-order Taylor ex-
pansion as a meaningful local approximation to a given function.
The Hessian of the empirical risk V2L(04; D) € RP*P contains
the second-order partial derivatives with respect to the model
parameters 0, i.e. [V2L(0;D)]; ; = *£(0:D)/36,90;. It will often be
denoted by H or Hp in the following.

While the Hessian matrix may be the most natural choice for the
curvature matrix, it is often impractical for applications in deep
learning for two main reasons: (i) Second-order optimizers and
the LA (see Sections 3.1 and 3.2) both require a positive definite
curvature proxy. This assumption does typically not hold for deep
learning models due to the non-convexity of the loss landscape.
(ii) The Hessian V2 L;e5(04; D) € RP*P is quadratic in the number
of parameters and thus often infeasible to store (O(P?)), let alone
invert (O(P?)) even for moderately sized models. In Section 3.4.1,
we describe positive semidefinite curvature proxies for the empir-
ical risk—this addresses (i). In the subsequent Section 3.4.2, we
discuss approximations and tricks to mitigate the computational
challenges—this addresses (ii).

3.4.1 Alternative Curvature Matrices

How to Obtain Positive Definite Curvature? Below, we introduce
positive semi-definite curvature matrices for the empirical risk.
However, Newton steps and the LA require a positive definite
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6: The definition of the GGN is sen-
sitive to the “position” of the split,
i.e. where exactly the network ends,
and the loss function begins. For in-
stance, the softmax transformation
in the cross-entropy loss (see Equa-
tion (2.8)) could alternatively be con-
sidered part of the network, that is,
included in f rather than ¢. For a
discussion on this, see [95, Sec. 9.2].

curvature matrix. One way to ensure this is to include a regularizer/
prior. For instance, the Hessian of the ¢, regularizer r(6) = 6/2||0]|?
is given by V2r(0) = 1. This effectively shifts the eigenvalues of a
positive semidefinite curvature matrix by f > 0 and thus yields a
positive definite matrix. The damping term 81, which is commonly
used in stochastic second-order optimizers [94, 95, 97], has the same
effect. Curvature damping results in more conservative parameter
updates and is used to compensate for (i) the stochasticity in the
gradient and curvature estimates due to mini-batching and (ii) the
approximation error caused by the quadratic Taylor approximation
(or further approximations). It is thus closely connected to trust-
region methods in classic optimization literature [102, Sec. 4].

The Generalized Gauss-Newton Matrix. The generalized Gauss-
Newton (GGN) matrix arises naturally when we consider the split
between network and loss function 8 — fg(x) — {(fo(x),y).°
Using results from matrix differential calculus [93], we obtain

C
Vol(f,y) = Ja )T (VI 1) Uaf) + 2 Vol fIlVet(f, e,
c=1

where f = fg(x). The Hessian of the loss for a single datum
thus decomposes into two terms: The first term is the positive
semidefinite GGN and captures the curvature of the loss function
with respect to its inputs. The second term is a residual that contains
the curvature of the network with respect to its parameters. The
GGN approximation neglects this residual term. For models that
are linear in 0, the GGN and the Hessian coincide since Vé [flc=0
and the residual vanishes (see e.g. [95, Sec. 8] for details).

Applying the decomposition above to each of the individual loss
contributions in the empirical risk, the Hessian Hp decomposes
into the GGN Gp and a residual term Rp:

Hp =V?L(6;D) = — > V*(f, y,) = Gp+Rp with

|D| neD
Gp = |D| > Jef)( Vzné(fn,y)) Jof,) (3.5)
neD
C
Rp = o 2 2, Vol eV L Fr )l

where f, = fo(x,). The GGN Gp is symmetric and positive
semidefinite (if {(f, y) is convexin f, as is customary). For the MSE
loss ¢(f,y) = 1/c||f — y||* (see Equation (2.7)) holds V;(’(f,y) =
2/cI and the GGN from Equation (3.5) simplifies to

Go = iz 530S Uof,):

neD
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This matrix is often referred to as the Gauss-Newton matrix. The
GGN is a generalization of the Gauss-Newton matrix for arbitrary
(convex) loss functions.

The Fisher Information Matrix & Natural Gradient Descent. We
motivated gradient descent as the method based on the direction of
steepest descent in Section 2.2.5. However, the notion of “steepness”
is dependent on the metric we use to measure distances in the
parameter space. So far, we have considered only the Euclidean
metric ||AB||; to measure the distance between two parameter
vectors 0 and 0 + A0 (see Equation (2.18)). In Section 2.2.3, we
established a Bayesian perspective on neural network training. In
particular, we observed that 0 often parametrizes a likelihood,
i.e. a conditional distribution pg(y | x). For the softmax cross-
entropy loss (see Equation (2.8)), for instance, we have pg(y | x) =
Cat(y, softmax(fo(x))) and €(fo(x),y) = —logpe(y | x,). This
motivates a different notion of distance: Instead of measuring the
distance between two parameter vectors, we measure the distance
between the associated distributions using the Kullback-Leibler
(KL) divergence. A local second-order Taylor expansion of the KL
divergence gives rise to the Fisher information matrix (FIM) or, in
short, the Fisher [3]

1
FD'

= 151 2 Evvrotyix) [Vots,.v) (Vor(s, )|, 36)

neD

where f, = fo(x,). The FIM is symmetric and positive semidefinite
(since it takes an expectation over the vector outer-product which
is trivially positive semidefinite). Based on the implied notion of
distance between distributions, it can be shown that the steepest
descent direction is given by the natural gradient [3, 95]

1 F)
lim —  argmin  Lye(0: + AO, D) = ~“p8p

- Y,
€20 € £geo,|[A0||F,, <c I8 pllF

Note that the un-normalized natural gradient —F'g, has the
same form as the Newton step but uses the inverse FIM F_ instead
of the inverse Hessian H,'.

Equivalence of GGN and FIM. The GGN and the FIM are closely
related. In particular, they are identical for many commonly-used
loss functions, including MSE and softmax cross-entropy loss [95,
Sec. 9.2]. In the following, we will thus refer to the GGN and FIM
interchangeably.

Monte Carlo Fisher & Empirical Fisher. The expectation in Equa-
tion (3.6) can be approximated with a Monte Carlo estimate by
drawing S samples {y"*) ~ po(y | xn)}sszl for each training
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Figure 3.4: Visual Tour of Curvature Matrices. Curvature matrices for a toy neural network (P = 683) with four layers
(three convolutional layers with ReLU or sigmoid activation and one dense linear layer), equipped with a softmax
cross-entropy loss. We use a dummy data set of 50 randomly generated samples from C = 5 classes. Parameters from
different layers are visually separated by white lines. This figure is based on the

from the CurvLinOps documentation [

1.

datum x, and replacing the expectation with an average

Fp = lDlz Zvaafn,y(“))(vef(f y™)".

neD

A related curvature matrix is the empirical Fisher, which is defined
as the un-centered gradient covariance matrix

Po = o5 33 Vol y,) (Vol(F ) (39

neD

Contrary to what its name suggests, the empirical Fisher is not a
Monte Carlo estimate of the FIM from Equation (3.6) because y,, is
the training label and not a sample from the model distribution.
For a discussion on the relationship between Fisher and empirical
Fisher and the limitations of the latter in the context of optimization,
the reader is referred to Kunstner et al. [82].

Figure 3.4 provides a visual tour of the curvature matrices discussed
above.


https://curvlinops.readthedocs.io/en/latest/basic_usage/example_visual_tour.html

3.4 Curvature Matrices for the Empirical Risk

3.4.2 Curvature Approximations

Below, we present approaches that address the computational chal-
lenges associated with storing and inverting curvature matrices
for large-scale problems. Before diving into the computational
techniques, recall the specific requirements for second-order opti-
mization and the LA (we assume a spd curvature proxy Cp, e.g.
Cp:=Gp+ ﬁI ):

» Second-Order Optimization. Second-order optimizers (see
Section 3.1) rely on the Newton step, i.e. on the solution to
the linear system Cp - AO = —g,.

» Laplace Approximation. The posterior predictive (see Equa-
tion (2.13)) can be approximated via MC samples from the LA
N (04, X), where £ = 1/NC 51. This requires access to matrix-
vector products with Q, where Q fulfills QQ ' = I (or at
least QQ " ~ ). Such a matrix can be obtained via Cholesky
decomposition or (truncated) SVD (see Section 3.2).

Most approaches to scalable curvature approximations fall into
one of two categories: (i) matrix-free methods or (ii) structured
light-weight approximations.

Matrix-Free Methods. Matrix-vector products with the Hessian
v = Hp-vand GGN v — Gp - v can be implemented efficiently
without materializing the dense matrices in memory [112, 125]
(thus the name matrix-free). This enables the application of iterative
routines from linear algebra that rely on matrix-vector products.
For instance, Martens [94] trains neural networks with approximate
Newton steps computed via conjugate gradient (CG) iterations
[61]7 and a partial eigendecompositon computed matrix-free (e.g.
via power iteration, Lanczos methods or sketching methods from
randomized linear algebra [35, 51]) can be used to construct a
low-rank (plus diagonal) approximation of the covariance matrix
in the LA [30, Ap. B] which enables efficient sampling from the
approximate posterior.

A single matrix-vector product with the Hessian or GGN entails
computational costs equivalent to multiple gradient evaluations [23].
Depending on the number of iterations, this might be prohibitive.
An alternative is to impose structure to obtain an explicit but
“light-weight” approximation of the curvature matrix.

Structured Light-Weight Approximations. The simplest approach
is to use only the diagonal of Cp which is trivial to invert or
factorize. For instance, LeCun et al. [36] approximate the diagonal
of the Hessian to compute a pruning statistic (see Section 3.3),
the diagonal of the FIM has been used extensively as a curvature
proxy for the LA [30, 75, 115], and Apawm [/4] is loosely inspired

7: A somewhat related approach is
L-BFGS [89]. This is a quasi-Newton
method that implicitly maintains a
positive definite diagonal plus low-
rank approximation of the inverse
Hessian [102, Sec. 7.2]. However, it
does not use the Hessian, GGN or
FIM but rather approximates the cur-
vature based on a limited number of
past gradient evaluations.
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8: This connection is highly ques-
tionable as (i) the empirical Fisher
is not an MC estimate of the FIM
[62], (ii) ApaM squares the mini-batch
gradient (i.e. it squares a sum of gra-
dients), whereas the diagonal of the
empirical Fisher (see Equation (3.8))
is a sum over squared gradients, and
(iii) ApaM’s update rule takes the
root of the second moment estimate
to scale the gradient. For latest in-
sights towards partially resolving
these points, see [88].

9: The size of A and B is given by
the input and output dimensions of
the layer, respectively.

by natural gradient descent with a diagonal approximation of the

empirical Fisher as preconditioner.?

The diagonal curvature approximation neglects curvature interac-
tions between parameters and thus yields a rather crude curvature
proxy. A more nuanced alternative is the block-diagonal approx-
imation, which considers curvature within layers but neglects
curvature between layers [10, 27, 145].

Kronecker-Factored Approximate Curvature (K-FAC). A widely-
used example is the Kronecker-Factored Approximate Curvature
(K-FAC) approach [37, 43, 96, 97] (see Figure 3.4). For the Ith layer
in the network, K-FAC approximates the corresponding P x P()
block from the FIM with a Kronecker product of two relatively
small® square matrices F (1;) ~ A ® B. The approximation is based
on the assumption that the expectation over the Kronecker product
can be estimated by the Kronecker product of the expectations—a
simplification unlikely to be valid in practice [97]. Due to the
imposed block-diagonal structure, inverting the curvature matrix
reduces to inverting the blocks which can be done efficiently using
the identity (F %))_1 = A™' ® B™! (and similarly for eigendecompo-
sitions [43]). K-FAC has been used successfully in practice not only
for second-order optimization [97,
the LA [30, 115, 116].

], but also for approximating

For the LA, another established structural approximation is the
last-layer approach [31, 77], which only treats the parameters of the
last layer in the network probabilistically, and thus greatly reduces
the size of the covariance matrix X.

Mini-Batch Approximation. The computational costs for the cur-
vature approximations presented above scale linearly with the
number of training samples. While it might still be possible to use
the entire training set D in some cases (e.g. when a LA has to be
computed only once), this is often impractical. A straightforward
way to reduce costs is to use a mini-batch B C D for the curvature
estimates Cp = Cp. This is analogous to the mini-batch approx-
imation of the gradient we discussed in Section 2.2.5 and adds
another layer to the hierarchy of approximations.



Thesis Contributions

The works presented in Part II make several contributions to
curvature-based methods in machine learning.

4.1 Contributions to Inference in
Non-Conjugate Gaussian Processes

Section 2.1 introduced GPs as a powerful probabilistic framework
for regression tasks. Other important applications like Poisson
regression or classification can also be modeled using GPs but
require a non-Gaussian likelihood—this model class is known as
non-conjugate Gaussian processes (NCGPs). Inference in these models
is more challenging than in the GP regression case as the posterior
is no longer available in closed form. One approach is to find the
maximum a posteriori estimate via Newton steps and then apply
a Laplace approximation to the posterior [114, Sec. 3.4]. However,
computing exact Newton steps (e.g. via Cholesky decomposition)
is computationally expensive and infeasible for large data sets.

Chapter 5 introduces ITERNCGP, a family of efficient inference
algorithms for NCGPs based on the Laplace approximation. This
method is an extension of ITERGP [143] (which assumes a conju-
gate Gaussian likelihood) to the non-conjugate case. Like ITERGP,
ITERNCGP is a matrix-free approach (see Section 3.4.2) which al-
lows it to scale to large data sets. It computes approximate Newton
steps using a probabilistic linear solver, i.e. the solver keeps track of
the uncertainty over the solution of the Newton step linear system.
This uncertainty can be propagated to the posterior over the latent
function, which allows us to trade off reduced computation for
increased uncertainty. The specific form of the log-posterior in
NCGPs results in Newton step linear systems that share a lot of
structure. ITERNCGP exploits this and recycles information be-
tween steps for faster convergence. This requires storing some
previous results in buffers. A compression mechanism is intro-
duced to keep the required memory manageable while preserving
the most relevant information.

( A
Disclaimer 4.1 Chapter 5 is based on the peer-reviewed journal
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4.2 Contributions to Second-Order Methods in
Deep Learning

Section 2.2.5 motivated second-order optimizers (see Section 3.1) as
a conceptually different and potentially more powerful alternative to
gradient-based first-order methods; and the LA is a powerful tool
for uncertainty quantification in Bayesian deep learning. However,
the application of those curvature-based methods to deep learning
is challenging for several reasons:

1. Non-Convex Loss Landscapes. Newton steps and the LA
require a spd curvature proxy. However, the loss landscape
of deep learning models is typically non-convex. Section 3.4.1
therefore introduced principled positive semidefinite alter-
natives to the Hessian, e.g. the GGN and FIM.

2. Computational Costs. Curvature matrices are quadratic in
the number of parameters and thus often infeasible to store
(O(P?)) and invert/decompose (O(P?)). To mitigate this,
matrix-free approaches or structural approximations to the
GGN or FIM can be used, e.g. K-FAC (see Section 3.4.2).

3. Accessibility of Curvature Information. Curvature proxies
like the GGN are often not readily available in standard AD
frameworks like PyTorch. This hinders the practical applica-
tion and further development of curvature-based methods.
Several open-source libraries address this limitation, e.g.
BackPACK [28], ASDL [106], and CurvLinOps [26].

4. Stochasticity. In Deep Learning, we have to rely on Monte
Carlo estimates of the gradient and curvature. These are typ-
ically computed on a small mini-batch of data, introducing
a considerable amount of noise into the estimates. Practical
second-order optimizers like K-FAC [97] try to mitigate this
by using exponential averages to emulate larger mini-batches,
and curvature damping.

Chapter 6 targets Items 2 to 4. It introduces ViViT, a method for
computing eigendecompositions of the GGN, per-sample direc-
tional derivatives of the implied quadratic model, and Newton
steps. ViViT achieves computational efficiency by leveraging the
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GGN’s inherent low-rank structure (Item 2). While K-FAC uses a
block-diagonal approximation that does not become exact in any
limit, ViViT uses the full GGN, and offers principled mechanisms
to balance computational costs against approximation accuracy.
The method is implemented on top of BackPACK [25] within the
PyTorch [111] ecosystem, and publicly available (Item 3). Through
per-sample directional derivatives, ViViT also provides a notion of
curvature noise (Item 4). This is important to better understand the
challenges of stochastic second-order methods and a prerequisite
for developing novel “uncertainty-aware” methods.

4 )
Disclaimer 4.2 Chapter 6 is based on the peer-reviewed journal

paper [29] with the following co-author contributions:

F. Dangel, L. Tatzel, and P. Hennig. “ViViT: Curvature Access
Through The Generalized Gauss-Newton’s Low-Rank Struc-
ture”. Transactions on Machine Learning Research (TMLR) (2023)
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Chapter 7 focuses on Item 4. While practical optimizers like K-FAC
already use mechanisms to counteract the stochasticity of the
curvature and gradient estimates, the underlying principles remain
poorly understood. We therefore investigate how the fundamental
building block of second-order methods—the quadratic Taylor
approximation of the loss landscape—is affected by the stochasticity
due to mini-batching and find a general principle: Quadratic
approximations based on mini-batches of the training data provide
a deformed representation of the true underlying loss landscape. In
particular, the mini-batch quadratic tends to strongly overestimate
the curvature of the true loss along the directions of large curvature.
This bias introduces a systematic error that can be traced back to
the misalignment of the curvature matrices’ eigenspaces. These
insights are highly relevant for applications: The bias can lead to
detrimental updates in second-order optimizers and unreliable
uncertainty estimates with the LA. Consequently, we develop
debiasing strategies and demonstrate their effectiveness.

( )
Disclaimer 4.3 Chapter 7 is based on the peer-reviewed confer-

ence paper [134] with the following co-author contributions:

L. Tatzel, B. Mucsanyi, O. Hackel, and P. Hennig. “Debiasing
Mini-Batch Quadratics for Applications in Deep Learning”.
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1: Such a model is also called Gen-
eralized Gaussian Process Model
[15] or Generalized Linear Model
[100]. The latter name is sometimes
used only for latent Gaussian mod-
els, which can lead to confusion. The
models studied in this work are gen-
erally of nonparametric nature. The
resulting large linear problems are
the main reason why the algorithms
we propose are relevant in the first
place.

Section 2.1 provides a more detailed
introduction to Gaussian processes
and how they can be applied to re-
gression tasks.

Accelerating Non-Conjugate
Gaussian Processes by Trading
Off Computation for Uncertainty

Abstract

Non-conjugate Gaussian processes (NCGPs) define a flexible prob-
abilistic framework to model categorical, ordinal and continuous
data, and are widely used in practice. However, exact inference in
NCGPs is prohibitively expensive for large data sets, thus requiring
approximations in practice. The approximation error adversely
impacts the reliability of the model and is not accounted for in the
uncertainty of the prediction. We introduce a family of iterative
methods that explicitly model this error. They are uniquely suited
to parallel modern computing hardware, efficiently recycle com-
putations, and compress information to reduce both the time and
memory requirements for NCGPs. As we demonstrate on large-
scale classification problems, our method significantly accelerates
posterior inference compared to competitive baselines by trading
off reduced computation for increased uncertainty.

5.1 Introduction

Non-conjugate Gaussian processes! (NCGPs) form a fundamental
interpretable model class widely used throughout the natural and
social sciences. For example, NCGPs are applied to count data
in biomedicine, categorical data in object classification tasks, and
continuous data in time series regression. An NCGP assumes the
data is generated from an exponential family likelihood with a
Gaussian process (GP) prior over the latent function. Such a proba-
bilistic approach is essential in domains where critical decisions
must be made based on limited information, such as in public
policy, medicine or robotics.

Unfortunately, even the conjugate Gaussian case, where fitting
NCGPs reduces to GP regression, naively has cubic time complexity
O(N?) in the number of training data N and requires O(N?)
memory, which is prohibitive for modern large-scale data sets. For
non-Gaussian likelihoods, inference has to be done approximately,
which generally exacerbates this problem. For example, inference
via the Laplace approximation (LA) boils down to finding the mode
of the log posterior via Newton’s method, which is equivalent to
solving a sequence of regression problems [9, 91, 131].
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Figure 5.1: Binary Classification with ITERNCGP. Comparison of two ITERNCGP variants: (Top) ITERNCGP variant
corresponding to data subsampling and solving each regression problem exactly in each Newton step i. (Botton)
ITERNCGP variant with a more informative policy (details in Section 5.3.2), recycling of computations between Newton
steps (details in Section 5.3.3) and compression to reduce memory (details in Section 5.3.4). The panels show the
marginal uncertainty ([Jij) over the latent function at Newton step i and solver iteration j. Using recycling, the current
belief is efficiently propagated between mode-finding steps i (@ — &) without performance drops (Right). Details in
Appendix A.3.1.

Due to limited computational resources, large-scale problems often
require approximations. The resulting error affects a model’s pre-
dictive accuracy but also its uncertainty quantification. Hence, the
question arises: Can NCGPs be efficiently trained on extensive
data without compromising reliability?

Recently, iterative methods have emerged which in the conjugate
Gaussian case allow an explicit, tunable trade-off between reduced
computation and increased uncertainty [139, 143]. This computa-
tional uncertainty quantifies the inevitable approximation error in
the sense of probabilistic numerics [19, 57, 55, 104].

Contributions. In this work, we take a similar approach and extend
Wenger et al. [143]’s ITErGP (that assumes a conjugate Gaussian
likelihood) to non-conjugate exponential family likelihoods. This is
a non-trivial extension, as the posterior is no longer Gaussian and
multiple related regression problems have to be solved. Specifically,
we propose (i) ITERNCGP: a family of efficient inference algorithms
for NCGPs with a tunable trade-off between computational savings
and added uncertainty (Section 5.3.1) with (ii) mechanisms to
tailor the inference algorithm to a specific downstream application
(Section 5.3.2). In response to the specific computational challenges
in the non-conjugate setting, we develop (iii) novel strategies to
optimally recycle costly computations (Section 5.3.3) and (iv) to
restrict the memory usage, with minimal impact on inference
(Section 5.3.4).

Our algorithm ITERNCGP consists of two nested loops: An outer
loop (indexed by i) which iterates over Newton steps/GP regression
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2: The Hessian of an exponential
family likelihood is the negative
Hessian of its log-partition function,
which equals the positive definite co-
variance matrix of its sufficient statis-
tics.

problems, each of which is solved approximately via an inner
loop (indexed by j) that implements a probabilistic linear solver.
Figure 5.1 shows the marginal uncertainty over the latent function
at different stages of that process and illustrates the effectiveness of
(ii), (iii) and (iv). Specifically, by recycling computations between
Newton steps, we are able to traverse the two-loop structure
“diagonally” which leads to steady progress without performance
drops between Newton steps.

5.2 Background

Let (X, y) be a data set of N input vectors {x, € X}nN:1 stacked
into X = (x1,...xn5)7 € RN*D and corresponding outputs y =
(y1,.--,yn)" € YN, where X € RP and Y C Ror Y € Np

(regression) or Y = {1, ..., C} (classification).

5.2.1 Non-Conjugate Gaussian Processes (NCGPs)

We consider the probabilistic model p(y, f | X) = p(y | f)p(f |
X), where the vector f = f(X) € RN is given by a latent function
f: X — RC evaluated at the training data.

Prior. Assume a multi-output Gaussian process prior GP(m, K)
over the latent function with mean function m: X — R¢ and
kernel function K: X x X — RCXC_ Therefore, the latent vector
has density p(f | X) = N(f;m,K) with mean m = m(X) €
RNC and covariance K = K(X,X) € RNOXNC defined by N2
blocks K(x;, x;) € R“*C. Each such block represents the covariance
between the C latent functions evaluated at inputs x; and x;.

Likelihood. Assume i.i.d. data, which depends on the latent
function via an inverse link function A : R€ — R, such that
p(y | f) = TIN_ p(ya | A(f,)), where p(y, | A(f,)) is a log-
concave likelihood, e.g. any exponential family distribution.?
For example, for Poisson regression the inverse link function
is given by A(f,) = exp(f,) and for multi-class classification by

A(f,,) = softmax(f,).

For nonlinear inverse link functions, the posterior p(f | X, y)
and predictive distribution p(y. | X, y,x,) = fp(yo | fop(fo |
X, y, x,) df, are computationally intractable, requiring approxima-
tions.



5.2.2 Approximate Inference via Laplace

A popular way to perform approximate inference in an NCGP is
to use a Laplace approximation (LA) [9, 91, 114, 131]. The idea is to
approximate the posterior

p(f I X, y)~q(f | X,y) =N(f; £, E), (5.1)

with a Gaussian with mean given by the mode f, of the log-
posterior and covariance X := —(V2logp(f, | X,y))™! given by
the negative inverse Hessian (with respect to f) at the mode. Due
to the assumed GP prior over the latent function, the log-posterior
is given by

W(f) =logp(f | X,y)
Slogp(y | f) +logp(f | X) (5.2)
Slogp(y | )= 5(f —m) K7 (f —m)

We use = to denote equality up to an additive constant.

Mode-Finding via Newton’s Method. To find the mode f,, one
typically uses Newton steps [114, Sec. 3.4], i.e.

fomfim=Ffi—VY(f)" - VY(f),
where VW(f,) =Vlogp(y | f,) — K '(f, — m) (5.3)
and V2W(f,)=-W(f,)-K.

The negative Hessian W(f,) = —V2logp(y | f,) of the log-
likelihood at f; is positive definite for all f, since we assumed a
log-concave likelihood. Therefore W is concave and the Newton
updates are well-defined.

5.2.3 Predictions

Using a local quadratic Taylor approximation of the log-posterior
W around the current iterate f,, we obtain the LA N(f; f,,,,
—V2W(f.)"!) whose mean is given by the maximizer of the local
quadratic, i.e. the subsequent Newton iterate f; ;. Substituting this
in place of the posterior, the predictive distribution for the latent
function p(f() | X,9) = [ p(fO) | AN fru, ~V2W(F ) df
is a Gaussian process GP(m; ., K;.), with mean and covariance
functions

Min() = m(-) + K(-, X)K™(f 1, — m), (5.4)
Ki (-, ) = K(-,-) = K(, X)K(f,)'K(X, ), (5.5)

5.2 Background

Section 3.2 provides a detailed intro-
duction to the Laplace approxima-
tion.

Section 3.1 provides a detailed intro-
duction to second-order optimiza-
tion methods.
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where IA<(fZ) = K+ W(f,)™ [114, Eq. (3.24)]. We obtain the
predictive distribution for y., at test input x., by integrating this ap-
proximative posterior against the likelihood, i.e. p(y. | X, y, x,) =
/ pWe | f)p(f, | X,y,x,)df . This C-dimensional integral can
be approximated via quadrature, MC-sampling or specialized
approaches (like the probit method [91] for a categorical likelihood
and softmax inverse link function).

5.3 Computation-Aware Inference in NCGPs

While Newton’s method typically converges in a few steps for a log-
concave likelihood, each step in (5.3) requires linear system solves
with symmetric positive (semi-)definite matrices of size NC x NC.
Naively computing these solves via Cholesky decomposition is
problematic even for moderately sized data sets due to its cubic
time O(N3C?) and quadratic memory complexity O(N2C?). We
will demonstrate in the following how to circumvent this issue by
reducing the computations in exchange for increased uncertainty
about the latent function.

5.3.1 Derivation of the IterNCGP Framework

Overview. As a first step, we reinterpret the posterior predictive
mean (Equation (5.4)) as the GP posterior for a specific regression
problem (Equation (5.6)). The sequence of regression problems is
connected to the sequence of Newton steps and forms the outer
loop of our algorithm ITERNCGP, indexed by i (Algorithm 5.1). The
formulation as GP regression problem allows us to apply ITerGP
[143] as an inner loop, indexed by j (Algorithm 5.2). By using
ITERGP, we can solve each regression problem approximately and
quantify the resulting error in the form of additional uncertainty
(Equation (5.9)).

Outer Loop: Newton’s Method as Sequential GP Regression.
Through the LA, we obtain a posterior predictive f ~ GP(m; ., K; .)
over the latent function for each Newton step. As we show in
Appendix A.1.1, the posterior predictive (Equations (5.4) and (5.5))
in step i can be written as

m; () = m(-) + K, X)K(f) L@ (f;) — m) (5.6)
Kin(,) = K(,-) = K(-, X)K(f ) 'K(X, ), (5.7)

where §(f,) = f, + W(f,)"'Vlogp(y | f,). Equations (5.6) and
(5.7) have the exact form of the posterior for a GP regression
problem with fictitious pseudo-targets §j(f ;) observed with Gaussian
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---- Latent function f

"y

y(fi) L2/ diag(W(fi)~1)
= Prior GP(m, K)
Posterior GP(m «, K; «)

Figure 5.2: Approximate Inference in NCGPs as Sequential GP Regression. Performing a LA at a Newton iterate f;
results in a posterior GP that coincides with the posterior to a GP regression problem with pseudo-targets f(f;) observed

with Gaussian noise (0, W(f,)™!). The plot shows an illustration of this connection for binary classification on a toy
problem with the latent function drawn from a GP. Notice how similar the posteriors are between Newton steps. This
motivates our proposed strategy for recycling computations between steps in Section 5.3.3. Details in Appendix A.3.1.

Algorithm 5.1: ITERNCGP Outer Loop.

Input: GP prior GP(m, K), training data (X, y), Vp(y|f, X) and access to products with K and

wW(f)™

Output: GP posterior GP(m; j, K; ;)

Procedure: ITreRNCGP(m, K, X, y, f, = m) Time Memory
1 m «— m(X) m : Prior mean vector O(t,,) O(NC)
2 Provide access to w — Kw K : Prior covariance/kernel matrix O(uk)
3 Initialize buffers S, T € RNC*0 S: actions, T: products with K
4 fori =0,1,2,... while not OuterRSTOPPINGCRITERION() dO
5 Provide access to w — W(f,;)'w W(f,)~! : Observation noise O(ty-1)
6 §(f) — f,+W(f,) 'Viegp(ylf,) §(f,) : Pseudo-targets O(tyy-1+NC) O(NC)
7 GP(m;,Ki;),v; < IterGP(m, K, X,y, m, K, W(fi)_l, y(f;), s, T)
8 fisi < Kvj+m Approximate Newton update O(tx+NC) O(NC)

9 return GP(m; j, K ;)

The ITerGP algorithm is given in Algorithm 5.2. Instructions in blue are needed for recycling (see Section 5.3.3).
The matrices K and W™ (f) are evaluated lazily. We thus report the run time costs when the matrix-vector
products are actually computed. For an in-depth discussion of the computational costs, see Appendix A.2.3.

noise NV(0, W(f,)™!).3 Figure 5.2 shows an illustration of this
interpretation.

Equation (5.6) requires solving a linear system K( f)o=9y(f;)—-m
of size NC X NC. The posterior mean is then simply given by
m; .(-) = m(-) + K(-, X)v. However, also the Newton update from
Equation (5.3) follows directly from v since f;,; = Kv +m. In that
sense, computing the posterior predictive mean and performing
Newton updates are equivalent. The sequence of Newton steps/
GP regression problems forms the outer loop of our algorithm
ITERNCGP. The pseudocode is given in Algorithm 5.1.

Inner Loop: Computation-Aware GP Regression via ITERGP. Re-
framing the Newton iteration as sequential GP regression does not
yet solve the need for linear solves with a matrix of size NC X NC.
However, it allows us to leverage recent advances for GP regression,
specifically the ITERGP algorithm introduced by Wenger et al. [143].
ITerGP is matrix-free, i.e. only relies on matrix-vector products
s — K( f) s, reducing the required memory from quadratic to

3. If W(fi)_1 does not exist, e.g.
in multi-class classification, we sub-
stitute its pseudo-inverse W(f;)t,
which for multi-class classification
can be evaluated efficiently (see Ap-
pendix A.1.6). Alternatively, one can
place a prior on the sum of the C
latent functions [92, Eq. (10)].



Chapter 5 Accelerating NCGPs by Trading Off Computation for Uncertainty

linear, and efficiently exploits modern parallel GPU hardware

[16].

Internally, ITERGP uses a probabilistic linear solver (PLS) [15, 56, 141]
toiteratively compute a Gaussian belief over the so-called representer
weights, i.e. over the solution of the linear system K(f;)v = §(f,) -
m. In each solver iteration, indexed by j, the belief N/ (v 0, Qj)
is updated by conditioning the Gaussian on a one-dimensional
projection a; = s].Trj_l of the preceding residual r;_1 = §(f,) -
m — K( fi)vj-1. The vector s; < Poricy() is called an action and
is generated by a user-specified policy. The policy determines the
behavior of the solver by “weighting” the residual r;_ for specific
data points (we discuss the role of the policy in the context of
NCGPs in Section 5.3.2.). Wenger et al. [143, Tab. 1] lists policies
that have classic counterparts, e.¢. unit vectors s; «<— e; correspond
to partial Cholesky and residual actions s; «<— ;-1 to conjugate
gradients [61].

The belief over the representer weights translates into an approxi-
mate GP posterior over the latent function,

mll]() = m() + K(, X)U] (58)
Ki;(-,+) = K(-,-) = K(-, X) C;K(X, "), (5.9)

where v; = C;(#(f;) —m). Crucially, by Wenger et al. [143, Thm. 2],
the posterior covariance in Equation (5.9) exactly quantifies the
error in each approximate Newton step introduced by only using
limited computational resources, i.e. running the linear solver for
j < NC iterations. This reduces the time complexity to O(jN2C?).
The approximate precision matrix in Equations (5.8) and (5.9),

Cj= sj(s]Tk( fIS)7's] (5.10)

with §; = (s1,...,s;) € RN/ hasrank j and approaches IA<(fi)‘1
as j — NC.Intuitively, it projects K( f ;) onto the subspace spanned
by the actions §;, then inverts and projects the result back into the
original space. The ITErGP algorithm is given in Algorithm 5.2.

The Marginal Uncertainty Decreases in the Inner Loop. As we
perform more solver iterations, the marginal uncertainty captured
by the posterior covariance (Equation (5.9)) contracts, i.e. for each
i it holds (element-wise) that diag(K; ;(x,x)) > diag(K; (x, x))
for any k > j and arbitrary x. This is because the approximate
precision matrix C; grows in rank with each solver iteration. For a
detailed derivation, see Appendix A.1.3.

Summary. Finding the posterior mode f, and the corresponding
predictive distributions (Equations (5.4) and (5.5)) can be viewed



5.3 Computation-Aware Inference in NCGPs

Algorithm 5.2: ITERNCGP Inner Loop: ITERGP with a Virtual Solver Run.

Input: GP prior GP(m, K), training data (X, y), m, access to products with K and w1,
pseudo-targets i, buffers S, T
Output: GP posterior GP(m; ;, K; ;)

Procedure: ItrerGP(m, K, X, y, m, K, w1, 9,5, T) Time Memory
1 Cy,S,T < VirtuaLSorverRuUN(S, T, W_l) See Algorithm 5.3
2 vy « Co(iy —m) vy : Consistent initial iterate  O(RNC) O(NC)
3 forj =0,1,2,... while not INNERSTOPPINGCRITERION() dO
4 T ('j}—m)—va,l—W_lvj,1 rj-1 : Residual vector O(tg+ty-1+NC) O(NC)
5 s;j « Povicy() Select action s; via policy O(troucy) O(NC)
6 S—(S,s)) € RNCxB Append s; to buffer O(BNC)
7 aj s].Tr];1 a; : Observation is projection of residual onto action O(NC) O(1)
8 tj — Ks; First term in IA<5,:KS,-+ O(tk) O(NC)
9 T —(T,t;) e RNCxB Append t; to buffer O(BNC)
10 zZj — t]-+Wflsj Second term in IA<54,< = +W! s; O(tyw-1+NC) O(NC)
1 dj —s;—Cj1z; d; : Search direction O(BNC) O(NC)
12 nj < z].Tdf 1; : Normalization constant O(NC) o)
13 Q; « (Q]-_l, Yy d;) € RNCxB Append column O(NC) O(BNC)
14 Cj Q]Q]T Rank B approximation C; :k_l
15 vj—vj1+ %di v; : Updated representer weights estimate O(NC) O(NC)
16 m; j(-) & m(-) + K(-, X)v; Equation (5.8) O(NN,C?) O(N,C)
v | Kij(,) < K(,-) - K(-, X)C;K(X, ") Equation (5.9) O(B(N+N,)N,C?) O(N2C?)

18 return GP(m;;, K; ;) and v;

Instructions in blue are needed for recycling (see Section 5.3.3). C; is represented via its root Q ; and evaluated
lazily. We thus report the run time costs when the matrix-vector products are actually computed. The costs
for evaluating the posterior GP GP(1m;,j, K; ;) are based on N test data points X, € RN*P. For an in-depth
discussion of the computational costs, see Appendix A.2.3.

from different angles. Through an optimization lens, we use New-
ton updates, each maximizing a local quadratic approximation
of the log-posterior. From a probabilistic perspective, we solve a
sequence of related GP regression problems and ITERGP enables
us to propagate a probabilistic estimate of the latent function
throughout the entire optimization process.

For Gaussian likelihoods, the LA (Equation (5.1)) is exact and a
single Newton step suffices. Consequently, our framework gener-
alizes ITErGP to arbitrary log-concave likelihoods (Theorem A.2).
We now explore the role of the policy and its potential for actions
tailored to specific problems (Section 5.3.2). We also leverage the
relatedness of GP regression problems in the outer loop for further
speedups (Section 5.3.3) and introduce a mechanism to control
ITERNCGP’s memory usage (Section 5.3.4).

5.3.2 Policy Choice: Targeted Computations

Algorithm 5.2 defines a family of inference algorithms. Its instances,
defined by a concrete action policy, generally behave quite differ-
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Figure 5.3: Different ITeERNCGP Policies Applied to GP Classification. (Left) The true posterior mean g . ([Jl]) for
binary classification (®/®) and its decision boundary (= =). (Right) Current posterior mean estimate after 1,10, and 19
iterations with the unit vector policy (Top) and the CG policy (Bottorn). Shown are the data points selected by the policy in
this iteration with the dot size indicating their relative weight. For ITeERNCGP-Chol, data points are targeted one by one
and previously used data points are marked with (O). Details in Appendix A.3.1

ently. To better understand what effect the sequence of actions
S; = (s1,...,sj) € RN/ has on ITerNCGP, we consider the
following examples.

Unit Vector Policy = Subset of Data (SoD). Choosing the actions
Sj = e to be unit vectors with all zeros except for a one at entry
j, corresponds to (sequentially) conditioning on the first j data
points in the training data in each GP regression subproblem, since
K(-,X)S; = K(-, X1.j). Therefore this policy is equivalent to simply
using a subset X1.; € R/*P of the data and performing exact GP
regression (e.g. via a Cholesky decomposition) in each Newton
iteration in Algorithm 5.1. This basic policy shows how actions
target computation as illustrated in the top row of Figure 5.3.

(Conjugate) Gradient Policy. Instead of targeting individual data
points, we can also specify weighted linear combinations of them
to target the data more globally. E.g., using the current residual
si=ri-1=Y(f;)-m —k(fi)vj_l, approximately targets those data

4 Sincerj_1 ~ §(f,)-m-Kv;_1 =  most, where the posterior mean prediction is far off.* As Wenger

§(f 1) = mij-1(X). et al. [143] show, this corresponds to using conjugate gradients
(CG) [61] to estimate the posterior mean. This policy is illustrated
in the bottom row of Figure 5.3.

5.3.3 Recycling: Reusing Computations

Using ITerGP with a suitable policy for GP inference allows us to
solve each GP regression problem more efficiently. However, for
NCGP inference, we must solve multiple regression problems—one
per mode-finding step. Figure 5.2 suggests that GP posteriors
across steps are highly similar. Leveraging this observation, we
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Algorithm 5.3: Recycling: Virtual Solver Run with Optional Compression.

Input: Buffers S, T € RNC¥E, access to products with W ™!, compression parameter R < B (optional)
Output: Cy, updated buffers S, T

Procedure: VirtuaLSoLverRun(S, T, W) Time Memory
1 M« ST(T+W™'S) M=S"(K+W s eR" O(Bty1+BNC) O(B?
2 U, A «— EDM), Eigendecomposition M = UAU" O(B3) O(B?)

U=(uy,...upg), A=diag(Ay,...,Ap)eRF*B, A1 >.. . > Ap

Subroutine: Compression(U, A, R)

3 L U« (u1,...,ur), A < diag(Ay,...,Ar) Truncation, R < B O(BR)

4 S SUT<TU Update buffers O(BRNC) O(RNCQ)
5 Q, < SA7I/? Construct root Co = Q,Qy = SA™'ST O(R*NC) O(RNC)
6 return Co «— QOQJ and S, T Cp hasrank R

Cy is never formed explicitly in memory but evaluated lazily via its root Q, i.e. w — Cow = Qy(Qg w).

develop a novel approach, designed specifically for the NCGP
setting, that efficiently recycles costly computations between outer
loop steps (pseudocode in Algorithm 5.3).

The cost of ITERNCGP is dominated by repeated matrix-vector
products with K (see Section 5.3.5 for details). However, these
costly operations can be recycled and used over multiple Newton
steps: Consider the matrix-vector products with an action vector s
in the first and second mode-finding step as an example:

Step i = 0: s r—)f((fo)s =Ks +W(f0)_15
Step i = 1: s r—>IA<(fl)s =Ks+W(f1)_1s.

Since K is independent of f;, the product Ks is shared among both
operations.

Virtual Solver Run. Assume we have used B action vectors
(s1,...,8p) = S € RN®*B in step i = 0, and buffered the matrix-
vector products (Ksi,...,Ksp) = KS = T. In the next Newton
step i = 1 we apply the same actions to a new linear system of
equations. From Equation (5.10) we obtain

C=SM™'ST with M =ST(KS+W(f,)™'S)

=ST(T + W(f)™S). 61

So, we can imitate a solver run with the previous actions S and
construct C without ever having to multiply with K. The associ-
ated computational costs comprise memory for the two buffers
S, T as well as the run time costs for matrix-matrix products in
Equation (5.11) and inverting M € RB*B, This virtual solver run
is generally orders of magnitude cheaper than running the solver
from scratch with new actions (details in Appendix A.2.3). Within
ITErGP (Algorithm 5.2), we can use this matrix as an initial estimate
Co < C of the precision matrix. Subsequently, the algorithm can
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proceed as usual with new actions.

The presented recycling approach can easily be extended to all
Newton steps. Whenever K is multiplied with an action vector,
the vector itself and the resulting vector are appended to the
respective buffers S and T. For each Newton step, an initial Cy can
be constructed via Algorithm 5.3.

Numerical Perspective. Crucially, the above strategy does not af-
fect the solver’s convergence properties: From a numerical linear
algebra viewpoint, the strategy above is a form of subspace recycling
[110]. Specifically, Cy, as described above, defines a deflation precon-
ditioner [39]: The projection of the initial residual ro = (§j—m)—Kuvg
for the first iterate v9 = Co(jj — m) onto the subspace span{S}
spanned by the actions is zero (see Appendix A.1.4 for details).
That means, the solution within the subspace span{S} is already
perfectly identified at initialization.

Probabilistic Perspective. Via Equation (5.9), we can quantify the
effect of Cy on the total marginal uncertainty of predictions at
the training data Tr(K; o(X, X)) = Tr(K) — Tr(KCoK). Assuming
observation noise W™! = 0 and all actions in S eigenvectors of
K =K, it simplifies to

Tr(K; o(X, X)) = Tr(K) — Tr(M), (5.12)

see Appendix A.1.4. The second term Tr(M ) describes the reduction
of the prior uncertainty due to Co. It can be maximized (which
is our goal) when S contains those eigenvectors of K with the
largest eigenvalues. We take this insight as motivation for a buffer
compression approach that we describe next.

5.3.4 Compression: Memory-Efficient Beliefs

Whenever K is applied to an action vector, the buffers S, T € RNCX5

grow by N C entries. To limit memory requirements for large-scale
data, we propose a compression strategy (see Algorithm 5.3).

Compression via Truncation. In Algorithm 5.3, M~! € RE*B

is computed via an eigendecomposition M = UAU, such that
Co = Q,Q can be represented via its matrix root Q, = S UA/?
for efficient storage and matrix-vector multiplies. To limit memory
usage, we can use a truncated eigendecomposition of M. Based on
the intuition we gained from Equation (5.12), it makes sense to keep
the largest eigenvalues (to maximize the trace) and corresponding
eigenvectors. Keeping the R largest eigenvalues/-vectors yields a

rank R approximation M = UAU of M.



mq

Dad .
s °
et o . . 3 3
ohe o .o o .
ceet e, *e
ettt K .
v e g° . .
'.,r-‘ R A e L .

o Jfh e b ...:1'.
<
i
pY4

Compression as Re-Weighting Actions. Forming Cy = SM'ST
from the above approximation is equivalent to a virtual solver
run with the modified buffers § = SU € RNOR T = K(SU) =
TU € RNCXR jn Equation (5.11). This shows that the truncated
eigendecomposition effectively re-weights the previous B actions

.
A% .
. .
U R
b 3 e
TR
% o
% .
.
.
I3
= .
.

to form R new ones—and the weights are the eigenvectors from
M that maximize the uncertainty reduction. The limit R on the
buffer size controls the memory usage as well as the rank of Cp and
thereby the expressiveness of the associated belief (see Figure 5.4).

5.3.5 Cost Analysis of IterNCGP

ITERNCGP’s total run time is dominated by the repeated application
of Kin Algorithm 5.2, i.e. O(Jtk), with | describing the total number
of solver iterations over all Newton steps. tx denotes the cost of
a single matrix-vector product with K. Typically, tx is quadratic
in the number of training data points. In terms of memory, the
buffers S, T and the matrix root Q are the decisive factors with
O(BNC). Without compression, their final size is B = J. Otherwise,
their maximum size is given by the sum of the rank bound R and
the maximum solver iterations in Algorithm 5.2 (Appendix A.2.3
provides an in-depth discussion of run time and memory costs).

5.4 Related Work

The Laplace approximation [9, 91, 118, 131] is commonly used for
approximate inference in (Bayesian) Generalized Linear Models.
Here, we consider the function-space generalization of Bayesian
Generalized Linear Models, namely non-conjugate GPs, for which
amultitude of approximate methods have been proposed, arguably
the most popular being variational approaches (e.g. [72]), such as
SVGP [60, 138]. In contrast, to address the computational shortcom-
ings of NCGPs on large data sets, we leverage iterative methods

5.4 Related Work

Figure 5.4: Compressed Beliefs. Re-
cycled initial beliefs in the second
Newton step (i = 1) with means
my1,0 (Top) and (co-)variance func-
tions Ky 9 (Bottom) using compres-
sion with different buffer sizes R €
{0,1,3,10}. Buffer size R = 0 is
equivalent to not using recycling.
The larger the buffer size/rank of
Co, the more expressive the belief.
Details in Appendix A.3.1.
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to obtain and efficiently update low-rank approximations. Simi-
lar approaches were used previously to accelerate the conjugate
Gaussian special case [21, 41, 48, 99, 140, 142], binary classification
[149] and general Bayesian linear inverse problems [130]. Trippe
et al. [139] is closest in spirit to our approach if viewed from a
weight-space perspective. Their choice of low-rank projection cor-
responds to a specific policy in our framework. Our approach not
only enables the use of policies that are more suited to the given
link function, but also saves additional computation, as well as
memory, via recycling and compression. In each Newton iteration,
the posterior for the current regression problem is approximated
via ITerGP [143], which internally uses a probabilistic linear solver
[18, 56, 141]. Therefore, ITERNCGP is a probabilistic numerical
method [19, 57, 58, ]: It quantifies uncertainty arising from
limited computation.

5.5 Experiments

We apply ITERNCGP to a Poisson regression problem to explore the
trade-off between the number of (outer loop) mode-finding steps
and (inner loop) solver iterations (Section 5.5.1). In Section 5.5.2,
we demonstrate our algorithm’s scalability and the impact of
compression on performance.

5.5.1 Poisson Regression

Consider count data y € NYY generated from a Poisson likelihood
with unknown rate A: X — R(. The log-rate f is modeled by a
GP. See Appendix A.3.2 for details.

Data & Model. We generate a synthetic data set by (i) sampling the
log-rate from a GP with an RBF kernel (ii) transforming it into the
latent rate A by exponentiation, and (iii) sampling counts vy, € Ny
from the Poisson distribution with rate A(x,). The functions f, A,
and the resulting count data are shown in Figure 5.5 (Right). Our
model uses the same RBF prior GP to avoid model mismatch.

Newton Steps vs. Solver Iterations. From a practical standpoint,
the performance achievable within a given budget of solver it-
erations is highly relevant: How many linear solver iterations
should be performed for each regression problem before updating
the problem to maximize performance? To investigate this, we
use ITERNCGP-CG and distribute 100 iterations uniformly over
{5,10,20, 100} outer loop steps. Each run uses recycling without
compression and is repeated 10 times.
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Figure 5.5: Poisson Regression with ITERNCGP. (Left) Test loss performance for ITERNCGP-CG with recycling and four
schedules (j < 1,5, 10 or 20) over 100, 20,10 or 5 steps (always using the same total budget of 100 iterations). For each
schedule, the median (solid line) and min/max (shaded area) over 10 runs are reported. The crosses indicate the end
of each run. (Right) Posterior GP(m; j, ki ;) for the latent log rate f (Top) and the corresponding belief about the rate A
(Bottom) computed via MC at three time points during a run of ITERNCGP. The shaded 95% credible intervals show how

stopping early trades less computation for increased uncertainty. Details in Appendix A.3.2.

Results. Figure 5.5 (Left) indicates that the strategy with a single
iteration per step is the most efficient. An explanation might be that
there is no reason to spend compute on an “outdated” regression
problem that could be updated instead. Of course, this only applies
if recycling is used, such that the effective number of actions accumu-
lates. As long as B << N, the cost due to repeated recycling (O(N))
is dwarfed by the cost of products with K (O(N?)). Figure 5.5
(Right) shows an ITERNCGP-CG run with one iteration per step. As
we spend more computational resources, our estimates approach
the underlying latent function and, where data is available, the
uncertainty contracts.

5.5.2 Large-Scale GP Multi-Class Classification

Here, we showcase ITERNCGP’s scalability. See Appendix A.3.3 for
details.

Data & Model. We generate N = 10° data points from a Gaussian
mixture model with C = 10 classes. We use the softmax likelihood
and assume independent GPs (each equipped with a Matérn(%)
kernel) for the C outputs of the latent function. While this experi-
ment uses synthetic data, the latent function is not drawn from the
assumed GP model and thus the kernel is not perfectly identified.
Also note that, if we formed K in (working) memory explicitly,
this would require (NC)? - 8 byte = 8000 GB (in double precision).
Solving the linear systems precisely, e.g. via Cholesky decompo-
sition, is therefore infeasible, whereas our family of methods is
matrix-free and can still be applied.

Methods. We compare the subset of data (SoD) approach from
Section 5.3.2, the popular variational approximation SVGP [60, 135],




84

82

80

78

76

74

Chapter 5 Accelerating NCGPs by Trading Off Computation for Uncertainty

Accuracy in % 1 NLL loss | ECE | SoDb
Ngup =250
’f_‘"\/: 2.25 < Neub =500
o Y — 06 / Naup =1,000
s el 2.00 ’ | Naup = 2,000
/ .
1 1
| I = SVGP
| 1.75
{ | 0.4 | @=0.001, U=5,000
| Lo «=0.01, U=5,000
| h = =0.001, U=10,000
| 0.2 |
: 1.25 | IterNCGP-CG
| : j<5, R=00
| 1.00 | - j<5, R=10
0.0 —
10° 10 102 10® 10* 10° 10 102 10° 10* 10° 10" 10 10° 10%
Runtime in s Runtime in s Runtime in s

Figure 5.6: Large-Scale GP Classification. Comparison of SoD, SVGP with learning rate a € {0.001,0.01,0.05} and
U € {1000, 2500, 5000, 10000} inducing points (showing only the best three runs) and ITeRNCGP-CG with R € {0, 10}
on a classification problem with N = 10° training points and C = 10 classes in terms of accuracy (Left), NLL loss (Center)
and ECE (Right). Performance metrics are averaged over five runs and are shown as solid (training set) or dashed (test
set) lines. ITERNCGP-CG performs best in all three performance metrics, with minimal memory requirements. The two
variants with R € {00, 10} are visually indistinguishable, i.e. the performance is not affected by compression. Details in
Appendix A.3.3.

and our ITerRNCGP-CG. For SoD, we materialize K in memory and
compute its Cholesky decomposition. Four different subset sizes
are used—the largest one Ny, = 2000 requires 3.2 GB of memory
for K. For SVGP, we use the implementation provided by GPyTorcH
[41]. We optimize the ELBO for 10* seconds using Apam with batch
size 1024 and determine suitable hyperparameters via grid search
over the learning rate a and the number of inducing points U.
Only the best three settings are included in our final benchmark.
ITERNCGP-CG is applied to the full training set with recycling and
R € {0, 10}. The number of solver iterations is limited by j < 5. We
use KeOps [16] and GPyTorcH for fast kernel-matrix multiplies. For
this work, we consider kernel hyperparameter optimization out of
scope—all methods therefore use the same fixed hyperparameters.
The benchmark is run on an NVIDIA A100 GPU.

Results. Figure 5.6 shows the average performance of each method
over five runs that use different random seeds. Once the matrix
is formed in memory, the SoD approaches are very fast—even
with N, = 2000, they converge within 100 s (all SoD runs require
only two Newton steps). With increasing Ngup, the runs reach
higher accuracy at the cost of increased memory requirements.
To achieve top performance, SVGP requires a large number of
inducing points (at the cost of slower training). Increasing the
learning rate to compensate results in instabilities—these runs
do not exhibit competitive performance. Both SoD and SVGP fall
short of ITERNCGP-CG in all three performance metrics. Using recy-
cling, ITeERNCGP-CG maintains low loss/high accuracy throughout
training, even when compression is used. It reaches the lowest
final negative log-likelihood (NLL) and expected calibration error
(ECE) demonstrating better uncertainty quantification. It is more
memory-efficient than SoD (especially with compression), and, in
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Figure 5.7: GP Classification on MNIST. Comparison of SVGP with learning rate & € {0.001,0.01,0.05} and U €
{1000, 2500, 5000, 10000} inducing points (showing only the best four runs) and ITeRNCGP-CG on a classification problem
with N = 20,000 training points and C = 10 classes in terms of accuracy (Left), NLL loss (Center) and ECE (Right).
Performance metrics are shown as solid (training set) or dashed (test set) lines. For IrerNCGP, the dots mark the start of a
new outer-loop iteration. ITERNCGP-CG performs best in terms of accuracy and NLL loss but slightly worse in terms of
ECE. Details in Appendix A.3.4.

contrast to SVGP, does not require extensive tuning.

Extension to MNIST. To demonstrate ITeRNCGP’s applicability to
real-world data, we perform a similar experiment on MNIST [55].
See Appendix A.3.4 for details. As KEOps scales poorly with the data
dimension (D = 28 = 784 for MNIST), we revert to GPYTorcH’s
standard kernel implementation, which requires more memory. We
thus limit the training data to Ng,, = 20,000 images. The results
(Figure 5.7) are mostly aligned with Figure 5.6: ITERNCGP-CG
outperforms the well-tuned SVGP baselines in terms of accuracy
and NLL loss. Only the ECE of ITERNCGP is slightly worse than
for SVGP. This is easily explained, by the fact that one can achieve
smaller ECE by accepting lower accuracy—the canonical example
being a random baseline, which is perfectly calibrated.

5.6 Conclusion

Non-conjugate Gaussian processes (NCGPs) provide a flexible
probabilistic framework encompassing, among others, GP classi-
fication and Poisson regression. Training NCGPs on large data
sets, however, necessitates approximations. Our method ITeRNCGP
quantifies and continuously propagates the errors caused by these
approximations, in the form of uncertainty. The information col-
lected during training is efficiently recycled and compressed, re-
ducing run time and memory requirements.

Limitations. A limitation of our method is directly inherited from
the Laplace approximation: The inherent error in approximating
the posterior with a Gaussian is not captured and generally de-
pends on the choice of likelihood. However, under mild regularity
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conditions, the (relative) error of the Laplace approximation scales
inversely proportional to the number of data [5, 7(]. Since we are
considering the large data regime in this work one might reason-
ably expect the error contribution of the Laplace approximation
itself to be small, relative to the error contribution from approx-
imating the MAP via Newton’s method, equivalently the error
contribution of approximate GP regression.

Another limitation is the lack of a ready-to-use approach for
kernel hyperparameter estimation. However, our method is entirely
composed of basic linear algebra operations (see Algorithms 5.1
to 5.3). Therefore one can in principle simply differentiate with
respect to the kernel hyperparameters through the entire solve.
Recent work by Wenger et al. [144] proposes an ELBO objective
to perform model selection for ITErRGP, which one could therefore
readily apply in our setting. We leave the open question on how
to optimally choose the number of Newton and ITerGP steps per
hyperparameter optimization step for future work.

Future Work. So far, we have only explored the policy design space
in a limited fashion. The policy controls which areas of the data
space are targeted and accounted for in the posterior. Tailoring the
actions to the specific problem could further increase our method’s
efficiency. For classification problems, a good strategy might be not
to spend compute on data points where the prediction is already
definitive.

Finally, a promising application for ITeRNCGP may be Bayesian
deep learning. A popular approach to equip a neural net with
uncertainty is via a Laplace approximation [/3, 90, 115], which is
equivalent to a GP classification problem with a neural tangent
kernel prior [66, 67]. There, the SoD approach is regularly used
[66, Sec. A2.2], for which our approach might offer significant
improvements.
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ViViT: Curvature Access Through
The Generalized Gauss-Newton's
Low-Rank Structure

Abstract

Curvature in form of the Hessian or its generalized Gauss-Newton
(GGN) approximation is valuable for algorithms that rely on
a local model for the loss to train, compress, or explain deep
networks. Existing methods based on implicit multiplication via
automatic differentiation or Kronecker-factored block diagonal
approximations do not consider noise in the mini-batch. We present
ViViT, a curvature model that leverages the GGN’s low-rank
structure without further approximations. It allows for efficient
computation of eigenvalues, eigenvectors, as well as per-sample
first- and second-order directional derivatives. The representation
is computed in parallel with gradients in one backward pass and
offers a fine-grained cost-accuracy trade-off, which allows it to scale.
We demonstrate this by conducting performance benchmarks and
substantiate ViVil’s usefulness by studying the impact of noise on
the GGN’s structural properties during neural network training.

6.1 Introduction & Motivation

The large number of trainable parameters in deep neural networks
imposes computational constraints on the information that can
be made available to optimization algorithms. Standard machine
learning libraries [, 111] mainly provide access to first-order in-
formation in the form of average mini-batch gradients. This is a
limitation that complicates the development of novel methods
that may outperform the state-of-the-art: They must use the same
objects to remain easy to implement and use, and to rely on the
highly optimized code of those libraries. There is evidence that
this has led to stagnation in the performance of first-order opti-
mizers [127]. Here, we thus study how to provide efficient access
to richer information, namely higher-order derivatives and their
distribution across the mini-batch.

Recent advances in automatic differentiation [12, 28] have made
such information more readily accessible through vectorization
of algebraic structure in the differentiated loss. We leverage and
extend this functionality to efficiently access curvature in form of
the Hessian’s generalized Gauss-Newton (GGN) approximation.

It offers practical advantages over the Hessian and is established
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for training [94, 97], compressing [128], or adding uncertainty to
[77,115, 116] neural networks. It is also linked theoretically to the
natural gradient method [3] via the Fisher information matrix [95,
Section 9.2].

Traditional ways to access curvature fall into two categories. Firstly,
repeated automatic differentiation allows for matrix-free exact
multiplication with the Hessian [112] and GGN [125]. Iterative
linear and eigensolvers can leverage such functionality to compute
Newton steps [42, 94, 148] and spectral properties [2, 44, 46,109,120,

, 145] on arbitrary architectures thanks to the generality of auto-
matic differentiation. However, repeated matrix-vector products
are potentially detrimental to performance.

Secondly, K-FAC (Kronecker-factored approximate curvature) [10,

, 96, 97] constructs an explicit light-weight representation of the
GGN based on its algebraic Kronecker structure. The computations
are streamlined via gradient backpropagation and the resulting
matrices are cheap to store and invert. This allows K-FAC to scale:
It has been used successfully with large mini-batches [107]. One
reason for this efficiency is that K-FAC only approximates the
GGN’s block diagonal, neglecting interactions across layers. Such
terms could be useful, however, for applications like uncertainty
quantification with Laplace approximations [30, 77, 115, 116] that
currently rely on K-FAC. Moreover, due to its specific design for
optimization, the Kronecker representation does not become more
accurate with more data. It remains a simplification, exact only
under assumptions unlikely to be met in practice [97]. This might
be a downside for applications that depend on a precise curvature

proxy.

Contributions. Here, we propose ViViT (inspired by VV ' in Equa-
tion (6.3)), a curvature model that leverages the GGN’s low-rank
structure. Like K-FAC, its representation is computed in parallel
with gradients. But it allows a cost-accuracy trade-off, ranging
from the exact GGN to an approximation that has the cost of a
single gradient computation. Our contributions are as follows:

(i) We present how to compute various GGN properties effi-
ciently by exploiting its low-rank structure: The exact eigen-
values, eigenvectors, and per-sample directional derivatives
(Figure 6.1). In contrast to other methods, these quantities
allow modeling curvature noise.

(i) We introduce approximations that allow a flexible trade-off
between computational cost and accuracy, and provide a
fully-featured efficient implementation in PyTorch [111] on
top of the BackPACK [25] package at
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Figure 6.1: Overview of ViViT’s Quantities. (a) GGN eigenvalue distribution of DeepOBS’ 3c3p architecture on CIFAR-10
[123] for settings with different costs on a mini-batch of size N = 128. From left to right: Exact GGN, exact GGN on a
mini-batch fraction, MC approximation of the GGN. (b) Pictorial illustration of ViVil’s quantities in the loss landscape:
The contour lines visualize the loss function £ (Equation (6.1)) and its quadratic model g around 0 € R2 (Equation (6.6)).
The low-rank structure provides efficient access to the GGN's eigenvectors {1/ }. The quadratic model’s one-dimensional
projections along the eigenvectors (black axes) are parabolas characterized by the directional derivatives ), A, and their
per-sample contributions y;,i, A, (Equation (6.8)). £ is the GGN’s top-1 eigenspace.

Section 2.2.2 provides a detailed in-
troduction to the empirical risk min-
imization problem.

(iii) We empirically demonstrate scalability and efficiency of lever-
aging the GGN'’s low-rank structure through benchmarks on
different deep architectures. Finally, we use the previously
inaccessible properties of the GGN to study how it is affected
by noise during training.

The main focus of this work is demonstrating that many interesting
curvature properties, including uncertainty, can be computed
efficiently. Practical applications are discussed in Section 6.5.

6.2 Notation & Method

Setting. Consider a model fg : X — F and a data set D of tuples
(x,y) € X X Y. The network, parameterized by 8 € ©, maps a
sample x to a prediction # = fg(x). Predictions are scored by a
convex loss function £ : F X Y — R (e.g. cross-entropy or square
loss), which compares to the ground truth y. The training objective
is the empirical risk I}FI Zxy)eb {(fo(x), y). In the following, we
consider theloss £: 0 — R

N
£00) = = > ((foxn),9,), 61
n=1

evaluated on a mini-batch {(x,,y,) € X X Y};\Izl C D with N
samples. We use {,(0) = {(fo(x),y,) and f,(0) = fo(x,) for
per-sample losses and predictions. For gradients, we write g, (0) =
Vol,(0) and g(0) = Vo L(0), suppressing 0 if unambiguous. We

also set ® C R? and F € R€ with P, C the model parameter and
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prediction space dimension, respectively. For classification, C is
the number of classes.

Hessian & GGN. Two-fold chain rule application to the split
{ o f decomposes the Hessian of Equation (6.1) into two parts
Véﬁ(@) = G(0) + R(0) € R"P; the positive semidefinite GGN

G= -3 o) (V2bo) Uofi) = = 3160 (62
—Nn:19n AL Gn—Nn:1n .

and a residual R = 1/N 21::1 ZCC:1 (V%9 [fule) [an €n] .- Here, we use
the Jacobian J,b that contains partial derivatives of b with respect
to a, [Jablij = d[b];/d[a];. As the residual may alter the Hessian’s
definiteness—undesirable in many applications—we focus on the
GGN.

Low-Rank Structure. By basic inequalities, Equation (6.2) has
rank(G) < NC. To make this explicit, we factorize the positive
semidefinite Hessian V;n l, = Zle SncS,., where s, € R¢ and
denote its backpropagated version by v, = (Jofu) Snc € RP.
Absorbing sums into matrix multiplications, we arrive at the GGN’s

outer product form that lies at the heart of the ViViT concept,

1 N C
G=2, 2 UncVc =VVT (6.3)

n=1 c=1

with V = 1/¥yN(v11,012,...,onc) € RPNC V allows for exact
computations with the explicit GGN matrix, at linear rather than
quadratic memory cost in P. We first formulate the extraction of
relevant GGN properties from this factorization, before addressing
how to further approximate V to reduce memory and computation
costs.

6.2.1 Computing the Full GGN Eigenspectrum

Each GGN eigenvalue A € Ry is a root of the characteristic poly-
nomial det(G — AIp) with identity matrix Ip € RP*P. Leveraging
the factorization of Equation (6.3) and the matrix determinant
lemma, the P-dimensional eigenproblem reduces to that of the
much smaller Gram matrix G = VTV € RNONC which contains
pairwise scalar products of v, (see Appendix B.1.1),

det(G-AIp) =0 & det(G—Alnc)=0. (6.4)

With at least P — NC trivial solutions, the GGN curvature is zero
along most directions in parameter space. Nontrivial solutions
that give rise to curved directions are fully-contained in the Gram
matrix, and hence much cheaper to compute.

1: We assume the overparameter-
ized deep learning setting (NC < P)
and suppress the trivial rank bound
P.
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2: In the following, we assume or-
dered eigenvalues, i.e. A7 > Ay >
... 2 Ak, for convenience.

3: Appendix B.3.2 describes im-
plicit multiplication with G™1.

4: Consider a cut through the quad-
ratic (Equation (6.6)) from 0 in di-
rectiond, i.e. 7(t) := q(Op+1d). The
directional slope and curvature are
thus given by

(1) = d" g(0p) + td" G(0g) d
(1) = dT G(6) d.

Equation (6.7) introduces y4 = ’(0)
and Az = r”(0) as the directional
slope and curvature at 0 in direc-
tion d.

Despite various Hessian spectral studies which rely on iterative
eigensolvers and implicit matrix multiplication [2, 44, 46, ,

, 121, ], we are not aware of works that efficiently extract
the exact GGN spectrum from its Gram matrix. In contrast to
those techniques, this matrix can be computed in parallel with
gradients in a single backward pass, which results in less sequential
overhead. We demonstrate in Section 6.3.1 that exploiting the low-
rank structure for computing the leading eigenpairs is superior to
a power iteration based on matrix-free multiplication in terms of
run time.

Eigenvalues themselves can help identify reasonable hyperpa-
rameters, like learning rates [57]. But we can also reconstruct
the associated eigenvectors. These are directions along which
curvature information is contained in the mini-batch. Let §+ =
{(Ar, itx) | A # 0, Giig = /\kﬁk}Ik(:l denote the nontrivial Gram
spectrum? with orthonormal eigenvectors ﬁjTﬁ k = Ojk (0 repre-
sents the Kronecker delta and K = rank(G)). Then, the transformed
vectors uy = /v Vil (k = 1, ..., K) are orthonormal eigenvectors
of G associated to eigenvalues Ay (see Appendix B.1.2), i.e.

YAk, iix) € Si: Gitg = Aiiy = Guy = Aqu. (6.5)

The eigenspectrum also provides access to the GGN’s pseudo-
inverse based on V and S, required by e.g. second-order meth-

ods.?

6.2.2 Computing Directional Derivatives

Various algorithms rely on a local quadratic approximation of the
loss landscape. For instance, optimization methods adapt their
parameters by stepping into the minimum of the local proxy.
Curvature, in the form of the Hessian or GGN, allows to build
a quadratic model given by the Taylor expansion. Let 4 denote
the quadratic model for the loss around position 6 € O that uses
curvature represented by the GGN,

4(0) = const+ (0 — 80)T g(80) + %(e —00)"G(0,)(6— 00). (6.6)

At its base point 0, the shape of g along an arbitrary normalized
direction d € © (i.e. ||d|| = 1) is determined by the local gradi-
ent and curvature.* Specifically, the projection of Equation (6.6)
onto d gives rise to the (scalar) first-and second-order directional
derivatives

V= dTVQq(Bo) = dTg(Bo) eR and

6.7
Aa=d"Vgq(00)d=d"G(0g)d eR. 67)
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As G’s characteristic directions are its eigenvectors, they form a
natural basis for the quadratic model. Denoting yx = y,, and
Ak = Ay, the directional gradient and curvature along eigenvector
uy, we see from Equation (6.7) that the directional curvature indeed
coincides with the GGN’s eigenvalue.

Analogous to the gradient and GGN, the directional derivatives
7k and Ay inherit the loss function’s sum structure (Equation (6.1)),
i.e. they decompose into contributions from individual samples.
Let v,k and A,k denote these first- and second-order derivatives
contributions of sample x,, in direction uy,

i, V'g
Vnk = UL &, = —k__°n  and
VAk (6.8)
PUR P |V Vii||?
nk = U, Gplg = T 7

where V,, € RP*C is a scaled sub-matrix of V with fixed sample
index. Note that directional derivatives can be evaluated efficiently
with the Gram matrix eigenvectors without explicit access to the
associated directions in parameter space.

In Equation (6.7), gradient g and curvature G are sums over g,
and G, respectively. This implies the relationships between direc-
tional derivatives and per-sample contributions yx = 1/N Ny,
and Ay = /N ZnN:1 Ank. Figure 6.1b shows a pictorial view of the
quantities provided by ViViT. Access to per-sample directional
gradients y,x and curvatures A, along G’s natural directions is
one distinct feature of ViViT. These quantities provide geometric
information about the local loss landscape as well as about the
model’s directional curvature stochasticity over the mini-batch.

6.2.3 Computational Complexity

So far, we have formulated the computation of the GGN'’s eigen-
values (Equation (6.4)), including eigenvectors (Equation (6.5)),
and per-sample directional derivatives (Equation (6.8)). We now
analyze their computational complexity to identify critical per-
formance factors. Those limitations can effectively be addressed
with approximations that allow the costs to be decreased in a
fine-grained fashion. We substantiate our theoretical analysis with
empirical benchmarks in Section 6.3.1.

Relation to Gradient Computation. Machine learning libraries
are optimized to backpropagate signals 1/NV, {;; and accumulate
the result into the mini-batch gradient g = /N qu\]ﬂ(]ﬂ fu) Vil
Each column v, of V also involves applying the Jacobian, but to a

Section 2.2.4 provides a detailed
derivation on how loss gradients can
be computed via automatic differen-
tiation.
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5: Our implementation uses a more
memory-efficient approach that
avoids expanding V for linear lay-
ers by leveraging structure in their
Jacobian. We describe additional op-
timizations in Appendix B.3.1, and
demonstrate a 50x speed-up for
computing the Gram matrix over
naive computation via vectorized
Jacobians. The additional backprop-
agations are carried out in 50 % of
the expected time due to parallelism
on the GPU.

different vector s, from the loss Hessian’s symmetric factoriza-
tion. For popular loss functions, like square and cross-entropy loss,
this factorization is analytically known and available at negligible
overhead. Hence, computing V basically costs C gradient compu-
tations as it involves N C backpropagations, while the gradient
requires N. However, the practical overhead is expected to be
smaller: Computations can re-use information from BackPACK’s
vectorized Jacobians and enjoy additional speedup on GPUs.

Stage-Wise Discarding V. The columns of V correspond to back-
propagated vectors. During backpropagation, sub-matrices of V,
associated to parameters in the current layer, become available
once at a time and can be discarded immediately after their use.
This allows for memory savings without any approximations.

One example is the Gram matrix G formed by pairwise scalar
products of {vm}i\jz’i e I O((N C)?P) operations. The spectral
decomposition S, has additional cost of O((NC)?). Similarly, the
terms for the directional derivatives in Equation (6.8) can be built
up stage-wise: First-order derivatives {y, k}sz’lf,k:l require the
vectors {V'g, € RN C}nN:1 that cost O(N2CP) operations. Second-
order derivatives are basically for free, as {V,V € RONC}N g

available from G.

GGN Eigenvectors. Transforming a Gram matrix eigenvector iy to
the GGN eigenvector u; by application of V (Equation (6.5)) costs
O(NCP) operations. However, repeated application of V can be
avoided for sums of the form > x(ck/vA;)uy with arbitrary weights
cx € R. The summation can be performed in the Gram space at
negligible overhead, and only the resulting vector Xy cx#ix needs
to be transformed. For a practical example—computing damped
Newton steps—see Appendix B.2.1.

6.2.4 Approximations & Implementation

Although the GGN's representation by V has linear memory cost
in P, it requires memory equivalent to NC model copies.” Of
course, this is infeasible for many networks and data sets, e.g.
ImaceNEer (C = 1000). So far, our formulation was concerned with
exact computations. We now present approximations that allow
N, C and P in the above cost analysis to be replaced by smaller
numbers, enabling ViViT to trade-off accuracy and performance.

MC Approximation & Curvature Sub-Sampling. To reduce the
scaling in C, we can approximate the factorization ijfn (,(0) =
chzl SncSye by a smaller set of vectors. One principled approach
is to draw MC samples {5, } such that E;[3,,5,,,] = V;n 2,(0)

as in [25]. This reduces the scaling of backpropagated vectors from



C to the number of MC samples M (M = 1 in the following if not
specified otherwise). A common independent approximation to
reduce the scaling in N is computing curvature on a mini-batch
subset [14, 148].

Parameter Groups (Block-Diagonal Approximation). Some ap-
plications, e.g. computing Newton steps, require V to be kept in
memory for performing the transformation from Gram space into
the parameter space. Still, we can reduce costs by using the GGN’s
diagonal blocks {G(l)}lL=1 of each layer, rather than the full matrix
G. Such blocks are available during backpropagation and can thus
be used and discarded step by step. In addition to the previously
described approximations for reducing the costs in N and C, this
technique tackles scaling in P.

Implementation Details. BackPACK’s functionality allows us to
efficiently compute individual gradients and V in a single backward
pass, using either an exact or MC-factorization of the loss Hessian.
To reduce memory consumption, we extend its implementation
with a protocol to support mini-batch sub-sampling and parameter
groups. By hooks into the package’s extensions, we can discard
buffers as soon as possible during backpropagation, effectively
implementing all discussed approximations and optimizations.

Next, we specifically address how the above approximations affect
run time and memory requirements, and study their impact on
structural properties of the GGN.

6.3 Experiments

For the practical use of the ViViT concept, it is essential that (i) the
computations are efficient and (ii) that we gain an understanding
of how sub-sampling noise and the approximations introduced
in Section 6.2.4 alter the structural properties of the GGN. In the
following, we therefore empirically investigate ViVil’s scalability
and approximation properties in the context of deep learning,
where it can serve as a monitoring tool of novel quantities that
have not been explored previously to analyze training and other
phenomena. The code used for the experiments is available at

Experimental Setting. Architectures include three deep convolu-
tional neural networks from DeepOBS [123] (2c2p on FasHioN-
MNIST, 3c3p on CIFAR-10 and ALL-CNN-C on CIFAR-100), as well
as residual networks from He et al. [54] on CIFAR-10 based on
Idelbayev [64]—all are equipped with cross-entropy loss. Based
on the approximations presented in Section 6.2.4, we distinguish
the following cases:

6.3 Experiments
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» mb, exact: Exact GGN with all mini-batch samples. Back-
propagates N C vectors.

» mb, mc: MC-approximated GGN with all mini-batch samples.
Backpropagates NM vectors with M the number of MC-
samples.

» sub, exact: Exact GGN on a subset of mini-batch samples
(LN/s] as in [148]). Backpropagates | N/s|C vectors.

» sub, mc: MC-approximated GGN on a subset of mini-batch
samples. Backpropagates | N/s] M vectors with M the number
of MC-samples.

6.3.1 Scalability

We now complement the theoretical computational complexity
analysis from Section 6.2.3 with empirical studies. Results were
generated on a workstation with an Intel Core i7-8700K CPU
(32 GB) and one NVIDIA GeForce RTX 2080 Ti GPU (11 GB). We
use M = 1 in the following.

Memory Performance. We consider two tasks:

1. Computing Eigenvalues. The nontrivial eigenvalues {A |
(Ax,iix) € S, } are obtained by forming and eigendecompos-
ing the Gram matrix G, allowing stage-wise discarding of V
(see Sections 6.2.1 and 6.2.3).

2. Computing the Top Eigenpair. For (11, u#1), we compute the
Gram matrix spectrum §+, extract its top eigenpair (A1, #11),
and transform it into parameter space by Equation (6.5), i.e.
(A1, w1 = 1/yA&1Viiy). This requires more memory than task 1
as V must be stored.

As a comprehensive measure for memory performance, we use
the largest batch size before our system runs out of memory—we
call this the critical batch size Nyi;.

Figure 6.2a tabularizes the critical batch sizes on GPU for the
3c3p architecture on CIFAR-10. As expected, computing eigenpairs
requires more memory and leads to consistently smaller critical
batch sizes in comparison to computing only eigenvalues. Yet,
they all exceed the traditional batch size used for training (N =
128, see Schneider et al. [123]), even when using the exact GGN.
With ViVil’s approximations, the memory overhead is reduced to
significantly increase the applicable batch size. We report similar
results for more architectures, a block-diagonal approximation (as
in Zhang et al. [145]), and on CPU in Appendix B.2.1, where we
also benchmark a third task—computing damped Newton steps.

In the large-batch regime, computing the Gram matrix and its
spectrum becomes a run time bottleneck, see Section 6.2.3. As



we show next, ViViT is highly efficient in the mini-batch setting.
However, for spectral analyses on the entire data set, iterative
eigensolvers, like power iterations, should be preferred.

Run Time Performance. Here, we consider the task of computing
the k leading eigenvectors and eigenvalues of a matrix. A power
iteration that computes eigenpairs iteratively via matrix-vector
products serves as a reference. For a fixed value of k, we repeat
both approaches 20 times and report the shortest time.

For the power iteration, we adapt the implementation from the
PyHessian library [145] and replace its Hessian-vector product by a
matrix-free GGN-vector product [125] through PyTorch’s automatic
differentiation. We use the same default hyperparameters for the
termination criterion.® Similar to task 1, our method obtains the top-
k eigenpairs’ by computing S., extracting its leading eigenpairs
and transforming the eigenvectors i1, i», . . . , #i; into parameter
space by application of V.

Figure 6.2b shows the GPU run time for the 3c3p architecture
on CIFAR-10, using a mini-batch of size N = 128. Without any
approximations to the GGN, our method already outperforms
the power iteration for k > 1 and increases much slower in run
time as more leading eigenpairs are requested. This means that,
relative to the transformation of each eigenvector from the Gram
space into the parameter space through V, the run time mainly
results from computing V, G, and eigendecomposing the latter.
This is consistent with the computational complexity of those
operations in NC (compare Section 6.2.3) and allows for efficient
extraction of a large number of eigenpairs. The run time curves of
the approximations confirm this behavior by featuring the same flat
profile. Additionally, they require significantly less time than the
exact mini-batch computation. Appendix B.2.1 reports additional
results for more architectures, a block-diagonal approximation,
and on CPU.

6.3.2 Approximation Quality

ViViT is based on the Hessian’s generalized Gauss-Newton ap-
proximation (see Equation (6.2)). In practice, the GGN is only
computed on a mini-batch which yields a statistical estimator for
the full-batch GGN (i.e. the GGN evaluated on the entire training
set). Additionally, we introduce curvature sub-sampling and an
MC approximation (see Section 6.2.4), i.e. further approximations
that alter the curvature’s structural properties. In this section, we
compare quantities at different stages within this hierarchy of
approximations. We use the test problems from above and train the
networks with both SGD and Apawm (details in Appendix B.2.2).

6.3 Experiments

6: We find similar results with re-
laxed convergence hyperparameters,
see Appendix B.2.1.

7: The power iteration computes the
leading eigenpairs. Our approach al-
lows choosing arbitrary eigenpairs.
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Figure 6.2: GPU Memory and Run Time Performance. Performance measurements for the 3c3p architecture (P = 895 210)
on CIFAR-10 (C = 10). (a) Critical batch sizes Nt for computing eigenvalues and the top eigenpair. (b) Run time
comparison with a power iteration for extracting the k leading eigenpairs using a batch of size N = 128.

GGN vs. Hessian. First, we empirically study the relationship
between the GGN and the Hessian in the deep learning context.
To capture solely the effect of neglecting the residual R (see Equa-
tion (6.2)), we consider the noise-free case and compute H and G
on the entire training set.

We characterize both curvature matrices by their top-C eigenspace:
The space spanned by the C leading eigenvectors. This is a C-
dimensional subspace of the parameter space ©, on which the loss
function is subject to particularly strong curvature. The overlap
between these spaces serves as the comparison metric. Let {u2 Cczl
be the set of orthonormal eigenvectors to the C largest eigenvalues
of some symmetric matrix A and &4 = span(u?, ..., u2). The
projection onto this subspace £4 is given by the projection matrix
PA = (uf, ., ué)(u‘l“, ., ué)T. As in Gur-Ari et al. [50], we define
the overlap between two top-C eigenspaces £4 and £B of the
matrices A and B by

Tr (PAPB)
Tr (P4) Tr (PB)

overlap(£4, £B) = e[0,1]. (6.9)

If overlap(EA,EB) = 0, then £4 and &B are orthogonal; if the
overlap is 1, they are identical.

Figure 6.3a shows the overlap between the full-batch GGN and
Hessian during training of the 3c3p network on CIFAR-10 with
SGD. Except for a short phase at the beginning of the optimiza-
tion procedure (note the log scale for the epoch-axis), it shows a
strong agreement (overlap > 0.85) between the top-C eigenspaces.
We make similar observations with the other test problems (see
Appendix B.2.3), yet to a slightly lesser extent for CIFAR-100. Con-
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(a) Full-Batch GGN vs. Full-Batch Hessian. (b) Mini-Batch GGN vs. Full-Batch GGN.
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Figure 6.3: Curvature Monitoring During Training 3c3p on CIFAR-10 with SGD. (a) Overlap between the top-C
eigenspaces of the full-batch GGN and full-batch Hessian during training. (b) Overlap between the top-C eigenspaces of
the mini-batch GGN and full-batch GGN during training. For each mini-batch size, 5 different mini-batches are drawn. (c)
Overlap between the top-C eigenspaces of the mini-batch GGN and ViViT’s approximations with the full-batch GGN
during training. Each approximation is evaluated on 5 mini-batches. (d) Curvature SNRs along each of the mini-batch
GGN’'s top-C eigenvectors during training. At fixed epoch, the SNR for the most curved direction is shown in ® and the

SNR for the direction with the smallest curvature is shown in @.

sequently, we identify the GGN as an interesting object, since it
consistently shares relevant structure with the Hessian matrix.

Eigenspace Under Noise and Approximations. ViViT uses mini-
batching to compute a statistical estimator of the full-batch GGN.
This approximation alters the top-C eigenspace, as shown in
Figure 6.3b: With decreasing mini-batch size, the approximation
carries less and less structure of its full-batch counterpart, as
indicated by dropping overlaps. In addition, at constant batch
size, a decrease in approximation quality can be observed over the
course of training. This might be a valuable insight for the design
of second-order optimization methods, where this structural decay
could lead to performance degradation over the course of the
optimization, which has to be compensated for by a growing batch-
size (e.g. Martens [94] reports that the optimal batch size grows
during training).

In order to allow for a fine-grained cost-accuracy trade-off, ViViT
introduces further approximations to the mini-batch GGN (see
Section 6.2.4). Figure 6.3c shows the overlap between these GGN
approximations and the full-batch GGN.® The order of the approx-

8: A comparison with the mini-
batch GGN as ground truth can be
found in Appendix B.2.4
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imations is as expected: With increasing computational effort, the
approximations improve and, despite the greatly reduced compu-
tational effort compared to the exact mini-batch GGN, significant
structure of the top-C eigenspace is preserved. Details and results
for the other test problems are reported in Appendix B.2.4.

So far, our analysis is based on the top-C eigenspace of the curvature
matrices. We extend this analysis by studying the effect of noise
and approximations on the curvature magnitude along the top-C
directions in Appendix B.2.5.

6.3.3 Per-Sample Directional Derivatives

A unique feature of ViVil’s quantities is that they provide a notion
of curvature uncertainty through per-sample first- and second-order
directional derivatives (see Equation (6.8)). To quantify noise in
the directional derivatives, we compute their signal-to-noise ratios
(SNRs). For each direction u, the SNR is given by the squared
empirical mean divided by the empirical variance of the N mini-
batch samples {y,}_, and {4, }N

=1~ Tespectively.

Figure 6.3d shows curvature SNRs during training the 3c3p net-
work on CIFAR-10 with SGD. The curvature signal along the top-C
eigenvectors decreases from SNR > 1 by two orders of magnitude.
This might be a challenging setting for second-order methods
because the noise varies dramatically during different stages of
training. In comparison, the directional gradients do not exhibit
such a pattern (see Appendix B.2.6). Results for the other test cases
can be found in Appendix B.2.6.

In this section, we gave a glimpse of the very rich quantities that are
efficiently computed via ViViT. Section 6.5 discusses the practical
use of this information, in particular curvature uncertainty.

6.4 Related Work

GGN Spectrum & Low-Rank Structure. Other works point out
the GGN'’s low-rank structure. Botev et al. [10] present the rank
bound and propose an alternative to K-FAC based on backpropa-
gating a decomposition of the loss Hessian. Papyan [105] presents
the factorization in Equation (6.3) and studies the eigenvalue
spectrum’s hierarchy for cross-entropy loss. In this setting, the
GGN further decomposes into summands, some of which are then
analyzed through similar Gram matrices. These can be obtained
as contractions of G, but our approach goes beyond them as it
does not neglect terms. We are not aware of works that obtain the



exact spectrum and leverage a highly-efficient fully-parallel imple-
mentation. This may be because, until recently [12, 28], vectorized
Jacobians required to perform those operations efficiently were not
available.

Efficient Operations with Large-Scale Matrices in Deep Learn-
ing. Chen et al. [I7] use Equation (6.3) for element-wise evaluation
of the GGN in fully-connected feed-forward neural networks. They
also present a variant based on MC sampling. This element-wise
evaluation is then used to construct hierarchical matrix approxi-
mations of the GGN. ViViT instead leverages the global low-rank
structure that also enjoys efficient eigen-decomposition.

A special case of ViViT’s Gram matrix extraction is computing
empirical neural tangent kernel (NTK) matrices, like [103]. While
the NTK only requires a model (its Jacobian [67]), the GGN also
incorporates the loss function via its Hessian. For mean squared
error, this Hessian in Equation (6.2) is proportional to the identity,
and the GGN Gram matrix coincides with the scaled empirical
NTK.

Another prominent low-rank matrix in deep learning is the un-
centered gradient covariance (sometimes called empirical Fisher).
Singh and Alistarh [128] describe implicit multiplication with its
inverse and apply it for neural network compression, assuming the
empirical Fisher as Hessian proxy. However, this assumption has
limitations, specifically for optimization [52]. In principle though,
the low-rank structure also permits the application of our methods
from Section 6.2.

6.5 Use Cases

Our efficient implementation enables the community to explore
deep learning through richer information that would previously
have been costly. Here, we want to briefly address possible use
cases—their full development and assessment, however, will
amount to separate paper(s). They include:

» Second-Order Optimization. Second-order methods use
curvature to build a local quadratic model of the loss. Es-
tablished curvature proxies neglect the sampling-induced
noise and therefore the quadratic model’s reliability. ViViT
provides access to this information in the form of per-sample
quantities. This offers a new dimension for improving second-
order methods: Through statistics on the mini-batch distribu-
tion of directional derivatives, we might be able to adapt to
the dynamics of noise (e.g. via variance-adapted step sizes).

6.5 Use Cases
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» Monitoring Tool. However, to develop conceptually novel
second-order optimizers, we believe that a crucial interme-
diate step is to better understand the setting they operate
in. The techniques we present primarily tackle this interme-
diate step. Sections 6.3.2 and 6.3.3 are examples of ViVil’s
application as a monitoring tool. Due to its efficiency, ViViT
could be integrated into live diagnostic tools like Cockpit
[124] that aim at debugging optimizers or gaining insights
into the inner workings of deep learning.

6.6 Conclusion

We have presented ViViT, a curvature model based on the low-
rank structure of the Hessian’s generalized Gauss-Newton (GGN)
approximation. This structure allows for efficient extraction of exact
curvature properties, such as the GGN’s full eigenvalue spectrum
and directional gradients and curvatures along the associated
eigenvectors. ViVil’s quantities scale by approximations that allow
for a fine-grained cost-accuracy trade-off. In contrast to alternatives,
these quantities offer a notion of curvature uncertainty across the
mini-batch in the form of directional derivatives.

We empirically demonstrated the efficiency of leveraging the GGN’s
low-rank structure and substantiated its usefulness by studying
characteristics of curvature noise on various deep learning archi-
tectures. The low-rank representation is efficiently computed in
parallel with gradients during a single backward pass. As it mainly
relies on vectorized Jacobians, it is general enough to be integrated
into existing machine learning libraries in the future. For now, we
provide an efficient open-source implementation in PyTorch [111]
by extending the existing BackPACK [2&] library.
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An extended overview of these and
other curvature-based approaches
is given in Chapter 3.

Debiasing Mini-Batch Quadratics
for Applications in Deep Learning

Abstract

Quadratic approximations form a fundamental building block of
machine learning methods. E.g., second-order optimizers try to
find the Newton step into the minimum of a local quadratic proxy
to the objective function; and the second-order approximation of a
network’s loss function can be used to quantify the uncertainty of its
outputs via the Laplace approximation. When computations on the
entire training set are intractable—typical for deep learning—the
relevant quantities are computed on mini-batches. This, however,
distorts and biases the shape of the associated stochastic quadratic
approximations in an intricate way with detrimental effects on
applications. In this paper, we (i) show that this bias introduces a
systematic error, (ii) provide a theoretical explanation for it, (iii)
explain its relevance for second-order optimization and uncertainty
quantification via the Laplace approximation in deep learning, and
(iv) develop and evaluate debiasing strategies.

7.1 Introduction

Quadratic approximations of the loss landscape are increasingly
used by algorithms in deep learning, from pruning methods [34,
] and influence functions [76] to second-order optimizers [3,
, 43, 47, 94, 96, 97, , ] and uncertainty quantification
via the Laplace approximation [0, 66, 77, , ]. When the
computations are intractable on the entire training set—typical
for deep learning—the quantities of interest are computed on
mini-batches subsampled from the training data. The goal of this
work is to highlight that mini-batching systematically biases the
shape of a quadratic approximation.

A Systematic Bias? Figure 7.1 illustrates the phenomenon. It shows
five mini-batch quadratics in their top-curvature 2D subspace for
the fully trained ALL-CNN-C model on CIFAR-100 data. For com-
parison, the full-batch quadratic, where all quantities are evaluated
on the entire training set, is projected into the same 2D subspace.
Within that subspace, the two quadratics are quite different: The
mini-batch quadratic is much “narrower” (exhibits larger curva-
ture) than the full-batch version. Given that the full-batch quadratic
is the “right” object to serve as the basis for, e.g., a Newton step or
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Figure 7.1: A Systematic Bias? We compute five mini-batch quadratics q( - ; By;) with batch size |By,| = 512 for the loss
landscape of the fully trained ALL-CNN-C model on CIFAR-100 data around 6 < 0« (shown as ®). Each mini-batch
quadratic defines a 2D subspace spanned by the top two eigenvectors u1, u» of Hp, ,in which we evaluate (i) the quadratic
q(0x + T1u1 + Toup; By itself (shown in [ JJ) and (ii) the full-batch quadratic q(0« + T1u1 + T2u2; D) (shown in [ _J.
In that subspace, the mini-batch quadratic is much “narrower” than the full-batch version which leads to overly small
Newton steps and overconfident uncertainty estimates via the Laplace approximation.

a Laplace approximation,! the mini-batch version is not a mean-
ingful surrogate: Its Newton step is overly small and a Laplace
approximation yields an overconfident uncertainty estimate.

Contributions. To enable stable and efficient stochastic second-
order optimizers, as well as reliable techniques for uncertainty
quantification, we analyze this phenomenon and develop strategies
to mitigate it. More specifically, our contributions are as follows:
(i) We study mini-batch quadratics empirically and show that
their geometry is systematically biased; (ii) we provide an expla-
nation for this phenomenon, explaining the bias as an instance
of the classic regression to the mean (directions of extreme steep-
ness/curvature for one particular mini-batch are less extreme for
other mini-batches), (iii) we explain the relevance of this bias for
second-order optimization and uncertainty quantification via the
Laplace approximation, and (iv) develop and evaluate debiasing
strategies.

7.2 Notation & Background

The Regularized Loss. We consider a general supervised learning
problem, where we try to find the optimal parameters 0, =
argming.p Lreg(6, D) for the parameterized function fg : X — F
with @ € © € R?, X ¢ RP and F € R€ by minimizing the
regularized loss Lz on N training examples D = {(x,,y,) €
X X Y}nED/

Lreg(0;D) := L(6;D) +r(0) with
£(6;D) = ﬁ S tfolen)y,), D={1,...,N}. D

neD

1: We are not concerned with the ap-
proximation error arising from the
quadratic approximation of the non-
quadratic function Lreg(-;D) =
q(-; D) (see Equation (7.2)), but only
with the consequences of replac-
ing the full-batch quantities by their
mini-batch counterparts g(-;D) ~

q(-; B).

Section 2.2.2 provides a detailed in-
troduction to the empirical risk min-
imization problem.
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The empirical risk £ measures the dissimilarity between the
model’s predictions fg(x,) and the true outputs y,, via a loss func-
tion £ : F X Y — R. The regularizer r : @ — R, r(0) = 6/2]|0][3
with 8 € Ry, penalizes the “complexity” of the model.

7.2.1 Local Full-Batch & Mini-Batch Quadratic
Approximations

Full-Batch Quadratic. A local quadratic approximation of the
regularized loss around 6y € © C R” is given by the second-order
Taylor expansion

Lreg(60;D) ~ q(6;D) := %(9 ~600)"Hp(6—-600)+(0-00)"gp+cp,

(7.2)
where cp = Lieg(00;D), §p = VLeg(00;D) and Hp =
vzzreg(eo ;D) = V2L(00;D) + BI is (some approximation of)
the Hessian at 0 (all derivatives are with respect to the parameters
0 unless stated otherwise). As all quantities are evaluated on the

entire training set D, we refer to this as the full-batch quadratic. It
holds that Vq(6; D) = Hp(6 — 69) + g and V?q(6; D) = Hp.

Mini-Batch Quadratic. When the computations are intractable on
the entire training set, the quantities in Equation (7.2) are typically
computed on a mini-batch—a small randomly drawn subset—of the
training data B C D, |B| < N, resulting in a stochastic quadratic
approximation q(-; B) = q(-; D). As cg, gz and Hp are unbiased
estimates of cp, g, and Hp, this substitution may seem innocent,
but, as we will see in Section 7.3, it affects the geometry of the
quadratic approximation substantially.

Directional Slope & Curvature. Consider a cut r through the
quadratic g(-;B) from 0, € © along the normalized direction
d, ||d|| = 1. It holds that (derivation in Appendix C.1.1) () =
q(0.+7d; B) = 1/212d"V?q(0.; B) d+7d " Vq(0.; B)+const. So, as
afunctionof 7,7 : R — R is a 1D parabola with derivatives (1) =
1d"V?q(0.;8)d +d"'Vq(0.;B) and r’(t) = d"V?q(0.; B) d. We
denote the directional slope and curvature of the quadratic 4( -, B)
at 0, in direction d by

219(0+;B) == 1'(0) = d"Vq(0.;B) and
9% q(04;B) = 1"(0) = d"V?q(6.; B) d.
The directional slope and curvature at 0, are thus simply the

projections of the quadratic’s gradient and Hessian at that location
onto the direction.

Eigenvalues as Directional Curvatures. The directional curvature
of the quadratic q(-;B) along one of Hp’s normalized eigen-
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vectors u coincides with the corresponding eigenvalue A since
92 q(0s;B) = u"V?q(0.;B)u = uTHgu = Al|lul|*> = A. Thus, in
the context of a quadratic, an eigenvalue of the Hessian H has
a geometric interpretation as the directional curvature along the
respective eigenvector.

GGN & FIM. Next, we discuss second-order optimization meth-
ods and the Laplace approximation (LA) for neural networks. Both
techniques rely on local quadratic approximations of the regular-
ized loss function and require a positive definite curvature matrix
H . The empirical risk’s Hessian V2£(6; B) can be indefinite and
is therefore typically replaced by (an approximation of) the pos-
itive semidefinite Generalized Gauss-Newton matrix (GGN) G
or Fisher information matrix (FIM) F3. In fact, GGN and FIM are
often identical [95, Sec. 9.2]. The resulting H 3 is positive definite
if B > 0, or when a damping term 61, 6 € R is added (e.g., in
trust-region methods).

7.2.2 Second-Order Methods & Conjugate Gradients

The Newton Step. Due to the simple polynomial form of the
quadratic g( - ; B), its minimum can be derived in closed form and
is given by the Newton step arg min, q(0; B) = 69 — H' 5. This
serves as the basis for second-order optimizers like L-BFGS [59,

], the Hessian-free approach [94] or K-FAC (Kronecker-factored
approximate curvature) [47, 96, 97].

Conjugate Gradients. We focus on the method of conjugate gra-
dients (CG) [61], as it is a powerful method specifically designed
to minimize quadratics with positive definite Hessians effectively
(details in Appendix C.1.2). It is particularly useful in the context of
large-scale optimization because it only requires access to matrix-
vector products with the curvature matrix v +— Hpv that can
be computed in a matrix-free manner [112, 125], i.e. without ever
materializing the full matrix in memory—and it has been used
successfully for training neural networks [94]. Starting at 6y, CG
creates a sequence of iterates (0o, ..., Op). In each iteration p, two
main steps are performed: (i) Given the current position 0, and a
normalized search direction d), the algorithm finds the minimum
of the quadratic along 6, + 7d,, i.e.

d4,9(0,;B) (7.3)

T, :=argmin (0, + 1d,; B) = ————.
P e 9% 7(6y;5)

In the second step (ii), CG constructs the next search direction
dy+1 such that it is conjugate to all previous search directions, i.e.

Section 3.1 provides a detailed intro-
duction to second-order optimiza-
tion methods.
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Section 3.2 provides a detailed intro-
duction to the Laplace approxima-
tion.

d;ﬂHBdi =0forallie{1,...,p}.

7.2.3 Laplace Approximation for Neural Networks

Laplace Approximation. The Laplace approximation (LA) turns a
trained standard neural network into a Bayesian neural network
in a post-hoc manner [30, 77, 90, 115] (details in Appendix C.1.3).
The idea is to reinterpret the regularized loss Leg as the negative
unnormalized log-posterior log p(0 | D) of a specific Bayesian
model. This interpretation identifies the optimal parameters 0, =
argming Lreg(0; D) = arg max, p(0 | D) as the mode of the poste-
rior, i.e. as the maximum a posteriori (MAP) estimate. A second-
order approximation of the regularized loss around 6 < 0, then
translates into a Gaussian approximation of the posterior—the
so-called Laplace approximation [91], i.e.

Lieg(0;D) ~ q(6;D) ~ p(0|D)~N(6;0« Lp), (74

=1(0-0,)THp(0-04)+const.

with Zp := N"'HZ} (or an approximation thereof). We obtain the
predictive uncertainty p(y, | x., D) for some test input x, € X by
propagating the parameter uncertainty N(6,, Lp) to the model’s
outputs via the linearized network [66, 117].

Full-Batch vs. Mini-Batch LA. It is common practice to compute
the LA on the entire training set. Depending on the curvature
approximation, this comes at considerable computational costs.
For example, a full-batch LA is prohibitive even for moderately
sized models/data sets when a low-rank approximation of the
Hessian is computed via repeated Hessian-vector products (each
of which requires a full pass over the training data); and it is
essentially infeasible for model classes like LLMs, which are trained
on massive data sets. However, what adds most to the costs is that
it is standard to tune the prior precision [30]. This adds another
outer loop that requires the same procedure to be performed
multiple times. Being able to emulate the behavior of the full-batch
quadratic on a mini-batch would thus be useful. We therefore
study the mini-batch setting, i.e. we replace g(-; D) by q(-; B) in
Equation (7.4). We will see in Section 7.6.2 that, when mitigating
the associated biases, a mini-batch LA can be a good proxy for the
full-batch LA.

7.3 The Shape of a Mini-Batch Quadratic

This section studies the “shape” of a mini-batch quadratic q( -;5)
and how it differs from gq( - ;D).
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7.3.1 Empirical Study of the Directional Slopes and
Curvatures

The High-Curvature Subspace Is Relevant for All Common Use
Cases. In our empirical study, we focus on the top-curvature sub-
space. This subspace is particularly relevant for several reasons:

1. By the Eckart-Young-Mirsky Theorem, a truncated singular
value decomposition (SVD) is Frobenius norm-optimal, i.e.
a low-rank approximation using the top eigenvectors is
ideal from a theoretical perspective. As the spectrum of
the Hessian typically decays quickly [44], the bulk of the
curvature information is contained in the top-curvature
subspace.

2. In the context of optimization, it has been observed that the
gradient mainly lives in the high-curvature space [29, 50].
Thus, it makes sense for a second-order method to operate
mainly in that space, as steps outside of it can not be expected
to reduce the objective function significantly.

3. In the context of the LA, directions of large curvature corre-
spond to directions in the weight space with low variance, i.e.
these directions capture what we know about the model’s pa-
rameters. Consequently, Daxberger et al. [30, p. 19] describe
a low-rank approximation of the Hessian based on its top
eigenvectors.

Experimental Procedure. We use the same setting as in Figure 7.1:
The fully trained ALL-CNN-C model on the CIFAR-100 data set. To
isolate the effect of data subsampling, we eliminate all other sources
of noise. Thus, we remove the dropout layers from the model. We
use the cross-entropy loss, an {2-regularizer, and train the model
with SGD for 350 epochs, see Appendix C.2.1 for details.

We then pick a mini-batch B, of size 512 and compute the 100
eigenvectors u1, ..., u1gp to the 100 largest eigenvalues of Hg,, <
G, +BI. That is the Hessian of the L?-regularized mini-batch loss,
where we replaced V2L(04; By;) with the GGN approximation.
Next, we compute the directional slopes and curvatures for all
mini-batch quadratics g(-;B,), m" € {1,...,M} along those
100 eigenvectors. For a fixed eigenvector u,, the average of those
directional slopes/curvatures over all mini-batches coincides with
the directional slope/curvature of the full-batch quadratic, i.e.

I
Mz

Qupq(ﬂ*; By) = 8upq(9*;D) and

one ® and many ® +

m’'=1

1 M
Z 8f,pq(6*; Bm’) = aiPQ(B*} D),
m’'=11 1 1 |

one ® and many ® +

~
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Figure 7.2: Directional Slopes and Curvatures Are Biased. We use the CIFAR-100 data set with the fully trained
ALL-CNN-C model and draw three mini-batches By, of size |By;| = 512 to compute the top 100 eigenvectors u1, . . ., #10p.
For each mini-batch/column, we show the directional slopes (Top) and curvatures (Bottom) evaluated on (i) §(Ox; By (i.e.
on the same mini-batch of data) as @, (ii) §(O; By) for m” # m (i.e. for all other mini-batches) as ® and (iii) the full-batch
quadratic (the average of the orange and all blue dots, see Equation (7.5)) as #. For the top panel, we switch the order and
sign of the eigenvectors such that the orange dots are all above zero and in descending order. There is a strong, systematic
bias, particularly in the curvature: Computing the eigenvectors and directional curvatures on the same data results in
over-estimation by roughly one order of magnitude.

derivation in Appendix C.1.1. The colored markers in Equation (7.5)
refer to Figure 7.2. We repeat this procedure for three mini-batches
By, m€{0,1,2}.

Directional Slopes and Curvatures Are Biased. Figure 7.2 reveals
a systematic bias in the directional slopes and, more pronounced,
in the directional curvatures: When eigenvectors and directional
derivatives are computed on the same mini-batch, curvature is
overestimated by roughly one order of magnitude compared to the
curvature of the full-batch quadratic g( - ; D). Within the space that
actually carries curvature information—the top-eigenspace of the
quadratic’s Hessian—the curvature magnitude is thus not at all
representative of the true underlying loss landscape. For other mini-
batches, the directional slopes and curvatures are similar to the
full-batch quadratic. This is because the averages in Equation (7.5)
are dominated by these unbiased samples.

We present additional results for batch size 2048 (instead of 512),
the Hessian V2L(04; By,) (instead of its GGN approximation) and
CG search directions (instead of eigenvectors) in Appendix C.2.4.
The bias is present in all settings, but less pronounced for larger
batch sizes. For the CG search directions, the bias in the directional
slope is much more distinct than for the eigenvectors: The biased
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slope is always negative, while the full-batch quadratic’s slope is
in fact positive for most CG directions!

7.3.2 Where Do the Biases Come From?

In the following, we provide an explanation for the biases in the
directional slopes and curvatures (i.e. the gap between the orange
and a blue dot in Figure 7.2) from a theoretical perspective.

Bias in the Directional Slope

Here, we focus on the CG search directions since the bias in the
directional slope is even more pronounced for those directions
than for the eigenvectors. This is not accidental! The CG directions
are constructed from gradients—and gradients are directions that
maximize the steepness ® for one particular mini-batch quadratic.
For other mini-batch quadratics, the steepness along those directions
(i.e. the directional slope ®) is therefore less extreme. We formalize
this intuition in Appendix C.1.4.

Bias in the Directional Curvature

Next, we consider the bias in the directional curvature along the
eigenvectors of the curvature matrix.

Directional Curvature Along Hp’s Eigenvectors. Let uy,...,up
and iy, ..., ip denote the eigenvectors of two mini-batch Hessians
Hp and H 3, respectively. Assume that the corresponding eigenval-
ues are in descending order,i.e. Ay > ... > Ap and il > ... > ;\p.
We can write the directional curvatures on B and B along an
eigenvector u; as (details in Appendix C.1.5)

P
851_(1(6.;[%) =u/Hpu; = ZZP Q;p, and
e p=1
851,67(6.;8) =uHpu; = A;.
I |

(7.6)

The weights {Q;, = (u:ﬁp)z}g _, are non-negative and sum to
one,i.e. 25:1 Q; = 1. The bias in the directional curvature thus
originates from misalignment of the eigenspaces of the two curva-
ture matrices—captured by the weights ); ,—and/or a systematic
difference in their spectra.

Curvature Bias Is Not Due to Differing Spectra... Assume that
the eigenspaces are perfectly aligned, i.e. ;; = 1 and Q; ), =
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0 Vp # i. In this case, we obtain 8,2”q(6.;l§) = A; from Equa-
tion (7.6), so the bias originates exclusively from the differences
in the spectra. Figure 7.2 shows the eigenvalues (as directional
curvatures) for three different CIFAR-100 mini-batches. As they
are very similar, this cannot serve as the main explanation for the
curvature bias.

...but Due to Misaligned Eigenspaces. Now, assume that the
spectra of Hp and H ;3 are identical, i.e. A, = Xp Vpe{l,...,P}
which simplifies the unbiased estimate in Equation (7.6) to
aﬁiq(e.; l§) = 25:1 Ap Qi,p. Consider the curvature along #1 as an
example. If u; = 11, there is only one non-zero weight (0;; = 1
and the two directional curvatures are identical. However, if there
is significant overlap with any other eigenvectors (i.e. some weight
is distributed also on the lower-curvature directions), the resulting
curvature d5 q(6.; B) is smaller than d3,q(84; B). Analogously, for
up, the directional curvature on B is larger than on B if there is
significant overlap between up and some of H 3’s higher-curvature
eigenvectors. This can be formalized by the following inequalities
(derivation in Appendix C.1.5):

92 q(04;B8) < 92 q(0.;8) and
L . | L |
Iaﬁpq(e.,-zs)l > Iaﬁpq(e.;zs)l.

[ )

(7.7)

In general, if the eigenspaces are not perfectly aligned such that
weight is distributed on several eigenvectors, this leads to less
extreme directional curvatures on mini-batch /3 on both ends of the
spectrum. Figure 7.3a shows the weights (); , as pixels. The overlap
between the eigenspaces is far from perfect, i.e. one eigenvector
from B overlaps with several eigenvectors from B to some extent.
This explains the curvature overestimation in the top curvature
subspace we observe in Figure 7.2 and identifies the misalignment
of the eigenspaces as the dominating factor for the curvature
bias.

Summary of the Theoretical Findings

The CG search directions and the eigenvectors of the curvature
matrix are both designed to be “extreme” in some sense: The CG
directions are based on gradients that maximize steepness of the
quadratic g(-; B), while the top/bottom eigenvectors subsume
directions of largest/smallest curvature. However, these directions
are extreme only for one particular mini-batch 5. Another mini-
batch B has its own extreme directions that typically differ from
those of B. Thus, the extreme directions for 13 are less extreme
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(a) In Practice, Eigenspaces Are Misaligned. We reuse the
setting of Figure 7.2 and compute the top 100 eigenvec-
tors U, € RPX100 for {Bm}mefo,1,2)- The weights Q; ; are
shown as a 100 X 100 grayscale image (color ranges from
black for Q; ; < 1078 to white for Q;;=1)form € {0,1},
m’ € {0,1,2}. Clearly, the eigenspaces for different mini-
batches are not perfectly aligned as eigenvectors from By,

3 Bo B1 B

E i
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(b) CG Update Magnitudes Are Biased. Same setting as
Figure C.3 (Bottom). We run CG on {By; },¢{0,1,2) and show
the directional update magnitudes 71, . . ., 119 for the first
10 CG steps using (i) the same mini-batch By, (as @), (ii)
all other mini-batches (as ®) and (iii) the entire training
set (as *). The magnitudes are given by the negative ratio
of the directional slope and curvature (see Equation (7.3))
and thus inherit the attached biases. Note that most of the
update magnitudes that are based on a single mini-batch
of data (®) have the wrong sign resulting in detrimental
updates in the wrong direction.

overlap with several eigenvectors from By,’.

for B. Projecting both quadratics onto B’s directions consequently
leads to extreme steepness and curvatures for B, but less extreme
values for /3. This result is an instance of the classic regression
to the mean [40]: Using an algorithm to find the directions of
most extreme steepness/curvature in one particular mini-batch,
we must expect the steepness/curvature to be less extreme on
most other batches (and thus also on the entire data set). We can
expect this phenomenon to occur for other data sets, models, and
curvature proxies as well, since the underlying mechanism is the
stochasticity of the geometric information.

7.4 Debiasing Mini-Batch Quadratics for
Applications

We here argue that the biases affect second-order applications, and
develop debiasing strategies.

7.4.1 Implications for Second-Order Optimization and the
Laplace Approximation

Detrimental Updates in Second-Order Optimizers. In the context
of second-order optimization, both the biases in the directional
slopes and curvatures are relevant. From Equation (7.3), the CG
update magnitude 7, to reach the minimum of q(0, + tdy; B) is
given by the negative ratio of the directional slope and curvature
at the current iterate 6, in the direction d,—that is the 1D Newton
step along that cut.? As both these quantities are biased, so is 7,

2: The exact same argument can
also be made for the eigenvector di-
rections as the Newton step can be
decomposed into 1D Newton steps
along the eigenvectors.
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as shown in Figure 7.3b: While the update magnitudes for B, are
always positive (a property of CG), minimizing the other—equally
valid—quadratics would require negative update magnitudes for
most of the CG directions. In this sense, naive CG on a single
mini-batch of data makes updates in the wrong direction. This
can be attributed to the bias in the directional slope since the
slope determines the sign of 7,. Overestimation of the directional
curvature is “accidentally beneficial” in this case as it leads to
smaller steps.

Unreliable Uncertainty Quantification with the Laplace Approx-
imation. For the LA, only the bias in the directional curvature is
relevant. After Section 7.2.3, the approximate posterior covari-
ance over the network’s parameters is given by £z = N"'H ;.
Via the eigendecomposition Hp = 2521 Aptipu ), we obtain X =
N1 2521 A;lupu; . Due to the biases we describe in Section 7.3,
the directional curvatures A, are not representative of the true
underlying curvature, resulting in a deformed posterior covari-
ance X . Specifically, the overestimation of the curvature in the
top-curvature subspace translates into an underestimation of the
uncertainty in the posterior covariance (due to the inversion) with
potentially severe consequences in safety-critical applications.

7.4.2 Debiasing Strategies

We now turn to strategies that mitigate the biases in second-order
optimization and the LA. An empirical evaluation of these methods
follows in Sections 7.6.1 and 7.6.2.

Decoupling Directions from Magnitudes with a Two-Batch
Strategy. The approaches we propose are simple yet effective. The
idea is to commit to the imperfect directions from one mini-batch
(as before) but use an additional mini-batch to estimate the di-
rectional derivatives. With this, we decouple the mechanism that
determines the parameter subspace in which the method operates
from the slope and curvature measurements within the space.
Effectively, we use the blue dots from Figures 7.2 and 7.3b instead
of the orange dots and thus obtain much more realistic estimates
of the actual loss function’s geometry (within the subspace defined
by the first mini-batch). Next, we describe in more detail how this
strategy can be applied to debias CG and the LA.

Debiased Conjugate Gradients

Debiased Approach. For the debiased CG method, we need to
implement two processes: (i) The first process applies K < P
CG iterations to the mini-batch quadratic g( -; B) and collects the
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search directions (d1, . . ., dk). As before, this defines the subspace
in which CG operates. (ii) The second process recomputes the
trajectory (91 ,...,0 k) within that subspace using debiased update
magnitudes that are computed on a different mini-batch B, i.e. we
use éo = 0p and

94,q(8,; B)
 ®q6,:B)
. _adpq<§)p;8>_
S 95,9(0,:8)

.l:_“ﬂl

instead of

For B = B, (él, ...,0 k) is congruent with the original trajectory
(01, ..., 0k) from the single-batch CG approach. If the two mini-
batches are different, the debiased trajectory will use updates into
the directional minima of (-; B) instead of (- ; B). Processes (i)
and (ii) can either be run side by side in an alternating fashion
(offering more flexibility regarding e.g. the termination criterion at
the cost of a small memory overhead, details in Appendix C.1.2) or
one after the other.

Debiased Laplace Approximation

Laplace Approximation with K-FAC. We briefly explore another
popular curvature proxy: Kronecker-Factored Approximate Curva-
ture (K-FAC), which is commonly used both in optimization [57, 96,

] and uncertainty quantification [115]. It is a block-diagonal ap-

each block Kg) = AV ® B is approximated by the Kronecker
product of two smaller matrices A" and BY. Sampling from
the respective LA with covariance Lz = N™}(Kp + pI)~! can be
performed efficiently due to the specific structure of the K-FAC
approximation. For details, see Appendix C.1.3.

Debiased Approach. For the debiased LA, we use two K-FAC
approximations Kz and Kz computed on different mini-batches.
Via the eigendecomposition Kz = UAU " with U = (u1,...,up)
and A = diag(A4, ..., Ap), we can re-write the covariance matrix
asXp = NYKp+ BI)"! = N"'U(A + BI)"'U. For the debiased
approach, we keep the eigenspace defined by Kz but recompute
the directional curvatures based on K, i.e. we use

.1 - - _ -
£5=—U(diag(1s,..., Ap) + BI) U with 1,=u]Kgzu,
N L
°
instead of Ap:u;Kgup.
|-
(7.9)
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Computational Cost of Debiasing

Both debiasing techniques roughly double run time compared to
their single-batch counterparts: Debiased CG performs one extra
matrix-vector product with H z per CG iteration to compute the
debiased update magnitude (details in Appendix C.1.2). Debiased
LA requires an additional K-FAC approximation K 3; all subsequent
operations to compute the debiased K-FAC can be carried out
efficiently at Kronecker factor level (details in Appendix C.1.3). In
Section 7.6, we thus use the debiased versions at half the batch
size, for a fair comparison. We will see that, at the resulting similar
computational cost, the debiased versions clearly outperform the
single-batch alternatives.

7.5 Related Work

We here briefly list other, related forms of bias correction that have
been suggested elsewhere.

A Different Two-Batch Approach. Other works have proposed
to use different (not necessarily disjoint) mini-batches for the
gradient and the Hessian [14, 94]. Benzing [/, Sec. 1.5] men-
tions the idea of using independent mini-batches for the gradi-
ent and the Hessian to obtain an, in some sense, unbiased es-
timate —H gl g5 of the exact Newton step. This does, however,
not resolve the biases described in this paper. Via the eigen-
;, we obtain
—Hl‘glgg = —2521 8upq(9*;l§)(8,%pq(9*; B))~' u,. While the nu-
merator yields an unbiased estimate of the directional slope (simi-

decomposition of the Hessian Hp = 2521 Aptipu

lar to a blue dot in the upper panel of Figure 7.2), the bias in the
denominator remains since eigenvectors and directional curvatures
are based on the same mini-batch (as for the orange dots in the
bottom panel of Figure 7.2).

Another Debiasing Approach. EKFAC (Eigenvalue-corrected Kro-
necker Factorization) [43] corrects the eigenvalues of the K-FAC
approximation (similar to Equation (7.9)) which, provably, yields a
more accurate approximation of the FIM than K-FAC (in Frobenius
norm). This correction, however, is designed to resolve a different
kind of bias that is specific to the K-FAC approximation and does
not address the biases described in this work.

Running Averages. Other popular deep learning optimizers ag-
gregate curvature information over multiple steps via exponential
moving averages (see e.g. [97]). This emulates larger mini-batch
sizes and thus reduces the curvature biases. However, when curva-
ture evolves rapidly, obsolete curvature estimates from past steps
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Figure 7.4: Debiased CG Is Much More Stable than the Single-Batch Approach. We compare CG runs without curvature
damping (6 = 0) with K = 30 iterations for the fully trained ALL-CNN-C model on the CIFAR-100 data set in terms of
training/test loss/accuracy at similar computational cost: The single-batch approach (shown as
of size 1024 while the debiased approach (shown as —) uses two mini-batches of size 512 each. Both approaches use the

GGN curvature proxy and are run 5 times on different mini-batches. The markers
While the single-batch runs diverge quickly, the debiased CG runs are stable.

might slow down training. Aggregating more robust debiased cur-
vature estimates instead might allow for shorter moving average
windows and accelerate the optimization progress. We leave it to
future work to explore these interactions.

7.6 Experiments

In this section, we evaluate the effectiveness of the debiasing
strategies from Section 7.4.2. In Appendix C.2, we provide the
experimental details as well as additional empirical analyses. For
instance, we show how the curvature biases with K-FAC depend on
the mini-batch size (see Appendix C.2.8), how the biases evolve over
the course of training (see Appendix C.2.9), and that the curvature
biases become more pronounced for deeper/wider models (see
Appendix C.2.10).

7.6.1 Debiased Conjugate Gradients

We compare the standard single-batch CG method to the debi-
ased version (see Section 7.4.2) on the fully trained ALL-CNN-C
model without curvature damping. For a fair comparison, the
single-batch approach uses one mini-batch of size 1024 while the
debiased approach uses two mini-batches of size 512, such that
a similar amount of data and run time budget is used. Details in
Appendix C.2.5.

Results & Discussion. All CG runs in Figure 7.4 achieve a sig-
nificant improvement in all four performance metrics. The most
striking difference between the two approaches is their stability:
The single-batch runs quickly reach peak performance and then

) uses one mini-batch

and @ are placed at peak performance.
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Figure 7.5: Debiased LA Mimics the Full-Batch LA Very Well. We compare LAs for the fully trained ALL-CNN-C model
on CIFAR-10 in terms of accuracy, negative log likelihood loss (NLL) and expected calibration error (ECE) on the CIFAR-10
test set. For each mini-batch size (lighter color indicating smaller batch size), we draw 5 mini-batches and report the
mean performance as dot and min/max as vertical line. We also report the performance of the vanilla model without
LA (shown as =) and the full-batch approach based on Kp (shown as #). In contrast to the single-batch approach, the
debiased version mimics the behavior of the full-batch approach very well over the entire range of prior precisions.

diverge. In contrast, although the steps tend to be larger (see Fig-
ure 7.3b), the debiased CG runs are much more stable (without
using any curvature damping). This suggests that the reason for the
divergence in the single-batch approach is not the missing damping
but the misinformed update magnitudes. The peak performance
is slightly better for the single-batch runs which can be attributed
to its more informative search directions (they were computed
using double the data). The peak performance of the debiased runs
could likely be improved (at the same computational cost) by using
a larger batch size for the directions and a smaller one for the
update magnitudes (as the former seem harder to estimate, see
Section 7.3.2).

7.6.2 Debiased Laplace Approximation

Here, we use a fully trained AL.-CNN-C model on CIFAR-10 data
and compare (i) the vanilla model without LA, (ii) the single-batch
K-FAC LA approach, (iii) the debiased version (see Section 7.4.2),
and (iv) the full-batch approach (where we compute K-FAC on the
entire training set) in terms of accuracy, NLL and ECE. Again, we
apply the debiased approach at half the batch size of the single-
batch approach for a fair comparison. We use prior precisions
between 10~* and 10. Appendix C.2.6 contains the experimental
details and additional results on the training and OOD data.

Results & Discussion. Figure 7.5 shows the results. If the prior
precision is low (i.e. the LA relies mainly on the curvature infor-
mation without the regularizing diagonal term), the single-batch
version acts erratically due to the deformed curvature model—its
performance drops drastically. The single-batch approach is also
more sensitive to the choice of prior precision (in fact, it suggests
a much larger prior precision than the full-batch approach). In



contrast, the debiased approach achieves good performance over a
wider range of prior precisions and mimics the full-batch approach
(N =40000) very well despite using only a tiny fraction of the
data.

In order to showcase our debiasing strategy’s scalability, we provide
additional results on ResNet-50 and V1T LitTLE on the IMAGENET
data set in Appendix C.2.6.

Summary of the Experimental Results. The use of mini-batch
quadratics is a simple way to keep the costs of second-order opti-
mization and uncertainty quantification manageable. The resulting
biases, however, severely degrade their value, requiring large mini-
batches or algorithmic add-ons. Our experiments suggest that even
simple debiasing strategies can largely mitigate this issue.

7.7 Conclusion

Our main takeaway is a general principle: Quadratic approxi-
mations to the training loss computed on mini-batches of the
training data provide a distorted representation of the true un-
derlying loss landscape. In particular, along the directions of large
curvature, the mini-batch quadratics tend to strongly overestimate
the curvature of the true loss. Our theoretical analysis shows that
these biases can be traced back to the misalignment of the cur-
vature matrices’ eigenspaces. These insights are highly relevant
for applications: As we demonstrated empirically, the biases in
the directional slope and curvature lead to severely misinformed
updates in stochastic second-order optimizers, and cause unreli-
able uncertainty estimates with Laplace approximations. We also
proposed simple two-batch strategies to mitigate these biases. Our
experiments demonstrate their superiority over the single-batch ap-
proaches in terms of stability and quality at similar computational
costs. Our findings reveal a design prerequisite for building better
stochastic curvature-based methods, which should be generally
considered, and further developed, for all methods using such
curvature evaluations.
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8.2 Future Research Direc-

Conclusion & Outlook

We conclude this thesis with a summary of our findings (see
Section 8.1) and a discussion of potential directions for future
research (see Section 8.2).

8.1 Summary

Chapter 1 introduced second-order optimizers and uncertainty
quantification via the Laplace approximation as two key appli-
cations that rely on curvature information through a quadratic
Taylor expansion. However, a naive use of curvature is computa-
tionally prohibitive, even for models and data sets of moderate
size. Computational costs are thus typically the primary concern
when applying curvature-based methods to large-scale machine
learning problems. The deep learning regime introduces additional
challenges, such as the accessibility of curvature information and
the stochasticity of gradient and curvature estimates (for details,
see Chapter 4). Our work, presented in Part II, addresses these
challenges. We briefly summarize the main contributions below.

Approximate Inference Without Sacrificing Reliability. Chap-
ter 5 introduced an iterative inference scheme for non-conjugate
Gaussian processes (NCGPs)—a flexible and widely-used model
class. As exact inference in NCGPs is computationally infeasible,
practical methods rely on approximations. Our method, ITeERNCGP,
captures the resulting approximation error as an additional source
of uncertainty, which allows us to trade off reduced computation
for increased uncertainty. ITERNCGP is matrix-free and uses GPU
accelerated matrix-vector products to compute approximate New-
ton steps, which enables our method to scale. Additional speedups
are achieved by reusing intermediate results across steps. In sum-
mary, ITERNCGP allows for large-scale probabilistic inference in
non-conjugate Gaussian processes without sacrificing reliability.

Easy and Efficient Access to Rich Curvature Quantities. Chap-
ter 6 presented ViViT, an open-source software library for accessing
curvature information in the form of the generalized Gauss-Newton
(GGN) matrix—a popular curvature proxy in deep learning. In
contrast to Kronecker-factored approximations that do not become
exact in any limit and neglect curvature between layers, ViViT is
able to compute exact GGN quantities and implements principled
approximations to reduce costs in exchange for decreased accuracy.



By exploiting the GGN'’s low-rank structure, ViViT makes a variety
of curvature quantities (e.g. the GGN'’s spectum, eigenvectors, and
per-sample directional slopes and curvatures) efficiently available
to researchers and practitioners. Importantly, per-sample curva-
tures provide a notion of curvature noise offering valuable insights
into the challenges of designing effective second-order methods.

More Effective Curvature-Based Methods Through Debiasing.
Chapter 7 investigated the fundamental limitations of using quad-
ratic approximations to the loss based on mini-batches of training
data in deep learning. While sub-sampling is essential for scalabil-
ity, it introduces a systematic bias, heavily affecting second-order
optimization and Laplace-based uncertainty quantification. Our
work provided a theoretical explanation for the bias, explained im-
plications for curvature-based methods, and proposed debiasing
strategies that provide more meaningful mini-batch approxima-
tions to the loss landscape at negligible computational overhead.

( )
Conclusion. This thesis advances curvature-based methods by

making them (i) more efficient through methodological innova-
tions, (ii) more accessible through software implementations, and
(iii) more effective and reliable by acknowledging and address-
ing inherent approximation errors—thereby supporting their

broader adoption in machine learning research and practice.
\ _J

Are Curvature-Based Optimizers Really Too Expensive? A com-
mon belief—particularly within the deep learning community—is
that curvature-based methods are prohibitively expensive for prac-
tical use. While these methods do incur higher computational
costs than first-order approaches, we think that their potential
to significantly enhance optimization performance justifies con-
tinued research. As our work shows, it is indeed possible to
scale curvature-based methods to practically relevant scales by (i)
condensing curvature information into lower-cost yet expressive
internal representations (e.g. the compressed low-rank belief for
ITERNCGP, the Gram matrix for ViViT), (ii) exploiting the specific
structure of the problem (e.g. by recycling costly computations in
ITeErRNCGP or by exploiting the GGN'’s low-rank structure with
ViViT), and (iii) implementing further principled approximations
(e.g. ViViT’s MC approximation and the mini-batch approximation
discussed in Chapter 7). We hope that these advances encourage
further research into curvature-based methods.

8.1 Summary



Chapter 8 Conclusion & Outlook

1: SHamroo recently won the Arco-
PErF: TRAINING ALGORITHMS compe-
tition [24, 69] (in the external tuning
ruleset), an extensive optimization
efficiency benchmark that compared
popular optimizers across multiple
deep learning workloads.

8.2 Future Research Directions

Several natural extensions of the work presented in this thesis are
already discussed in the individual Chapters 5 to 7. Rather than
reiterating these points, this section focuses on broader, longer-term
research directions that we consider particularly interesting.

8.2.1 Beyond Curvature: Expanding the Scope of
Debiasing

Exploring the Use of Debiasing in Practical Applications. Chap-
ter 7 addressed a fundamental limitation of stochastic second-order
methods: A quadratic approximation computed on a single mini-
batch of data yields a deformed representation of the true underly-
ing loss landscape. Through debiasing, we obtain a more reliable
approximation. In principle, all curvature-based methods from
Chapter 3 might benefit from these insights, provided that they
rely on mini-batch curvature estimates. Exploring this potential in
practical settings is a logical direction for future work.

Expanding Debiasing to Covariance Matrices. It seems that we
can extend the use cases of our insights from Chapter 7 even
further. Essentially, the origin of the curvature biases lies in the
fact that the directions of very large/small curvature only apply to
a specific mini-batch—on other mini-batches, we therefore obtain
less extreme curvatures within the respective subspaces. It is
plausible that this principle also applies to other matrix-valued
stochastic estimates, e.g. covariance matrices evaluated on mini-
batches. As a consequence, we would overestimate /underestimate
the directional variance in the subspace spanned by the top /bottom
eigenvectors, respectively. This would be particularly relevant for
optimizers that rely on the empirical Fisher (i.e. the un-centered
gradient covariance matrix, see Section 3.4.1) as a preconditioner,
e.g. for the Smamroo optimizer [5, 49, 126] that recently gained
popularity in the deep learning community.!

8.2.2 From Static Update Rules Towards
Resource-Efficient Autonomous Agents

A Long-Term Vision. Currently, training neural networks often re-
quires a high degree of human intervention, e.g. with regard to the
selection of hyperparameters or the monitoring of the training pro-
cess. A long-term vision for optimization methods in deep learning
is therefore that they evolve into resource-efficient, autonomous
agents that actively collect and process relevant information and
take intelligent decisions on that basis. In the following, we outline
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two research directions that could support this development, with
a particular focus on curvature-based methods.

Recognizing and Leveraging Stochasticity. We believe that a crit-
ical aspect in the design of new optimizers is the explicit acknowl-
edgment that geometric information computed from a mini-batch
is inherently stochastic. Chapter 7 provides strong evidence for this
perspective: It showed that second-order methods are affected by
noise in an intricate way and a deeper understanding of the under-
lying mechanisms is crucial to develop more effective algorithms.
The success of variance-adapted first-order methods such as Abpam
[74] further highlights the importance of incorporating stochasticity
into the updates. In contrast, most second-order methods remain
largely agnostic to the noise in curvature estimates. While debi-
asing addresses systematic error, incorporating curvature noise
could further enhance the robustness of second-order methods.
The ViViT library (see Chapter 6) provides such observables in
the form of per-sample directional derivatives. These distributions
over slopes and curvatures are substantially more informative than
point estimates, as they capture both the local geometry of the loss
landscape and the associated uncertainty. Leveraging such quan-
tities could enable the development of more robust and efficient
noise-aware second-order methods (e. g. through variance-adapted
updates or dynamic batch size adaptation), better suited for the
inherently noisy regime of mini-batch training.

Revisiting Late-Phase Second-Order Training. Optimizers typi-
cally progress through different training phases—from an initial
phase of randomness and instability to a final fine-tuning phase.
One intermediate goal towards more autonomous training is to
develop efficient strategies tailored to the specific demands of each
phase. In the late stage, once the model has reached a region of
low loss, precise steps toward the optimum become particularly
valuable. Current approaches based on first-order methods usu-
ally rely on manually tuned, decaying learning rate schedules to
enforce “convergence”. An alternative is to replace this approach
with a few computationally expensive, but accurate, Newton-based
updates. This approach is particularly promising as second-order
updates are robust against ill-conditioned curvature and exhibit
fast convergence close to the local optimum. We previously ex-
plored this idea in preliminary work [133], but obtained mixed
results—likely due to biased curvature estimates. Revisiting this
approach using debiased Newton steps may yield a more effective
fine-tuning strategy, potentially removing the need for manual
tuning of the decay schedule.
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Additional Material for Chapter 5

The supplementary materials contain derivations for our theoreti-
cal framework and proofs for the mathematical statements in the
main text. We also provide implementation specifics and describe
our experimental setup in more detail.

A.1 Mathematical Details

A.1.1 Newton’s Method as Sequential GP Regression

In Section 5.3.1, we reinterpret the Newton iteration as a sequence
of GP regression problems. More specifically, we rewrite the pos-
terior predictive mean (Equation (5.4)) as a GP posterior for a
regression problem (Equation (5.6)). Here, we provide a proof for
this connection.

( A
Proposition A.1 (Reformulation of the Newton Step) Let W(f ;)

be invertible. Using the transform g := f — m and consequently
g; = [, — m, the Newton step (Equation (5.3)) can be written as

8 = KK+W(f)™) (g, +W(f) 'Viegp(y | f)))-

Proof. Recall from Equation (5.3) that

fi+1 = fi - Vz\y(fi)_l : V\I](fi), with
VW(f;) =Vliogp(y | f,) - K '(f, —m)
VAW(f) = -W(f) - K,

where W(f,) = =V2logp(y | f,) denotes the negative Hessian
(with respect to f) of the log-likelihood evaluated at f;. It holds

fl'+l
= fz' - Vz\p(fi)_l : V\I/(fi)
=fi+W(f)+K )™ (Viegp(y | f,) - K'(f; —m))

By subtracting m from both sides we obtain

8i+1
=g, +(W(f)+K)™" (Viegp(y | f)-K'g;)
=(W(f)+K ) (W(f)+K g, +Viegp(y | f)-K'g))
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=(W(f)+K ) (W(f)g;+Viogp(y | f)

= (W(f)+K)'W(f,) (g, + W(f)'Viegp(y | f))
=T+ W(fi)_lK_l)_l (gi + W(fi)_lVIng(?/ | fz))

= (KK +W(f)'K™) (g, + W(f,)'Viegp(y | )
=KK+W(f) ™) (g;+W(f) 'Viegp(y | f,)

= Kk(fz‘)_1 (g;+W(f) 'Viogp(y | f1)),

with K(f,) == K+ W(f,)™". O

Newton’s Method as Sequential GP Regression. Using the LA
at f,, we obtain a GP posterior (see Equations (5.4) and (5.5) in
Section 5.2). With Proposition A.1 (i.e. assuming that W(f )™
exists), we can rewrite Equation (5.4) as

(")
=m()+K(, X)K(f 1y,
=m(-)+K(, X)K'g,,,
= m() + K(, X\)K'KK(f) " (¢, + W(f,)'Viogp(y | £,))
=m(-)+ K(‘/X)f((fi)_l (f; + W(fi)_1V10gp(y | fi)—m)
=m() +K(, X)K(f)"G(f,) - m),

where §(f,) == f; + W(f,)"'Viogp(y | f,). This proves Equa-
tion (5.6). Together with Equation (5.5), m; . defines a GP posterior
for a GP regression problem with pseudo-targets ij(f;) observed
with Gaussian noise NV (0, W(f,)™?) [114, Egs. (2.24) and (2.38)].

_m)

Equation (5.6) requires solving the linear system K(f Do =9(f;)—
m of size NC. Then, m; .(-) = m(-) + K(-, X)v. In Proposition A.1,
we can write g;,, as §,.4 = Kv, i.e. f,,; = Kv +m. So, both the
predictive mean m; . and the Newton update f;,, follow directly
from the solution v. In that sense, performing inference and
computing Newton iterates are equivalent.

What If W(f,) Is Not Invertible? For multi-class classification, W
has rank N(C — 1) and thus W™ does not exist. Therefore, we use
its pseudo-inverse W' instead. We derive an explicit expression
for Win Appendix A.1.6 which allows for efficient matrix-vector
multiplies.

A.1.2 Our Algorithm is an Extension of IterGP

Our algorithm ITERNCGP uses ITERGP as a core building block.
ITERNCGP’s outer loop (Algorithm 5.1) can be understood as a
sequence of GP regression problems, and we use ITErGP (that



Appendix A Additional Material for Chapter 5

implements the inner loop, see Algorithm 5.2) for finding ap-
proximate solutions to each of these problems. In the case of GP
regression (i.e. with a Gaussian likelihood), the outer loop collapses
to a single iteration and ITERNCGP coincides exactly with ITErGP,
as we show in the following.

Theorem A.2 (Generalization of ITerGP) For a Gaussian likeli-
hood p(y | f) = N(y; f, A), IteRNCGP converges in a single
Newton step (i.e. f; = f,) and ItTeRNCGP (Algorithm 5.1) coin-
cides exactly with ITeErGP (Algorithm 5.2).

Proof. Since the likelihood is Gaussian p(y | f) = N (y; f, A), the
log-likelihood is given by

c 1 -
logp(y | f) = —5(f —y)"A™(f —y).
This gives rise to a log-posterior (Equation (5.2))

W(F) =logp(f | X, y)
Stogply | f) = 5(f = m) K = m)
== S =y AT —y) = 5 (F ~m) KT (f —m)

that is quadratic in f. The first Newton iterate f, therefore coin-
cides with log-posterior’s maximizer f, = f,. The outer loop of
ITERNCGP thus reduces to a single iteration.

How does this step look from the perspective of the ITERNCGP
algorithm? First note that W(f) = =V2logp(y | f) = A~'. Given
an initial £, ITeRNCGP computes the observation noise W™ (f,)) =
A and pseudo regression targets §(f,,) = f, + W(f,) 'Vlogp(y |
fo) = fo— AAT (f,—y) = y. Both these quantities are independent
of the initialization f ,. Thus, the first (and only) regression problem
that ITERNCGP forms in the outer loop is the original regression
problem (defined by labels y and the observation noise A) and
ITErGP is applied to solve that regression problem. This shows
that our framework recovers ITERGP in the case of a Gaussian
likelihood and our algorithm can thus be regarded as an extension
thereof. O

A.1.3 The Marginal Uncertainty Decreases in the Inner
Loop

We claim in Section 5.3.1 that the marginal uncertainty captured
by K j(x,x) € R*C (see Equation (5.9)) within a Newton step
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decreases with each solver iteration j. Here, we provide the proof
for this statement.

Proposition A.3 (The Uncertainty Decreases in the Inner
Loop) For each i it holds (element-wise) that diag(K; ;(x, x)) >
diag(K; r(x, x)) for any k > j and arbitrary x.

Proof. To see this, we rewrite C; as a sum of j rank-1 matrices

Ci= Zé:l dgd; and substitute this into Equation (5.9). It holds
that

diag(Ki,j (x, x))

= diag(K(x, x)) — Z]] diag(K(x, X)d, deTK(X, x))

=1 - .
=d, =d,

]
A2
= diag(K(x, x)) — Z d, (The square is applied element-wise)
(=1

k
> diag(K(x, %))~ > d; fork > j
/=1

= diag(K; (x, x))

for any x € X. O

A.1.4 Virtual Solver Run

In Section 5.3.3, we showed that it is possible to imitate a solver
run using the previous actions on the new problem, without ever
having to multiply by K. The pseudocode is given in Algorithm 5.3.
Here, we discuss the numerical and probabilistic perspective on
that procedure in more detail and provide derivations for the
statements in the main text.

Numerical Perspective. Let S = (s1, ..., sp) the matrix of stacked
linearly independent actions. We use Cy = S(STI%S)_lST (see
Equation (5.10)) as an initial estimate of the precision matrix in Al-
gorithm 5.2. The corresponding initial residual (see Algorithm 5.2)
ro = (j —m)— Kw for the first iterate vy = Co(§ — m) can be
decomposed into Psrg and (I — Pg)rg. Ps = S(STS)™!S" is the
orthogonal projection onto the subspace span{S} spanned by the
actions.

Proposition A.4 (Residual in span{S} Is Zero) The orthogonal
projection Pgrg of the initial residual 7 onto span{S} is zero.
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Proof. It holds that

Psro = Ps(g — m) - Psf(l)o
= Ps(f) — m) - PsKCo(f) — m)
= Ps(ij—m)—S(STS) H(STKS)(STKS)'ST (i) — m)

=P; =Co
= Ps(§ —m) - S(STS)"'ST(§ —m)
:Ps
=0. O

Proposition A.4 shows that the residual in span{S} is zero. In
that sense, the solution within this subspace is already perfectly
identified at initialization. The remaining residual thus lies in the
orthogonal complement of span{S} which can be targeted through
additional actions. If we measure the error in the representer
weights v — vy, a similar result holds, as we show in the following.

Proposition A.5 (Error in Representer Weights in span{S} Is
Zero) The K-orthogonal projection of the representer weights
approximation error Ps(v —vg) onto span{S} is zero.

Proof. The K-orthogonal (orthogonal with respect to the inner
product (-, -)) projection onto the subspace span{S} spanned by
the actions is given by Ps = CoK [143, Section S2.1]. It holds that

Ps(v — vg) = CoK (v — vp)
a1, N R
= CoKK (§y —m)— CoKCy (ij —m)
||
=Kv
= Co(g — m) - Cok C()k’(]
=Ps =Ps
= Co(jj —m) - Co &
=j-m

=0,

where we used that v = k_l(y m) is the solution of the GP
regression linear system, vg = Co (f — m) and the idempotence of
the projection matrix Ps =p S Ps ]

Probabilistic Perspective. Equation (5.9) describes the effect of
Co from a probabilistic perspective. Initializing Cy = 0 in step
i results in m;o = m(:) (prior mean) and K;o = K(:,-) (prior
covariance) since the reduction of uncertainty K(-, X) Co K(X, -) is
zero. This case, where no information from past steps is included,
is illustrated in the first column R = 0 in Figure 5.4.
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Special Case. We consider a special case, where the general intri-
cate form of the total marginal variance from Section 5.3.4

Tr(K; o(X, X)) = Tr(K) — Tr(KCK) (A1)

collapses. Let Ay, ..., Anc > 0 denote the eigenvalues of K and
b1, ..., bnc the corresponding (pairwise orthogonal) eigenvectors.
We make the following two assumptions: (A1): We assume W™ = 0,
i.e. K = K. (A2): We assume that the actions coincide with a subset
Lc{l,...,NC}of K’s eigenvectors S = (b)iel € RNCXILI,

Proposition A.6 (Total Marginal Uncertainty) Under assump-
tions (A1) and (A2) it holds that

Tr(K; o(X, X)) = Tr(K) — Tr(M).

Proof. Let S = (by)iel € RNCXILI gnd A = diag((A1)eL) € RILIXIL
contain a subset L C {1,...,NC} of K’s eigenpairs. The remain-
ing eigenvectors and eigenvalues are given by S, = (by)g. €
RNCXNC-IL and A, = diag((A))ig ) € RNCILXNC-IL First note
that we can write the eigendecomposition of K = K as a sum of
two components K = SAST + S, A, ST, each of which covers one
part of the spectrum. It holds

STS=1I, SIS,=I, S7S,=0 and SIS=0

since K is symmetric and its eigenvectors are thus pairwise orthog-
onal. It follows

KS = (SAST +S.A,S])S = SA
STK=ST(SAST +S,A,S])=AST
M =STKS=ST(SAST +S,A,S])S = A.

Plugging those expressions into Equation (A.1) yields

Tr(K; o(X, X)) = Tr(K) — Tr(KCoK)
= Tr(K) — Tre(KS (STKS) ™' STK)
=M1
= Tr(K) — Tr(SAAT'AST)
= Tr(K) — Tr(STSA)
= Tr(K) — Tr(A)
= Tr(K) — Tr(M)

= > AL

l¢l
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The last equation is due to

Tr(K) = Tr(SAST) + Tr(S+A.S))
=Tr(STSA) + Tr(S1S,Ay)
= Tr(A) + Tr(A+). O

Proposition A.6 shows that the reduction of the marginal uncertainty
is determined by the sum of M’s eigenvalues >};¢p A;. If S contains
the eigenvectors b; to the largest eigenvalues (i.e. S is “aligned”
with the high-variance subspace of K), the remaining uncertainty
2l1gl Ar is small. In contrast, if S covers the low-variance subspace
of K, the uncertainty remains largely unaffected.

A.1.5 Derivatives of the Poisson Log-Likelihood

One of our main experiments in Section 5.5 is Poisson regression
(see Appendix A.3.2 for details). In order to apply ITERNCGP, we
have to formulate the problem within the NCGP framework. In
particular, we have to specify the derivatives of the log-likelihood.

The Poisson likelihood is given by

N AT exp(—=Ay,
py ) =] ] 2Rt

n=1 Yn'!

7

where y, € Nyg and A := A(X) = exp(f(X)) = exp(f). Taking the
logarithm yields

N Ay” _/\n
gy | )= 3 tog [~ 2E=22)

N
= > (yn log(Au) = Ay ~ log(yuh))

n=1

The log-likelihood’s gradient and Hessian with respect to f are
therefore given by

Viegp(y | f) =y —exp(f) and
Vlogp(y | f) = —diag(exp(f)),

where the exponential function is applied element-wise. This
implies that the log likelihood is concave which was one of the
prerequisites of our algorithm (see Section 5.2.1). It follows that

W (/)" = diag(exp(~1).
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A.1.6 Pseudo-Inverse of Negative Hessian of the
Log-Likelihood for Multi-Class Classification

For multi-class classification (see Appendix A.3.3 for details), we
need access to the pseudo-inverse W. For this to be efficient, we
derive an explicit form of W' in the following and show that
matrix-vector multiplies can be implemented efficiently in O(NC).
Since the ordering (see Appendix A.2.1) of W plays an important
role in the derivation, we use an explicit notation in this section.

( )
Lemma A.7 (Explicit Pseudo-Inverse for Multi-Class Classifi-

cation) Consider multi-class classification, such that the log-
likelihood logp(y | f) is given by a categorical likelihood
with a softmax inverse link function, then the pseudo-inverse
[W(f)]EN € RNONC of W(f) in CN-ordering is given by

.....

where 1, = (n},...,n$)T € RC denotes the output of the

softmax for x,, i.e. % := exp(f<)/Z e exp(f<). The cost of one

matrix-vector multiplication v — [W(f )]E n© with the pseudo-
\ inverse is O(NC).

Proof. By Eq. (3.38) in Rasmussen and Williams [114], the matrix
W(f) in N C-ordering is given by
[W(f)Inc = [diag(m)]nc — T,

where [diag(m)]nc = diag(n], .. ., n}\], el nlc, - nI(\:I) and

diag(mj, ... ,n}\])
I = : € RNON,

diag(nf, e, nlf])

Rewriting W (f) in the C N-ordering, we obtain using [diag(m)|cn =

diag(n%, . ,nlc, ... ,7'(}\], ... ,TLI%) that
9] s
[W(f)lcn = [diag(m)]len —
N n;,

= blockdiag(diag(m,) — m,m,) ).

Now the pseudo-inverse of a block-diagonal matrix is the block-
diagonal of the block pseudo-inverses, i.e. blockdiag(A,)" =
blockdiag(A') which can be shown by simply checking the def-
inition criteria of the pseudo-inverse and using basic properties



Appendix A Additional Material for Chapter 5

of block matrices. Therefore, it suffices to show that the block
pseudo-inverses are given by

. 1 L 1
(diag(m,) — mymy)t = (I - E11T) diag(m; (I - 611T)

forn € {1,...,N}. We do so by checking the definition criteria of a
pseudo-inverse. Let A, = diag(m,) — 7,7, . We begin by showing
the following intermediate result:

T
1
= Ay~ Ll — (] O (A.2)
=A,.

Now let’s verify the first criterion in the definition of the pseudo-
inverse. We have

A, - %11T) diag () (T — %HT)A”

= A, diag(m,")A,

= A, diag(m,")(diag(n,) — m,m,))
=A,(I-1m,)

= A, — (diag(mt,) — m,m,) )1m,)

= Ay,

where we used (A.2). Next, we'll verify the second criterion.

o e oy LT e g LT
(I Cll ) diag(m, " )(I Cll )AL (T C11 ) diag(m,, " )(I C11)

— (- éuT) diag(r!)A, diag(r;)(T - %11T)

1 ~ 1
=1I- E11T)(n,11)(1 - E11T)
where we used
diag(m,")A, = I = A, diag(m;,") (A.3)

as shown above. Finally, we verify the symmetry of the product
of A, and its pseudo-inverse. Observe that both A, and (I —
$117) diag(m;')(I — £117) are symmetric. Therefore, we have

(A, (I - %nT) diag(m,)(I - %nT))*
1

c 11MA,

= (1 - 211" diag(m, )1 -

and

(- %11T) diag(r;)(I - %HT)AH)*
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1 L 1
=A,(I- E11T) diag(m;)(I - E11T).

Thus, if we can show that A, and (I — £117) diag(m;,,')(I — £117)
commute we have shown the remaining symmetry criteria of the
pseudo-inverse. It holds that

_ LaqT 1 T -1 T
AT Cll ) diag(m, " )(I — C11 ) A dlag(n I - C11 )

(- c 17)
as well as
1.+ .. . 1+ (A 2) 1.+ .. 1
I- Ell ) diag(m, " )(I — Ell A, =" (I- Ell ) diag(m,, " )An
) I- (1:11T)

This completes the proof for the form of the pseudo-inverse. For
the complexity of multiplication, note that multiplying with (I —
%llT) diag(m;')(I — %llT) has cost O(C), since it decomposes
into two multiplications with (I — %IIT) which is linear and one
element-wise scaling. Therefore, the cost of multiplication with the
pseudo-inverse consisting of N blocks has complexity O(NC). [

A.2 Implementation Details

A.2.1 Ordering Within Vectors & Matrices

Ordering Within Vectors. By default, we assume all vectors and
matrices to be represented in CN-ordering. For example, the
mean vector was introduced as the aggregated outputs of the
mean function m: X — RC for all data points m = m(X) =
(m(x1)7,...,m(xn)")T. With m(x,)T = (m},...,m$) denoting
the C outputs for data point x,, we can write m as m = (m}, mf,
c .. SN, MY, ml(\:]). We call that representation CN-
ordering because the superscript ¢ moves first and the subscript n

moves second. Consecutively, (my, m, m} ,mE,m§

I YERRRRONIERE 1My, ey

., m

mg) corresponds to N C-ordering.

Ordering Within Matrices. The same terminology can be applied
to matrices, where the rows and columns can be represented in
CN or NC-ordering. Depending on the context, different rep-
resentations are beneficial. For example, in CN-ordering, W is
block-diagonal (due to our iid assumption, see Section 5.2.1) with
N blocks of size C X C on the diagonal. In contrast, when the C
outputs of the hidden function are assumed to be independent of
each other, K is block diagonal only in N C-ordering. So, based on
the chosen ordering, different structures arise that we can exploit
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in subsequent computations (e.g. when we compute the inverse of
W, see Appendix A.2.3).

A.2.2 Stopping Criteria in Algorithms 5.1 and 5.2

Stopping Criterion in Algorithm 5.1. The OUTERSTOPPINGCRITE-
rION() we use for our experiments is based on the relative change of
the vector g; = f, — m. When ||g; — ;|| llg;|I* < 6 falls below
the convergence tolerance 6 (by default, 56 = 1%), the loop over i
terminates. Of course, other convergence criteria are also conceiv-
able. Depending on the application one might want to customize
the criterion and, for example, include the marginal uncertainty at
the training data.

Stopping Criterion in Algorithm 5.2. We use the same INNERSTOP-
PINGCRITERION() as in [143, Section S3.2]: The loop over j terminates
if the norm of the residual ||7;[| < max{daps, Orel||§ — m||} is below
an absolute tolerance 0,5 or below the scaled norm of the right-
hand side §j —m of the linear system. By default, both tolerances are
set to 107°. Additionally, we typically specify a maximum number
of iterations. The solver is also terminated when the normalization
constant 77; < 0. This can happen due to numerical imprecision if
the linear system is badly conditioned, e.g. if some eigenvalues of
the linear system are close to zero.

A.2.3 Cost Analysis of IterNCGP

In this section, we investigate the computational costs of ITERNCGP
in more detail. We start with a discussion of the computational
costs for matrix-vector products with K, W™ and C j and then
analyze the run time and memory costs of the individual algorithms
(Algorithms 5.1 to 5.3).

Matrix-Vector Products

ITerGP is an iterative matrix-free algorithm and our algorithm
ITeRNCGP inherits that property: The matrices K, W' and C i
are evaluated lazily, i.e. matrix-vector products are evaluated
without forming the matrices in memory explicitly. This enables
our algorithm to scale to problems where a naive approach causes
memory overflows. In Algorithms 5.1 to 5.3, the memory and run
time cost for matrix-vector products with K are denoted by px
and tx and by -1 and tyy1 for products with W™,

Products with K. Matrix-vector products with K can be decom-
posed into products with its sub-matrices. The associated memory
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costs O(uk) can thereby be reduced basically arbitrarily and the
run time can be improved by using specialized software libraries
such as KeOps [16] and parallel hardware (i.e. GPUs). Still, products
with K are computationally relatively expensive, since this oper-
ation is typically quadratic in the number of training data points
N.

Products with W™! (General Case). Under the assumptions on the
likelihood from Section 5.2.1, W is block-diagonal with N blocks of
size C X C (in CN-ordering, see Appendix A.2.1). Here, we denote
these blocks by W1, ..., Wy. It can be easily verified that Wlis
also a block-diagonal matrix and the blocks on its diagonal are the
inverses of W1, ..., Wy.

Consider the matrix-vector product v — W™'v = w € RNC. In
the vectors v and w, we repeatedly group C consecutive entries
which results in segments w,,, v, € RC forn=1,...,N,i.e.

wit v1 w1
wi!
N ON WN
L | L ] L ]
:Wfl =0 =w

Itholds thatw, = W;'v,,i.e. each segment in w is the product of a
single C x C block from W ™! with one segment from v. Computing
w,;, thus amounts to solving a linear system of size C with cost
O(C?®). The total cost for all N segments is thus O(N C?). However,
the N linear systems are independent of each other and can thus be
solved in parallel. So, if appropriate computational resources are
available, the total run time complexity can be reduced to O(C3).

In general, W ™! requires O(N C?) in terms of memory consumption.
If needed, these costs can be reduced further to O(C?) because (as
explained above), products with W' can be broken down into
products with the individual blocks of W™!. We can perform those
products sequentially such that only a single block is present in
memory at a time.

Products with W' (Special Cases). In many cases, we can mul-
tiply with W~! more efficiently. In the multi-class classification
case, the run time and memory costs for multiplication with the
pseudo-inverse W' can be reduced to O(NC) (see Appendix A.1.6).
In the regression case (C = 1), Wlisa diagonal matrix of size
N x N. The memory and run time costs are thus in O(N). An
example is Poisson regression, for which we derive the explicit
form of W™! in Appendix A.1.5.

Products with C;. C; = Q jQ}r is represented via its matrix root

Q; € RNCXB_This allows for efficient storage and matrix-vector
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multiplies v - Cjv = Qj(Q]Tv) in O(BNCQ).

Cost Analysis Algorithms 5.1 to 5.3

The run time and memory complexity for the operations in Al-
gorithms 5.1 to 5.3 is given directly in the pseudocode. Here, we
provide some additional information for the costs that depend on
the user’s choices and put the costs of the individual algorithms
into perspective.

Algorithm 5.2 (ITERGP). The run time cost for selecting an action
O(troucy) depends on the underlying policy. For Cholesky actions
(sj = ej) or CG (s; = rj-1), the run time cost is insignificant since
no additional computations are required at all.

One iteration’s total computational cost (without prediction) is
dominated by two matrix-vector products with K in terms of run
time and O(BNC) in terms of storage requirements (for the buffers
S and T as well as the matrix root Q ]‘)' The initial size (i.e. the
number of columns) of S, T and Q; is given by the rank limit R
used in Algorithm 5.3. Henceforth, one column is added to each
of the buffers and matrix root in each solver iteration, increasing
their size to B = R + j in iteration j. It is thus reasonable to include
an upper bound on the iteration number in the stopping criterion
of Algorithm 5.2.

Algorithm 5.3 (Virtual Solver Run with Optional Compression).
The total run time complexity of Algorithm 5.3 is O(Btyy-1+B2NC),
i.e. dominated by matrix-matrix products involving the buffers
and WL, In terms of memory requirements, the buffers S, T, and
Q, are the decisive contributors with O(RNC). The truncation
of the eigendecomposition provides a way to control that bound
by resetting the current buffer size B to an arbitrary number
R < B. In comparison to Algorithm 5.2, the computational costs
are practically of minor importance since no multiplications with
K are necessary.

Algorithm 5.1 (ITERNCGP Outer Loop). The costs O(t,,) for eval-
uating m on the training data depends on the choice of mean
function. For a constant mean function, no computations are nec-
essary, so run time costs are negligible. This can be different e.g.
for applications in Bayesian deep learning, where evaluating m
requires forward passes through a neural network.
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A.3 Experimental Details

Throughout the paper, we use binary classification as an illustrative
and supporting example (Figures 5.1 to 5.4). The two main experi-
ments follow in Section 5.5: Poisson regression (Section 5.5.1, Fig-
ure 5.5) and large-scale GP multi-class classification (Section 5.5.2,
Figure 5.6). In the following, we provide additional details for all
those experiments.

A.3.1 Binary Classification

Binary Classification with One Latent Function. Consider a bi-
nary classification task, i.e. C = 2. Being able to report the probabil-
ity for one of the two classes is sufficient because they have to add
up to one for every data point. Thus, while C = 2, N-dimensional
vectors are typically used to describe this problem [114, Section
3.4]. Using only a single latent function is convenient for illustra-
tive purposes, as e.g. the action vectors s in Algorithm 5.2 are
N-dimensional (not 2N-dimensional) and thus easier to visualize.

1D Data. We use a one-dimensional training set in Figure 5.2.
X is created by sampling N = 50 data points between —3 and
5. The hidden function f is a draw from a GP with mean zero
and a GPYTorcH [41] RBF kernel with lengthscale = 1.0 and
outputscale = 5.0.Foreachdatapoint x,, we sample the positive
label with probability logistic(f (x,)).

2D Data. Two-dimensional data is used in Figures 5.1, 5.3 and 5.4.
The data-generating process is analogous to the 1D data, only
now, the N = 100 training inputs are in the 2D plane: The first
coordinate is sampled uniformly between —3 and 5, the second
between —4 and 1. The hyperparameters of the RBF kernel are
lengthscale = 1.0, outputscale = 10.0 for Figures 5.3 and 5.4
and outputscale = 20.0 for Figure 5.1.

Details Figure 5.1. In this figure, we compare two versions of
our algorithm: ITERNCGP-Chol without recycling and ITeRNCGP-
CG with recycling and with compression (R = 10). Both runs
were conducted on a CPU. The computation of the NLL loss
is not included in the run time measurement. A description of
how the NLL loss can be computed for arbitrary C is given in
Appendix A.3.3.

Details Figure 5.2. For Figure 5.2, we compute a sequence of precise
Newton steps by using ITERNCGP with unit vector actions and
j < N solver iterations. Note that the Newton linear system is N-
dimensional, i.e. we actually obtain f; as defined by Equation (5.3).



110 Appendix A Additional Material for Chapter 5

True posterior variance Ko« Ko Ko, 10 Ko,19

IterNCGP-CG IterNCGP-Chol

Figure A.1: Different Policies of ITERNCGP Applied to GP Classification. (Left) The true posterior covariance Ko . ([JJl)
for a binary classification task (®/®). (Right) Current estimate of the posterior covariance after 1, 10, and 19 iterations with
the unit vector policy (Top) and the CG policy (Bottorn). Shown are the data points selected by the policy in this iteration
with the dot size indicating their relative weight. For ITeRNCGP-Chol, data points are targeted one by one and previously
used data points are marked with (O).

Details Figure 5.3. In this plot, we compare unit vector actions
(IterRNCGP-Chol) and residual actions (ITERNCGP-CG) for the first
Newton step (i = 0) at three solver iterations j € {1,10,19}. The
true posterior mean function . and covariance function K . are
computed by using ITERNCGP-Chol and j < N = 100 iterations.
Figure A.1 shows the covariance functions corresponding to the
mean functions in Figure 5.3.

The actions are visualized by scaling the training data points
according to their relative weight: First, we take the absolute value
of the action vector s from Algorithm 5.2 (element-wise) and then
scale its entries linearly such that the smallest entry is 0 and the
largest is 1.

Details Figure 5.4. In this figure, we show the initial mean function
my,0 and covariance function Kj o in the second Newton step for
different buffer sizes R € {0,1,3,10}. We use CG actions for the
first Newton step and let the solver run until convergence (this
takes 19 iterations).

A.3.2 Poisson Regression

In Section 5.5.1, we apply ITERNCGP to Poisson regression to
demonstrate our algorithm'’s ability to generalize to other (log-
concave) likelihoods and to explore the trade-off between the
number of (outer loop) mode-finding steps and (inner loop) solver
iterations.

Poisson Likelihood. We consider count data y € Né\l that is as-
sumed to be generated from a Poisson likelihood with unknown
positive rate A: X — R(. Modeling A with a GP which may
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take positive and negative values, would therefore be inappropri-
ate. However, we can use a GP for the log-rate f: X — R and
regard this as the unknown latent function. With A := A(X) =
exp(f (X)) = exp(f), the likelihood is given by

N AT exp(—Ay,
by | =] [P

n=1 Yn!

The gradient and (inverse) Hessian of the log-likelihood can be
derived in closed form, see Appendix A.1.5.

Data & Model. First, we create X by linearly spacing N = 100
points between 0 and 1. For the count data y, we sample from a GP
with zero mean and a GPyTorcH [41] RBF-kernel with lengthscale
= 0.1 and outputscale = 5.0. That GP f represents the log-
Poisson rate. We then draw counts from a Poisson distribution
with rate A(x,) = exp(f(x,)) for each data point in the training
set. In this experiment, we conduct multiple ITERNCGP runs on
different training sets. These sets are created by re-drawing from
the Poisson distributions with the same rates, i.e. the underlying
GP for the log-rate does not change. Our NCGP’s prior uses the
same RBF kernel to avoid model mismatch.

ITERNCGP-CG Approaches. We consider ITERNCGP-CG with four
different schedules: A fixed budget of 100 iterations is distributed
uniformly over 5, 10, 20 or 100 outer loop steps (see Algorithm 5.1),
which limits the number of inner loop iterations (see Algorithm 5.2)
to j <20,10,5 or 1. For each schedule, we perform 10 runs with
different training sets, see above. Each run uses recycling without
compression. For this experiment, the convergence tolerance in
Algorithm 5.1is set to 6 = 0.001. All runs are performed on a single
NVIDIA GeForce RTX 2080 T1 12 GB GPU.

Tracking of Performance Metrics. As a performance metric, we
use the NLL loss. The computation of the NLL loss for the test and
training set is not included in the run time reported in the results.
For the NLL loss, we approximate the integral from Section 5.2.3
with MC samples: For each test datum x,, we draw 10° MC sam-
ples from N (m; j(x.), K j(xs, X,)), map those samples {fo,k}llfl
through the likelihood p(v. | fs k) and average. This yields a loss
value for x, and we obtain the training/test NLL loss by averaging
these loss values for all data points in the training/test set.

Approximate Rate Distribution. Using ITERNCGP-CG for the
Poisson regression problem results in a sequence of posteriors
GP(m;;, ki ;). By drawing MC samples from those posterior GPs
and mapping them through the exponential, we obtain an approx-
imated (skewed) distribution for the rate A. In Figure 5.5 (Right),



112

Appendix A Additional Material for Chapter 5

Training data (C = 10, N = 100,000) Test data (C = 10, N = 10,000)

—1.0

1.0

Figure A.2: Gaussian Mixture Training and Test Data. Training data (Left) and test data (Right) for the first run. Note
that the underlying Gaussians are the same for training and test set and for all runs.

we report its median and a 95 % confidence interval between the
2.5 % and 97.5 % percentile.

A.3.3 Large-Scale GP Multi-Class Classification

In this experiment, we empirically evaluate ITeERNCGP on a large-
scale GP multi-class classification problem to exhibit its scalability.
We also investigate the impact of compression on performance.

Data. We consider a Gaussian mixture problem with C = 10 classes
in 3D. For each class, we sample a mean vector uniformly in [-1, 1?
and a positive definite covariance matrix. For the covariance matrix,
we first create a 3X3 matrix C with entries between 0 and 1 (sampled
uniformly) and compute the eigenvectors U of CC'. Then, we
create three eigenvalues {14} 4e{1,2,3) uniformly between 0.001 and
0.1 and form the covariance matrix from the eigenvectors U and
these eigenvalues, i.e. U diag(A1, A2, A3) U". For each class, 10*
data points are sampled from the respective Gaussian distribution.
This amounts to N = 10° data points in total. For testing, N, = 10*
data points are used (10> per class).

Our benchmark (Figure 5.6) uses multiple runs for each method.
The runs differ in the seed that is used to sample from the Gaussians,
i.e. the training and test set are different for each run (the underlying
Gaussians distributions remain the same). Both the training and
test set used in the first run are shown in Figure A.2.

Model. We use a softmax likelihood (see Appendix A.1.6 for the
details on the pseudo-inverse W) and assume independent GPs
for the C outputs of the latent function. Each of these GPs uses the
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zero function as the prior mean and a Matérn(%) kernel. We use the
KeOps [16] version of the GPyTorcH [41] kernel with lengthscale
= 0.05 and outputscale = 0.05.

SoD Approaches. For the SoD approaches, we create a random
subset of the training data (sampling without replacement) of
a specific subset size Ngup. We then explicitly form f(( f;) for
every Newton step and compute its Cholesky decomposition via
PyTorch’s [111] torch.linalg. cholesky (instead of using ITErRGP
in Algorithm 5.1 to ensure a competitive baseline implementation).
In our experiment, we use four different subset sizes Ngy, €
{250, 500, 1000, 2000} . Each setting is run five times with different
random seeds (see above).

SVGP. SVGP [60, ] is a commonly used variational method
for approximative inference in non-conjugate GPs. We use GPy-
TorcH’s [41] SVGP implementation and optimize the ELBO for
10* seconds using Apam with batch size = 1024. The learning
rate @ € {0.001,0.01,0.05} and the number of inducing points
U e {1000, 2500, 5000, 10000} are tuned via grid search (using
only a single run). We use U/c inducing points per class (C = 10
classes) and initialize them as a random subset of the training data.
Within the given run time budget, SVGP performs between 6000
(U =1000) and 600 (U = 10000) epochs.

For each of the 12 runs, we extract 6 performance indicators:
lowest training /test NLL loss during training, highest training / test
accuracy during training and training/test expected calibration
error (ECE) at the very end of training. For each of those 6 categories,
we determine those two runs with the best performance. This
procedure results in a set of 3 runs in total, that are considered the
“best” runs for SVGP. Only for those 3 settings, we perform 5 runs
each and report their mean performance in Figure 5.6.

ITERNCGP-CG Approaches. For comparison, we apply our matrix-
free algorithm ITERNCGP with residual actions to the full training
set. We use two configurations: The first one uses recycling without
compression (i.e. R = o), the second one uses recycling with
compression (R = 10). The number of solver iterations per step is
limited by j < 5. For both settings, we perform 5 runs with different
random seeds (see above) and report their mean performance in
Figure 5.6.

Tracking of Performance Metrics. As performance metrics, we
use accuracy, the negative log-likelihood (NLL) loss and the ex-
pected calibration error (ECE) [51] on both the training and test
set. The computation of those six metrics is not included in the
run time reported in the results (Figure 5.6). First, we compute the
predictive mean m; j(x,) and marginal variance diag(K; j(x., x,))
(see Equations (5.8) and (5.9)) for each test input x.. Then, we
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Accuracy in % 1 NLL loss | ECE | SoD
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Figure A.3: Large-Scale GP Classification. Same as Figure 5.6, but showing all runs individually (instead of just their
average).

use the probit approximation [?], 131] to obtain the predictive
probabilities

mi,j(xo)

€ RE,
\/1 + %diag(Ki,j(xo/xo))

T, = softmax

where the vector division is defined element-wise. This is an approx-
imation of the integral from Section 5.2.3. All three performance
metrics are based on the predictive probabilities.

» Accuracy. The prediction for x, is given by arg max_([7t.].),
i.e. by the class with the largest predictive probability. The
accuracy is defined as the ratio of correctly classified data.

» NLL Loss. The NLL loss for x, is defined as the log-
probability for the actual class ys,, i.e. log([m]y, ). We obtain
the NLL training and test loss by averaging the individual
loss values for the entire training/test set.

» ECE. The expected calibration error (ECE) [5]] is a mea-
sure for the calibration of the predictive probabilities. It
groups the probabilities of the predicted classes (i.e. the
classification confidences) into bins and, within these bins,
compares the average confidence with the actual accuracy.
We use MulticlassCalibrationError from torchmetrics
[33] with default parameter n_bins=15.

Individual Runs. Figure 5.6 shows the average performance for
each of the nine methods/variants over five runs. In order to show,
that the observed performance differences are not due to chance,
we show the individual runs in Figure A.3.

A.3.4 GP Multi-Class Classification on MNIST

To demonstrate ITeERNCGP’s applicability to real-world data sets,
we perform an additional experiment (similar to the experiment
described in Appendix A.3.3) on a subset (Ngu, = 20,000) of the
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MNIST [55] data set. In the following, we describe the experiment
and results in more detail.

Remark. For the experiment on synthetic data, we use KeOps on
top of GPyTorcH for fast kernel-matrix multiplies. However, KeOps
scales poorly with the data dimension (D = 282 = 784 for MNIST)".
We therefore revert to GPyTorcH’s standard implementation. This
implementation of the kernel matrix-vector product is fast but
causes out-of-memory errors for large data sets, which is why we
limit our benchmark to Ny, = 20,000 training data. To fully realize
the potential of our method using KeOps, it might be advisable
to apply it only to problems with data dimensions smaller than
around 100.

Data & Model. We use 20,000 training and 10,000 test images
from the MNIST data set and the softmax likelihood. Our model
for the latent function is a multi-output GP which uses C = 10
independent GPs, each of which is equipped with a Matérn(3)
kernel.

Kernel Hyperparameters. As a first step, we determine suit-
able hyperparameters (the outputscale and lengthscale) for the
Matérn(%) kernel by running GPYTorcH’s SVGP implementation.
We use 1000 inducing points per class, a batch size of 1024 and
optimize the ELBO using Apam with learning rate 0.001 for 30
epochs (thisresultsin lengthscale = 1.550934and outputscale
= 0.451591). Note that choosing hyperparameters with SVGP may
give SVGP an advantage in what performance it can reach, making
it a competitive baseline.

SVGP and ITeRNCGP-CG Approaches. We compare ITERNCGP-
CG and SVGP both using the same fixed kernel hyperparameters
(see above). ITERNCGP-CG is applied with recycling and R = oo,
i.e. without compression. We exclude compression since both
ITERNCGP runs converge within three iterations, see below. The
number of inner loop iterations is limited by j < 1orj < 5,i.e. two
runs are performed. For the SVGP approach, we optimize the ELBO
using Apam with batch size 1024 for 200 seconds. The number of
inducing points and the learning rate are tuned via grid search. As
in Appendix A.3.3, we use U € {1000, 2500, 5000, 10000} inducing
points and three different learning rates @ € {0.001,0.01,0.05}.
All 14 runs are performed on a single NVIDIA GeForce RTX 2080
Tr12 GB GPU.

Results. The results are shown in Figure 5.7. They show the two
ITerRNCGP runs and the best four SVGP runs (these include the
best two runs for each of the six performance metrics training/test
accuracy/NLL/ECE). Our observations are mostly consistent with
the results on the synthetic data (Figure 5.6): Both ITERNCGP runs
significantly outperform the best SVGP runs in terms of NLL loss

(accessed May 2024)
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and accuracy. Only the ECE achieved by ITERNCGP is slightly
worse than for SVGP. However, as explained in Section 5.5.2, a
small ECE on its own is not conclusive since we can easily construct
a classifier with perfect ECE by randomly sampling predictions.
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B.1 Mathematical Details

B.1.1 Reducing the GGN Eigenvalue Problem to the Gram
Matrix

For Equation (6.4), consider the left hand side of the GGN'’s
characteristic polynomial det(G — AIp) = 0. Inserting the ViViT
factorization (Equation (6.3)) and using the matrix determinant
lemma yields

det(-AIp + G)
= det (—/\I p+ VVT) (Low-rank structure (6.3))
= det (INC +VT (—/\Ip)_l V) det(—AIp) (Matrix determinant lemma)

= det(INC - %VTV) (—A)P

1\NE
= (_X) det(V'V — AInc) (-A)F

= (—A)p_NC det(é - AINc) . (Gram matrix)

Setting the above expression to zero reveals that the GGN'’s spec-
trum decomposes into P — NC zero eigenvalues and the Gram
matrix spectrum obtained from det(G — AInc) = 0.

B.1.2 Relation Between GGN and Gram Matrix
Eigenvectors

Assume the nontrivial Gram matrix spectrum S. = {(Ak, dip) | Ak #
0, Giig = Al k}f:1 with orthonormal eigenvectors ﬁ].Tﬁk =0k (6
represents the Kronecker delta) and K = rank(G). We now show
that u; = 1/va,Viiy are normalized eigenvectors of G and inherit
orthogonality from .

To see the first, consider right-multiplication of the GGN with u,
then expand the low-rank structure,

1 ~
Guy = TVVTvuk (Equation (6.3) and definition of uy)
k

= —VGi k (Gram matrix)

VAk
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= A—=Viix (Eigenvector property of i)

Orthonormality of the u#y results from the Gram matrix eigenvector
orthonormality,

u].Tuk = ( i v

\/_— j

1
(—Vuk) (Definition of uj, uy)

= ﬁ}r éft k (Gram matrix)
\ //\ A
_ Ak ara . -
= u; ug (Eigenvector property of iiy)
1A
=0k . (Orthonormality)
] y

B.2 Experimental Details

Throughout this section, we use the notation introduced in Sec-
tion 6.3 (see Table B.1). The code used for the experiments is avail-
able at

GGN Spectra (Figure 6.1a). To obtain the spectra of Figure 6.1a
weinitialize the respective architecture, then draw a mini-batch and
evaluate the GGN eigenvalues under the described approximations,
clipping the Gram matrix eigenvalues at 10~*. Figures B.1 and B.2
provide the spectra for all used architectures with both the full
GGN and a per-layer block-diagonal approximation.

Table B.1: Notation for Curvature Approximations. The notation is introduced in Section 6.3. This table recapitulates
the abbreviations (referring to the approximations introduced in Section 6.2.4) and provides corresponding explanations.

Abbreviation Explanation

mb, exact

mb, mc

sub, exact

sub, mc

Exact GGN with all mini-batch samples.
Backpropagates N C vectors.

MC-approximated GGN with all mini-batch samples.
Backpropagates NM vectors with M the number of MC-samples.

Exact GGN on a subset of mini-batch samples (| N/s]| as in [145]).
Backpropagates | N/s|C vectors.

MC-approximated GGN on a subset of mini-batch samples.
Backpropagates | N/s| M vectors with M the number of MC-samples.
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Figure B.1: GGN Spectra of Different Architectures Under ViViT’s Approximations. Left and right columns contain
results with the full network’s GGN and a per-layer block-diagonal approximation, respectively. The column labels are
explained in Table B.1.
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Figure B.2: GGN Spectra of Different Architectures Under ViViT’s Approximations. Left and right columns contain
results with the full network’s GGN and a per-layer block-diagonal approximation, respectively. The column labels are
explained in Table B.1.
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B.2.1 Performance Evaluation

Hardware Specifications. Results in this section were generated
on a workstation with an Intel Core i7-8700K CPU (32 GB) and one
NVIDIA GeForce RTX 2080 Ti GPU (11 GB).

Note. ViVil’s quantities are implemented through BackPACK,
which is triggered by PyTorch’s gradient computation. Conse-
quently, they can only be computed together with PyTorch’s mini-
batch gradient.

Architectures. We use untrained deep convolutional and residual
networks from DeepOBS [123] and [64]. If a net has batch nor-
malization layers, we set them to evaluation mode. Otherwise,
the loss would not obey the sum structure of Equation (6.1). The
batch normalization layers” internal moving averages, required for
evaluation mode, are initialized by performing five forward passes
with the current mini-batch in training mode before.

In experiments with fixed mini-batches the batch sizes correspond
to DeepOBS’ default value for training where possible (CIFAR-10:
N = 128, FasuioN-MNIST: N = 128). The residual networks use
a batch size of N = 128. On CIFAR-100 (trained with N = 256),
we reduce the batch size to N = 64 to fit the exact computation
on the full mini-batch, used as baseline, into memory. If the GGN
approximation is evaluated on a subset of the mini-batch (sub),
[ N/s] of the samples are used (as in [148]). The MC approximation
is always evaluated with a single sample (M = 1).

Memory Performance (Critical Batch Sizes). Two tasks are con-
sidered (see Section 6.3.1):

1. Computing Eigenvalues: Compute the nontrivial eigenval-
ues {A | (Ax, dix) € Sy} .

2. Computing the Top Eigenpair: Compute the top eigenpair
(A1, u1).

We repeat the tasks above and vary the mini-batch size until the
device runs out of memory. The largest mini-batch size that can be
handled by our system is denoted as Nit, the critical batch size.
We determine this number by bisection on the interval [1; 32768].

Figures B.5 to B.14a,b present the results. As described in Sec-
tion 6.2.3, computing eigenvalues is more memory-efficient than
computing eigenvectors and exhibits larger critical batch sizes. In
line with the description in Section 6.2.4, a block-diagonal approx-
imation is usually more memory-efficient and results in a larger
critical batch size. Curvature sub-sampling and MC approximation
further increase the applicable batch sizes.
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In summary, we find that there always exists a combination of
approximations which allows for critical batch sizes larger than
the traditional size used for training (some architectures even
permit exact computation). Different accuracy-cost trade-offs may
be preferred, depending on the application and the computational
budget. By the presented approximations, ViViI’s representation
is capable to adapt over a wide range.

Run Time Performance. Here, we consider the task of computing
the k leading eigenvectors and eigenvalues of a matrix. ViViT’s
eigenpair computation is compared with a power iteration that
computes eigenpairs iteratively via matrix-vector products. The
power iteration baseline is based on the PyHessian library [145]
and uses the same termination criterion (at most 100 matrix-vector
products per eigenvalue; stop if the eigenvalue estimate’s relative
change is less than 1073). In contrast to PyHessian, we use a
different data format and stack the computed eigenvectors. This
reduces the number of for-loops in the orthonormalization step.
We repeat each run time measurement 20 times and report the
shortest execution time as result.

Figures B.5 to B.14c,d show the results. For most architectures,
our exact method outperforms the power iteration for k > 1 and
increases only marginally in run time as the number of requested
eigenvectors grows. The proposed approximations share this prop-
erty, and further reduce run time.

Power Iteration with Relaxed Hyperparameters. When ViViT’s
approximations are used for computing eigenvalues, a power
iteration with relaxed hyperparameters might be an alternative.
We thus extend the run time experiment from Section 6.3.1 in
the following way: We consider the task of computing the top-10
eigenpairs of the mini-batch GGN on CIFAR-10 3c3p, with the
same batch size N = 128, on GPU using both ViViT and the power
iteration. The resulting approximations of the eigenvalues A k=
1,...,10are compared with the exact eigenvalues Ay, k = 1,...,10
using

13 Ak - Al
10 k=1 |/\k|
as a measure of accuracy. We run the power iteration with 20
different convergence tolerances varying on a logarithmic grid from
107° to 107}, and disable termination due to exceeded iterations.
Each setting is repeated 20 times, and we report the best run time
and corresponding accuracy in Figure B.3.

In this setting, computing the exact top-10 eigenvalues with ViViT is
faster than approximating them with a power iteration, even when
using the largest tested tolerance. Also, when using ViViTl with
approximations through sub-sampling and MC-approximation,
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Figure B.3: Accuracy per Run Time Performance. Comparison of ViViT and its approximations to the power iteration for
computing the top-10 eigenvalues for the 3c3p architecture (P = 895210) on CIFAR-10 (C = 10). For the power iteration,
different tolerances ranging from 107> to 107! are used. The red star shows the result for the default tolerance.

these runs require less run time than the power iteration at similar
accuracy. In the plot, we also highlighted the power iteration
run with PyHessian’s default convergence parameters (red star
marker). It seems to yield a relatively good trade-off between time
and accuracy for the power iteration.

These results show that, also in terms of “accuracy per run time”,
ViViT is superior to a power iteration in the mini-batch setting due
to its increased parallelism.

Power Iteration on the GGN vs. Power Iteration on the GGN
Gram Matrix. In the run time evaluation of our method (Sec-
tion 6.3.1) we compute the k leading GGN eigenpairs by comput-
ing the full GGN Gram matrix spectrum and discarding all but
the leading eigenpairs. Here, we present additional results where
we exchange the full diagonalization by a power iteration with
identical convergence hyperparameters as the baseline; a power
iteration on the GGN.

Figure B.4 visualizes the comparison for the same setting as Fig-
ure 6.2b in the main text. In case of no approximations (mb, exact)
where the Gram matrix dimension is largest, the power iteration
can further reduce the run time shown in Figure 6.2b. However, for
the GGN approximations through sub-sampling or MC approx-
imation, the power iteration on the (rather small) Gram matrix,
deteriorates performance in comparison to the results reported
in Figure 6.2b as the number of leading eigenvalues increases. In
this regime (small Gram matrix, many requested eigenvalues), the
simplistic power iteration can require more matrix-vector products
than a sophisticated eigensolver that computes the full spectrum.
As in the main text, these findings show that ViViT (even in the
exact version) outperforms the power iteration for k > 2.

Note on CIFAR-100 (Large C). For data sets with a large number
of classes, like CIFAR-100 (C = 100), computations with the exact
GGN are costly. In particular, constructing the Gram matrix G has
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Figure B.4: Power Iteration on the GGN vs. Power Iteration on the Gram Matrix. The figure considers the same setting
as Figure 6.2b (3c3p on CIFAR-10 and GPU). However, we exchange the full diagonalization of the GGN’s Gram matrix
by a power iteration with identical convergence hyperparameters as the baseline power iteration on the GGN (at most 100
matrix-vector producst per eigenvalue; stop if the eigenvalue estimate’s relative change is less than 1073).

quadratic memory cost in C, and its eigendecomposition has cubic
cost in time with C (see Section 6.2.3).

As a result, the exact computation only works with batch sizes
smaller than DeepOBS’ default (N = 256 for CIFAR-100, see Fig-
ures B.13 and B.14a,b). For the GGN block-diagonal approximation,
which fits into CPU memory for N = 64, the exact computation
of top eigenpairs is slower than a power iteration and only be-
comes comparable if a large number of eigenpairs is requested, see
Figure B.14d.

For such data sets, the approximations proposed in Section 6.2.4
are essential to reduce costs. The most effective approximation
to eliminate the scaling with C is using an MC approximation.
Figures B.13 and B.14 confirm that the approximate computations
scale to batch sizes used for training and that computing eigenpairs
takes less time than a power iteration.

Computing Damped Newton Steps. A Newton step —(G+61)"! g
with damping 6 > 0 can be decomposed into updates along the
eigenvectors of the GGN G,

~(G+oD)7'g= Z)\ " ZK] uy . (B.1)

It corresponds to a Newton update along nontrivial eigendirec-
tions that uses the first- and second-order directional derivatives
described in Section 6.2.2 and a gradient descent step with learning
rate /s along trivial directions (with Ay = 0). In the following, we
refer to the first summand of Equation (B.1) as Newton step. As
described in Section 6.2.3, we can perform the weighted sum in the
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Gram matrix space, rather than the parameter space, by computing

K K K
—Vk vk 1 _ . —Vk ~

U = —Viur =V —uy|.
D e i (kamm—k ")

k=1 k=1

This way, only a single vector needs to be transformed from Gram
space into parameter space.

Table B.2 shows the critical batch sizes for the Newton step com-
putation (first term on the right-hand side of Equation (B.1)), using
Gram matrix eigenvalues larger than 10™* and constant damping
0 = 1. Second-order directional derivatives A are evaluated on
the same samples as the GGN eigenvectors, but we always use all
mini-batch samples to compute the directional gradients y,,. Using
our approximations, the Newton step computation scales to batch
sizes beyond the traditional sizes used for training.
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Figure B.5: GPU Memory and Run Time Performance for the 2c2p Architecture on FasuioN-MNIST. Left and right
columns show results with the full network’s GGN (P = 3274634, C = 10) and a per-layer block-diagonal approximation,
respectively. (a, b) Critical batch sizes Ncrjt for computing eigenvalues and the top eigenpair. (c, d) Run time comparison
with a power iteration for extracting the k leading eigenpairs using a mini-batch of size N = 128.
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Figure B.6: CPU Memory and Run Time Performance for the 2c2p Architecture on FasuioN-MNIST. Left and right
columns show results with the full network’s GGN (P = 3274634, C = 10) and a per-layer block-diagonal approximation,
respectively. (a, b) Critical batch sizes Ncrit for computing eigenvalues and the top eigenpair. (c, d) Run time comparison
with a power iteration for extracting the k leading eigenpairs using a mini-batch of size N = 128.
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Figure B.7: GPU Memory and Run Time Performance for the 3c3p Architecture on CIFAR-10. Left and right columns
show results with the full network’s GGN (P = 895210, C = 10) and a per-layer block-diagonal approximation, respectively.
(a, b) Critical batch sizes N¢rit for computing eigenvalues and the top eigenpair. (¢, d) Run time comparison with a power
iteration for extracting the k leading eigenpairs using a mini-batch of size N = 128.
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Figure B.8: CPU Memory and Run Time Performance for the 3c3p Architecture on CIFAR-10. Left and right columns
show results with the full network’s GGN (P = 895210, C = 10) and a per-layer block-diagonal approximation, respectively.
(a, b) Critical batch sizes Nrit for computing eigenvalues and the top eigenpair. (c, d) Run time comparison with a power
iteration for extracting the k leading eigenpairs using a mini-batch of size N = 128.
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Figure B.9: GPU Memory and Run Time Performance for the ResNEer-32 Architecture on CIFAR-10. Left and right
columns show results with the full network’s GGN (P = 464 154, C = 10) and a per-layer block-diagonal approximation,
respectively. (a, b) Critical batch sizes Ncrjt for computing eigenvalues and the top eigenpair. (¢, d) Run time comparison
with a power iteration for extracting the k leading eigenpairs using a mini-batch of size N = 128.
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Figure B.10: CPU Memory and Run Time Performance for the ResNET-32 Architecture on CIFAR-10. Left and right
columns show results with the full network’s GGN (P = 464 154, C = 10) and a per-layer block-diagonal approximation,
respectively. (c, d) Run time comparison with a power iteration for extracting the k leading eigenpairs using a mini-batch
of size N = 128.
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Figure B.11: GPU Memory and Run Time Performance for the ResNET-56 Architecture on CIFAR-10. Left and right
columns show results with the full network’s GGN (P = 853018, C = 10) and a per-layer block-diagonal approximation,
respectively. (a, b) Critical batch sizes Ncrjt for computing eigenvalues and the top eigenpair. (c, d) Run time comparison
with a power iteration for extracting the k leading eigenpairs using a mini-batch of size N = 128.
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Figure B.12: CPU Memory and Run Time Performance for the ResNEer-56 Architecture on CIFAR-10. Left and right
columns show results with the full network’s GGN (P = 853018, C = 10) and a per-layer block-diagonal approximation,
respectively. (¢, d) Run time comparison with a power iteration for extracting the k leading eigenpairs using a mini-batch
of size N = 128.
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Figure B.13: GPU Memory and Run Time Performance for the ALL-CNN-C Architecture on CIFAR-100. Left and right
columns show results with the full network’s GGN (P = 1387108, C = 100) and a per-layer block-diagonal approximation,
respectively. (a, b) Critical batch sizes Ncrjt for computing eigenvalues and the top eigenpair. (c, d) Run time comparison
with a power iteration for extracting the k leading eigenpairs using a mini-batch of size N = 64.
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Figure B.14: CPU Memory and Run Time Performance for the ALL-CNN-C Architecture on CIFAR-100. Left and right
columns show results with the full network’s GGN (P = 1387108, C = 100) and a per-layer block-diagonal approximation,
respectively. (a, b) Critical batch sizes Ncrjt for computing eigenvalues and the top eigenpair. (c, d) Run time comparison
with a power iteration for extracting the k leading eigenpairs using a mini-batch of size N = 64.
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Table B.2: Memory Performance for Computing Damped Newton Steps. Left and right columns show the critical batch
sizes with the full network’s GGN and a per-layer block-diagonal approximation, respectively.

FasuioNn-MNIST 2c2p

Full Network Block-Diagonal Approximation
Ncrit (GPU) Ncrit (CPU) Ncrit (GPU) Ncrit (CPU)
GGNData mb Sub GGNData mb Sub GGNData mb Sub GGNData mb Sub
exact 66 159 exact 202 487 exact 68 159 exact 210 487
mc 362 528 mc¢ 1107 1639 mc¢ 368 528 mc 1137 1643
CIFAR-10 3c3p
Full Network Block-Diagonal Approximation
Ncrit (GPU) Ncrit (CPU) Ncrit (GPU) Ncrit (CPU)
GGNData mb Sub GGNData mb Sub GGNData mb Sub GGNData mb Sub
exact 208 727 exact 667 2215 exact 349 795 exact 1046 2423
mc 1055 1816 mc 3473 5632 mc 1659 2112 mc 4997 6838
CIFAR-10 ResNET-32
Full Network Block-Diagonal Approximation
Nerit (GPU) Nait (GPU)
cenP® mb  sub cenP®  mb sub
exact 344 1119 exact 1051 1851
mc 1205 1535 mc 2048 2208
CIFAR-10 ResNET-56
Full Network Block-Diagonal Approximation
Nait (GPU) Nit (GPU)
GGNData mb sub GGNData mb sub
exact 209 640 exact 767 1165
mc 687 890 mc 1232 1255
CIFAR-100 ALL-CNN-C
Full Network Block-Diagonal Approximation
Ncrit (GPU) Ncrit (CPU) Ncrit (GPU) Ncrit (CPU)
GGNData mb Sub GGNData mb Sub GGNData mb Sub GGNData mb Sub
exact 13 87 exact 43 309 exact 35 135 exact 95 504
mc 640 959 mc¢ 2015 2865 mc 1079 1536 mc 3360 3920
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Table B.3: Hyperparameter Settings for Training Runs. For both SGD and Apawm, we report their learning rates « (taken
from the baselines in [28] or, for REsNET-32, determined via grid search). Momentum for SGD is fixed to 0.9. Apam uses
the default parameters 1 = 0.9, B2 = 0.999, € = 1075. We also report the batch size used for training and the number of

training epochs.

Problem SGD Apam Batch size  Train epochs
Fasuion-MNIST 2c2p a~207-102 a=~127-100* N =128 100
CIFAR-10 3c3p a~379-107° a~298-10* N =128 100
CIFAR-10 ResNEet-32 a~631-102 a=~251-10° N=128 180

CIFAR-100 ArL-CNN-C

a~4.83-1001 a~695-10* N =25 350

B.2.2 Training of Neural Networks

Procedure. We train the following DeepOBS [123] architectures
with SGD and Apam: 3c3p on CIFAR-10, 2¢2p on FasuioNn-MNIST
and ALL-CNN-C on CIFAR-100—all are equipped with cross-
entropy loss. To ensure successful training, we use the hyperpa-
rameters from [28] (see Table B.3).

We also train a residual network ResNet-32 [54] with cross-entropy
loss on CIFAR-10 with both SGD and Apam. For this, we use a batch
size of 128 and train for 180 epochs. Momentum for SGD was fixed
to 0.9, and Apam uses the default parameters (51 = 0.9, 2 = 0.999,
€ = 107%). For both optimizers, the learning rate was determined
via grid search. Following [123], we use a log-equidistant grid from
107° to 10? and 36 grid points. As performance metric, the best test
accuracy during training (evaluated once every epoch) is used.

Results. The results for the hyperparameter grid search are re-
ported in Table B.3. The training metrics training/ test loss /accuracy
for all eight test problems are shown in Figure B.15 and B.16.

B.2.3 GGN vs. Hessian

Checkpoints. During training of the neural networks (see Ap-
pendix B.2.2), we store a copy of the model (i.e. the network’s
current parameters) at specific checkpoints. This grid defines the
temporal resolution for all subsequent computations. Since train-
ing progresses much faster in the early training stages, we use a
log-grid with 100 grid points between 1 and the number of training
epochs and shift this grid by —1.

Overlap. Recall from Section 6.3.2: For the set of orthonormal
eigenvectors {uﬁ‘}ccz1 to the C largest eigenvalues of some symmet-
ric matrix A, let P4 = (u‘lq, vy u‘é)(u‘f, ven ué)T. Asin Gur-Ari et al.
[50], the overlap between two subspaces £4 = span (uf, -y ué)
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Figure B.15: Training Metrics (1). Training/test loss/accuracy for all test problems.
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Figure B.16: Training Metrics (2). Training/test loss/accuracy for all test problems.
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and B = span (u?, ..., ug) of the matrices A and B is defined by

Tr (PAPEB)
\Tr (P4) Tr (PB)

The overlap can be computed efficiently by using the trace’s
cyclic property: It holds Tr(PAPB) = Tr(WTW) with W =
(u‘{‘, ...,ué)T(uf’, ...,ug) € RCXC_ Note that this is a small C x C
matrix, whereas P4, P € RP*P Since

overlap(£4, £B) = €[0,1].

Tr (P4)
A Ay(,,A A
=Tr((u), ..., ul) (i, ..., u?)")
=Tr ((uf, ey u‘é)T(u‘{‘, ey u‘é)) (Cyclic property of trace)
=Tr(I¢c) (Orthonormality of the eigenvectors)
=C

(and analogous Tr (PB) = C), the denominator simplifies to C.

Procedure. For each checkpoint, we compute the top-C eigenvalues
and associated eigenvectors of the full-batch GGN and Hessian
(i.e. GGN and Hessian are both evaluated on the entire training
set) using an iterative matrix-free approach. We then compute the
overlap between the top-C eigenspaces as described above. The
eigspaces (i.e. the top-C eigenvalues and associated eigenvectors)
are stored on disk such that they can be used as a reference by
subsequent experiments.

Results. The results for all test problems are presented in Fig-
ure B.17. Except for a short phase at the beginning of the optimiza-
tion procedure (note the log scale for the epoch-axis), a strong
agreement (note the different limits for the overlap-axis) between
the top-C eigenspaces is observed. We make similar observations
for all test problems, yet to a slightly lesser extent for CIFAR-100. A
possible explanation for this would be that the 100-dimensional
eigenspaces differ in the eigenvectors associated with relatively
small curvature. The corresponding eigenvalues already transition
into the bulk of the spectrum, where the "sharpness of separation”
decreases. However, since all directions are equally weighted in
the overlap, overall slightly lower values are obtained.

B.2.4 Eigenspace Under Noise and Approximations

Procedure (1). We use the checkpoints and the definition of overlaps
between eigenspaces from Appendix B.2.3. For the approximation
of the GGN, we consider the cases listed in Table B.4.

For every checkpoint and case, we compute the top-C eigenvectors
of the respective approximation to the GGN. The eigenvectors are
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Figure B.17: Full-Batch GGN vs. Full-Batch Hessian. Overlap between the top-C eigenspaces of the full-batch GGN and

full-batch Hessian during training for all test problems.



B.2 Experimental Details

Table B.4: Considered Cases for Approximation of the Eigenspace. We use a different set of cases for the approximation
of the GGN's full-batch eigenspace depending on the test problem. For the test problems with C = 10, we use M =1
MC-sample, for the CIFAR-100 ALL-CNN-C test problem (C = 100), we use M = 10 MC-samples in order to reduce the
computational costs by the same factor.

Problem Cases

Fasuion-MNIST 2c2p mb, exact with mini-batch sizes N € {2, 8, 32,128}
CIFAR-10 3c3p and mb, mc with N = 128 and M = 1 MC-sample
CIFAR-10 ResNET-32 sub, exact using 16 samples from the mini-batch
sub, mc using 16 samples from the mini-batchand M =1
MC-sample

CIFAR-100 ALL.-CNN-C  mb, exact with mini-batch sizes N € {2,8,32,128}
mb, mc with N = 128 and M = 10 MC-samples
sub, exact using 16 samples from the mini-batch
sub, mc using 16 samples from the mini-batch and M = 10
MC-samples

either computed directly using ViViT (by transforming eigenvectors
of the Gram matrix into parameter space, see Section 6.2.1) or, if
not applicable (because memory requirements exceed N, see
Section 6.3.1), using an iterative matrix-free approach. The overlap
is computed in reference to the GGN's full-batch top-C eigenspace
(see Appendix B.2.3). We extract 5 mini-batches from the training
data and repeat the above procedure for each mini-batch (i.e. we
obtain 5 overlap measurements for every checkpoint and case).
The same 5 mini-batches are used over all checkpoints and cases.

Results (1). The results can be found in Figure B.18 and B.19. All
test problems show the same characteristics: With decreasing com-
putational effort, the approximation carries less and less structure
of its full-batch counterpart, as indicated by dropping overlaps.
In addition, for a fixed approximation method, a decrease in
approximation quality can be observed over the course of training.

Procedure (2). Since ViViT’s GGN approximations using curvature
sub-sampling and/or the MC approximation (the cases mb, mc
as well as sub, exact and sub, mc in Table B.4) are based on the
mini-batch GGN, we cannot expect them to perform better than
this baseline. We thus repeat the analysis from above but use the
mini-batch GGN with batch-size N = 128 as ground truth instead
of the full-batch GGN. Of course, the mini-batch reference top-C
eigenspace is always evaluated on the same mini-batch as the
approximation.

Results (2). The results can be found in Figure B.20. Over large
parts of the optimization (note the log scale for the epoch-axis),
the MC approximation seems to be better suited than curvature
sub-sampling (which has comparable computational cost). For
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Figure B.18: ViViT vs. Full-Batch GGN (1). Overlap between the top-C eigenspaces of different GGN approximations
and the full-batch GGN during training for all test problems. Each approximation is evaluated on 5 different mini-batches.
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Figure B.19: ViViT vs. Full-Batch GGN (2). Overlap between the top-C eigenspaces of different GGN approximations
and the full-batch GGN during training for all test problems. Each approximation is evaluated on 5 different mini-batches.
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Table B.5: Considered Cases for Approximation of Curvature. We use a different set of cases for the approximation of
the GGN depending on the test problem. For the test problems with C = 10, we use M = 1 MC-sample, for the CIFAR-100
ALL-CNN-C test problem (C = 100), we use M = 10 MC-samples in order to reduce the computational costs by the same

factor.

Problem

Cases

Fasuion-MNIST 2c¢2p
CIFAR-10 3c3p and
CIFAR-10 ResNEeT-32

mb, exact with mini-batch size N = 128

mb, mc with N = 128 and M = 1 MC-sample

sub, exact using 16 samples from the mini-batch

sub, mc using 16 samples from the mini-batch and M =1
MC-sample

CIFAR-100 ALL-CNN-C

mb, exact with mini-batch size N = 128

mb, mc with N = 128 and M = 10 MC-samples

sub, exact using 16 samples from the mini-batch

sub, mc using 16 samples from the mini-batch and M = 10
MC-samples

the CIFAR-100 AL-CNN-C test problem, the MC approximation
stands out particularly early from the other approximations and
consistently yields higher overlaps with the mini-batch GGN.

B.2.5 Curvature Under Noise and Approximations

GGN and Hessian are predominantly used to locally approximate
the loss by a quadratic model g (see Equation (6.6)). Even if the
curvature’s eigenspace is completely preserved in spite of the
approximations, they can still alter the curvature magnitude along
the eigenvectors.

Procedure. Table B.5 gives an overview over the cases considered
in this experiment.

Due to the large computational effort needed for the evaluation of
full-batch directional derivatives, a subset of the checkpoints from
Appendix B.2.3 is used for two test problems: We use every second
checkpoint for CIFAR-10 ResNEer-32 and every forth checkpoint for
CIFAR-100 ALL-CNN-C.

For each checkpoint and case, we compute the top-C eigenvectors
{”k}%zl of the GGN approximation G® either with ViViT or
using an iterative matrix-free approach (as in Appendix B.2.4). The
second-order directional derivative of the corresponding quadratic
model along direction uy is then given by /\E{ap) = uZG(aP)u k (see
Equation (6.7)). As a reference, we compute the full-batch GGN

G™ and the resulting directional derivatives along the same

C

s 1€ Ag{fb) = u;G(fb)uk. The average (over all

eigenvectors {1y}
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Figure B.20: ViViT vs. Mini-Batch GGN. Overlap between the top-C eigenspaces of different GGN approximations and
the mini-batch GGN during training for all test problems. Each approximation is evaluated on 5 different mini-batches.
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C directions) relative error is given by

fb
ol AP - A
- C (Fb)
k=1 Ay
The procedure above is repeated on 3 mini-batches from the train-
ing data (i.e. we obtain 3 average relative errors for every checkpoint
and case)—except for the CIFAR-100 ALL-CNN-C test problem,
where we perform only a single run to keep the computational
effort manageable.

Results. The results can be found in Figure B.21. We observe similar
results as in Appendix B.2.4: With increasing computational effort,
the approximated directional derivatives become more precise and
the overall approximation quality decreases over the course of the
optimization. For the ResNer-32 architecture, the average errors
are particularly large.

B.2.6 Directional Derivatives

Procedure. We use the checkpoints from Appendix B.2.3. For every
checkpoint, we compute the top-C eigenvectors of the mini-batch
GGN (with a mini-batch size of N = 128) using an iterative matrix-
free method. We also compute the mini-batch gradient. The first-
and second-order directional derivatives of the resulting quadratic
model (see Equation (6.6)) are given by Equation (6.8).

We use these directional derivatives {y, k}nN:,(lz o1 WA k}nN:’(f -

compute signal-to-noise ratios (SNRs) along the top-C eigenvectors.

to

The curvature SNR along direction uy is given by the squared
sample mean divided by the empirical variance of the samples

{/\nk}nNzl, ie.
R= Ai
T UNot SN (A — A2
/N 1Zn:1( nk k)

1 N
where Aj = —Z/\nk.
N n=1

(and similarly for {y,x }nN=1)'

Results. The results can be found in Figure B.22 and B.23. These
plots show the SNRs in C distinct colors that are generated by
linearly interpolating in the RGB color space from black (®) to
light red (@). At each checkpoint, the colors are assigned based on
the order of the respective directional curvature Ay: The SNR that
belongs to the direction with the smallest curvature is shown in
black and the SNR that belongs to the direction with the largest
curvature is shown in light red. The color thus encodes only the
order of the top-C directional curvatures—not their magnitude.
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FasuioN-MNIST 2c2p Abpam

Figure B.21: ViViT’s vs. Full-Batch Quadratic Model. Comparison between approximations to the quadratic model
and the full-batch model in terms of the average relative error for the directional curvature during training for all test
problems.
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We use this color encoding to reveal potential correlations between
SNR and curvature.

We find that the gradient SNR along the top-C eigenvectors is
consistently small (in comparison to the curvature SNR) and
remains roughly on the same level during the optimization. The
curvature signal decreases as training proceeds. The SNRs along
the top-C eigendirections do not appear to show any significant
correlation with the corresponding curvatures. Only for the CIFAR-
100 test problems we can suspect a correlation between strong
curvature and small curvature SNR.
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Figure B.22: Directional SNRs (1). SNR along each of the mini-batch GGN’s top-C eigenvectors during training for all
test problems. At fixed epoch, the SNR for the most curved direction is shown in ® and for the least curved direction in ®.



146 Appendix B Additional Material for Chapter 6

CIFAR-10 ResNEet-32 SGD
T 10014 o)} i
b0 K > Floatal b0 -
o) e N A 343 kel B
= 10| r'.‘f.jlz'f.'-‘i":{e-" e | S i
= L e A T s 107 |
K ° o ° LA = B
4 . ° . [ i
c% . ° e % - ;
10_8 ol (| | 10 =
10° 10! 102 10° 10! 10°
epoch (log scale) epoch (log scale)
CIFAR-10 ResNET-32 ApAM
o i :
s S
3 b
5 5
= = 100 -
51050 et e Tl T I S
& . . * M
c% ° ° : : % -2
L Lol o Ll 1072 [ Ll L
10° 10 102 10° 10! 102
epoch (log scale) epoch (log scale)
CIFAR-100 ALL-CNN-C SGD
107! . i
2 1078 |- 2
3 3
ED 107° :O?
E 1077 |- ‘ : 5:
z Z
v 1070 - «n
I R N T RN 077 I YA N A A T N W
1 510 50 100 200 350 1 5 10 50 100 200 350
epoch (log scale) epoch (log scale)

CIFAR-100 ALL-CNN-C Apam

10t -,
2 5wl
S s J
2 AT
o0 ) "
2 2
= = 10' |- l
= < od
& 5 ;
A = 100
& . &
Z % 10
%] 10-10 |- » 107 -
I [ R N A A 0 1072 = e I o AR e e 1 e e e I I
1 5 10 50 100 200 350 1 5 10 50 100 200 350
epoch (log scale) epoch (log scale)

Figure B.23: Directional SNRs (2). SNR along each of the mini-batch GGN’s top-C eigenvectors during training for all
test problems. At fixed epoch, the SNR for the most curved direction is shown in ® and for the least curved direction in ®.
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) that

{
Layer View of Backpropagation. Consider a single layer T o0

transforms inputs z(l Ve R" into outputs sz) e R by means
of a parameter 6(1) e RPY. During backpropagation for V, the
u ) (] 0 fn) T Snc from the previous stage

(recall VJZI h = Z =1 SncS,.). Parameter contributions vglg toV are

layer receives vectors s,

obtained by application of its Jacobian,

o) = (]emfn)T Snc
= (102" )\ " T .
o0 Zn z(z) fn Suc (Chain rule)

(]9(1) Z,(f)) sgg (Definition of s( )) (B.2)
Consequently, the contribution of 0" to V, denoted by VO €
RPYXNC g

- _— ([, ,0 0)
Vo= — (o0 o0 ... o) (B.3)

with vm Jow fu) Snc.

B.3.1 Optimized Gram Matrix Computation for Linear
Layers

Our goal is to efficiently extract 8’s contribution to the Gram
matrix G, given by

GV = vy ¢ gNONE, (B.4)

Gram Matrix via Expanding V. One way to construct GV is to
first expand v (Equation (B.3)) via the Jacobian ]e(z)z,(f), then
contract it (Equation (B.4)). This can be a memory bottleneck for
large linear layers which are common in many architectures close to
the network output. However if only the Gram matrix rather than
V is required, structure in the Jacobian can be used to construct

~ (1

&" without expanding V) and thus reduce this overhead.
)
[;10)
with weights WO e REHTY o g = VeC(W(l)) e RPV=HORY
with column stacking convention for vectorization,

Optimization for Linear Layers. Now, let T be a linear layer

10 20 = Wi,
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The Jacobian is
1 -
]6(1)2( ) = z; T @I, . (B.5)

Its structure can be used to directly compute entries of the Gram
matrix without expanding V),

)
(ne)(n’c’)

T 1)

- Z)l’lC vn re?

= Sgg (]emz(l)) (]9 )Z(l)) "),

T T T T

Sffg (Zg Vel <z>) (sz t ®Ihu>) sff,)c, (Equation (B.5))
T T

= sgqlg (z1(1l Y (l 1)®I (l)) ;)C/ (Equation (B.2))

-7 _(-1 lT i
51 ) zfq, )s;g I, )s;)c, (z(l n’ (l 1 eR)

-7 (-1 nT
() 7).

We see that the Gram matrix is built from two Gram matrices
based on {z(l NN and {s(l)} that require O(N?) and

n=1 n=1,c=1’
O((N C)?) memory, respectively. In comparison, the naive approach

() ¢ RPYXNC scales with the number of weights, which is

(Equation (B.4))

viaV
often comparable to P. For instance, the 3c3p architecture on
CIFAR-10 has P = 895,210 and the largest weight matrix has
PW = 589,824, whereas NC = 1,280 during training [123].

Run Time Comparison. To evaluate the efficiency of our optimiza-
tion for linear layers, we consider a multi-layer perceptron with
1024 — 512 — 256 — 128 — 64 — 32 — C = 10 units, each
activated by ReLU except for the last, and mean squared error
as loss function. We set the batch size to N = 128 and randomly
generate synthetic inputs and labels. The following tasks are con-
sidered (results are for GPU, reporting the smallest run time over
20 repetitions):

» T1: Mini-batch gradient computation: tgrad ~ 0.774ms (1.0x)

» T2: Naive computation of explicit V: ty = 9.25ms (11.9x)

» T3: Naive computation of the Gram matrix G via explicit V:
ty & = 233 ms (301x)

» T4: Optimized computation of G via implicit V: by, & opt ©
4.28ms (5.5x%)

The main finding of this comparison is that, for this setting, our
optimized approach (T4) computes the Gram matrix >50 x faster
than the naive approach (T3), and requires less than C gradient
computations (T1). Detailed description:

» Naive Computations of V (T2) and G (T3) Are Slow. From
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the complexity analysis in Section 6.2.3, we expect ty =
C forad- Empirically, we observe a factor of 11.9. Despite the
use of a GPU, performance does not improve. We believe
this may be because the operation requires allocating and
writing large amounts of data into memory for V. Naively
expanding this explicit V, then computing G (T3), would cost
tv,G/tgrad = 301 gradients.

» Our Optimized Approach to implicitly Work with V
in Combination with Exploiting Structure in the Jaco-
bian (T4) Is Fast. With our optimizations, we observe
tV,é,opt/tgrad ~ 5.5. This is a > 50x speed-up over the
naive approach (T3)! It also requires less than C gradient
computations, i.e. almost 50% of the expected overhead is
compensated by parallelism on the GPU.

In our work, we first extended the BackPACK package by the naive
operations T2 and T3 described above. These are already superior
to for-loop based approaches with PyTorch’s built-in automatic
differentiation because BackPACK implements vectorized vector-
Jacobian products. On top of that, we then further significantly
improved performance through structural tricks (T4), as shown
above.

B.3.2 Implicit Multiplication with the Inverse
(Block-Diagonal) GGN

Inverse GGN-Vector Products. A damped Newton step requires
multiplication by (G + 6Ip)~!.! By means of Equation (6.3) and the
matrix inversion lemma,
(51 p+ G)_l
= (6113 + VVT)_1 (Equation (6.3)) (B.6)

1 -1
Ip + SVVT)

1 1.\
Ip -5V (INC + VTSV) VT

(Matrix inversion lemma)

Ip -V ((SINC + VTV)_1 VT] (Gram matrix)

A= A= A= DA

v (MNC 4 é)_l VT] . (B7)

Inverse GGN-vector products require inversion of the damped
Gram matrix as well as applications of V, VT for the transforma-
tions between Gram and parameter space.

Inverse Block-Diagonal GGN-Vector Products. Next, we replace
the full GGN by its block diagonal approximation G = Ggpa =

1: 0Ip canbereplaced by other easy-
to-invert matrices.
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diag(G(l), G?,...) with

G = yyOT ¢ gPOxP?

and V) as in Equation (B.3). Then, inverse multiplication reduces
to each block,

Gglle = diag(G(l)_l, G(Z)_l, .. ) .

If again a damped Newton step is considered, we can reuse Equa-
tion (B.7) with the substitutions

(G,P,V,VT, é) o (G(”,P(l), v yoT é(”)

to apply the inverse and immediately discard the ViViT factors: At

)

backpropagation of layer T;(,)

1. Compute V) using Equation (B.3).

2. Compute é(l) using Equation (B.4).

~ (-1

3. Compute (6INC + G(l) .

4. Apply the inverse in Equation (B.7) with the above substitu-
tions to the target vector.

~ (1 ~ ()L
5. Discard V(]), V(])T, G( ), and (6INC + G( )) . Proceed to

layer I —1.

Note that the above scheme should only be used for parameters that
satisfy P > NC, i.e. dim(G") > dim(f}(l)). Low-dimensional
parameters can be grouped with others to increase their joint
dimension, and to control the block structure of Ggpa.
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Below, we provide additional details on the mathematical deriva- ~ C-1 Mathematical Details 151

tions, describe the experimental setup and present additional ~ C-2 Experimental Details 166
results.

C.1 Mathematical Details

C.1.1 Directional Derivatives of a Quadratic

We claim in Section 7.2.1 that a cut r through the quadratic q( -; B)
from 0, € © C R along the normalized direction d can be written
as

r(t) == q(0s + 1d; B)
1 (C

= ETZdTVZq(B.;B) d+td"Vq(0.;B) + const.

Proof for Equation (C.1). Here, we provide the derivation for
Equation (C.1). Let 8, € © C R” be a point in parameter space
and d € R” a normalized direction, i.e. ||d|| = 1. We consider the
quadratic approximation q(0; B) around 0y and evaluate it along
the cut O, + 7d for T € R. We assume that the Hessian (or its
approximation) Hp is symmetric and obtain

(1) := q(04 + d; B)
= %(90 +1d — GO)THB(B. +1d — 60)

+ (0o +7d—00)" g5+ B
1 1
= ETZdTHBd +td"Hp(0. - 0)) + E(6. —09)"Hg(0. — 0))

+7d gz +(0.—600) g5+ cB

1
= ETszngd +td"(Hp(0, — 0p) + gp) + const.

Since Vq(0.;B) = Hp(6. — 09) + g5 and V2q(0.;B) = Hp, we
arrive at Equation (C.1). OJ

Proof for Equation (7.5). Next, we show that the average directional
slope/curvature over all mini-batches in the training set coincides
with the directional slope/curvature of the full-batch quadratic.
Let’s assume that all M mini-batches {Bm/}%zl are disjoint, have



Appendix C Additional Material for Chapter 7

the same size |B1| and that their union is the training set, i.e.

M
|Buw| =B ¥m"€{1,...,M} and | JBw=D. (C2)

m’=1

This implies M|B;| = |D|. It holds
1 M

M Z a“pq(e*; Bm')

m=1—— 1

one ® and many @
14
= M mzzll u, Vq(0x; Bi)

with Vq(0x; Byw) = gp , since O « O

Il
=

Il
=

Vr(0 1< 1 \%24
r(04) + M Z W Z (fo.(xn), y,)

m’=1 neB,,

@, (o s LS ST Ve(fo, (xa), ,)
p * MlBl| m'=1neB,,; 0100 ’y’Vl

u;—V['reg(e*; D)
D4, 7(0; D).
%l

As the mini-batch curvature V2L(0y; B,y ) is also an average over the
samples in the mini-batch (this applies to both the actual Hessian
and its GGN approximation), the same argument holds for the
associated directional curvatures. For K-FAC, the derivation above
does not hold as (1/2)(Kp + Kj) # K 5. O

C.1.2 The Method of Conjugate Gradients (CG)

Using CG for Minimizing a Quadratic. The argmin of a quadratic
q(-;B)is given by g — H ;31 g (assuming that Hp is symmetric
and positive definite), see Section 7.2.2. We can use the method
of conjugate gradients (see Algorithm C.1) for computing the
Newton step (or an approximation thereof) by setting A < Hp
and b «— —g.

Properties of CG & Geometric Interpretations. In the following,
we provide some important properties and a geometric interpreta-
tion of the quantities involved in the CG method.
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Algorithm C.1: Method of Conjugate Gradients (CG), Based on [102, Alg. 5.2].

1
2
3
4

5

10

Input: Access to matrix-vector products v — Av, where A € RP* is symmetric and
positive definite, right-hand side b € R?, convergence tolerance € € R, maximum
number of iterations Pyax € N, with Py < P

Output: Approximate solution x, to the linear system Ax = b

Procedure: CG(A, b, €, Prax)
Initialize xg = 0, ¥y < —b, and sg «— —rg
forp =0,1,..., Py do

if p = Pyax or [|rp]]2 < € then Termination criteria
L return (approximate) solution x,
t, « As, Compute the matrix-vector product only once
ror rir
PP . p'p
A, — Update magnitude ) = ——
P T F T
slﬂ tp Sp Asp
Update xp41 < xp + apsp Update along search direction s,
Update residual 11 « rp + apty Residual r, = Ax, — b computed via recursion
T
rp+1rl7+1
ﬁp"'l — T
rytp
| Sp+1 — —Tpa + Bp+1Sp Construction of new (conjugate) search direction

» Residual rp.Letx, := 0,—600. Theresidual r, can be written
ast, = Ax, —b = Hg(0, — 00) + g5 = Vq(0,;B), i.e. it
coincides with the gradient of the quadratic at 6.

» Update magnitude a,. Consider a cut through the quadratic
from 6, into the direction s,, i.e. (1) = q(0, + T5,;B).
Minimizing this 1D quadratic requires its first derivative to
vanish. It holds (see Equation (C.1))

r(1)=0 & 15;V?q(0,;B)s,+s,Vq(0,;8) =0
S;Vq(ep}lg)
s, V2q(0,;B)d,

T
SP Ty

= T=

=TT
spAsp

where the equality —s;r, = r; 1}, is due to Equation (5.14a)

and Theorem 5.2 in [102]. So, the update magnitude ay,
is chosen such that it minimizes the quadratic along the
direction s,. Note that the update magnitude can also be
written as a ratio of the negative directional slope and di-
rectional curvature at 0, i.e. a 1D directional Newton step.
Letd, := s, /||sp|| denote the normalized search direction. It
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holds

d4,9(04; B)
=x, - —
PR q(04:8) "
—_— Tp
i.e. T, = ap||sp||. Via the shift 0, = 0 + x,, we arrive at
Equation (7.3).
» Search Direction s,. CG constructs the search directions to

be conjugate, i.e. s;lA s; = 0 for all i < p. Note that this
property also applies to the normalized search directions.

Efficient Implementation of the Debiased CG Approach. For the
debiased CG version, we need to re-evaluate the update magni-
tudes 7, for a given set of search directions {dy, ... dp} on a second
mini-batch B (see Equation (7.8)), i.e.

_901,,[1(9;7;5)
93,0(8,;B)
d,Vq(0,;B)
d7v2q(8,;B) d,
 dy(H(0), - 00) + gp)
d,Hgd,

Tp—

Implemented naively, this requires two matrix-vector products—
one for the numerator and one for the denominator. However, we
can use a recursive formula for the numerator:

Vq(8y;B) = Hz(0), - 60) + g5
= Hg(0p—1 + Tpo1dp1 — O0) + 55
=Hpz(0p1— 00) + g5+ Tp1Hzdp
=Vq(0y-1;B) + Ty Hg dp-. (C.3)

So, if we store the gradient from the previous iteration Vq(ép_l ; B)
and the Hessian vector product with the previous direction
Hpgdy- 1, the current gradient can be computed without an ad-
ditional matrix-vector product. At iteration p, we thus (i) com-
pute the gradient Vq(0 P B) recursively from the cached vectors
Vq(0,-1;B) and H3dy_1 via Equation (C.3) (for p = 0, we have
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Vq(éo; B) = g5), (ii) compute the Hessian-vector product with
the current direction H j dy, (iii) store both these vectors and (iv)
compute the update magnitude 7, (both the numerator and the de-
nominator only require a simple dot product of two pre-computed
vectors).

C.1.3 Laplace Approximation for Neural Networks
Derivation of the Laplace Approximation for Neural Networks

Preliminaries. The softmax function softmax : R¢ — RC is de-
fined as

exp(z1) exp(zc)

softmax(z) = | —4—""—""—,..., ———|.
Too exp(ze) 26 explze)

It maps an arbitrary vector z € R to a vector whose entries are
non-negative and sum up to one. So, the output of the softmax
function can be interpreted as a probability distribution over C
classes. With this, the cross-entropy loss for a single datum (x, y)
is given by

C
U(fo(x),y) = — >y, - log(softmax(fo(x)).).  (C4)
c=1

Here, we assume that y € {0, 1}€ is a one-hot encoded vector
representing the true class label. So, if ¢, € {1,...,C} is the
correct class (i.e. y. = 1), the cross-entropy loss is given by the
negative logarithm of the probability the network assigns to this
class {(fo(x), y) = —log(softmax(fg(x))c, ). Finally, let

c
Cat(y,p) = 1_[ pYe (C.5)

c=1

denote the probability mass function of the categorical distribution,
where p € R isa vector of probabilities (i.e. p, > 0and X p. = 1),
and y € {0, 1} is a one-hot encoded vector representing a class
label.

Probabilistic Interpretation of the Regularized Loss. Recall from
Equation (7.1) that the regularized loss function is given by

L1eg(0;D) = £(6; D) + r(6) with

£0;D) = 3= 3 (folwn), 3,
neD

We assume a classification problem that uses the cross-entropy loss
(see Equation (C.4)) and an L? regularizer r(6) = #/2(|0||3 with
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parameter 8 € R.(. We use one-hot encoded labels y, € {0,1}€
(with y, ., we denote the c-th entry of y,)) and obtain

N
N Log(0:D) = 3 Ulfolxa) y,) + o 10
neD
C.4) <
@ D7D Yy - log(softmax(fo(xn))c)
neD c=1
N
+ 161
(€5 Z log (Cat(yn, softmax(fp (xn))))
neD

- (—%BT(Nﬁ 1) e)

=—log ( 1_[ Cat(yn, softmax(fg(xn))) )

neD

likelihood p(D | 0)

—log(N(B;O, NL,BI)) -Z,

—_—
prior p(0)

where Z = P/21log(27/Ng) absorbs the normalization constant of
the Gaussian prior. The cross entropy loss £ for the training set
is thus connected to the negative log categorical likelihood and
the regularizer can be seen as a negative log Gaussian prior over
the parameters. Note that a similar derivation is possible for other
loss functions as well, e.g. the MSE loss (which is equivalent to a
negative log Gaussian likelihood).

The derivation above shows that the (rescaled) regularized loss
function can be interpreted as the negative unnormalized log-
posterior of a Bayesian model

N - L1eg(8; D) = —log p(D | 8) —log p(8) = —log p(60 | D) (C.6)

with Gaussian prior and categorical likelihood. With é, we denote
equality up to an additive constant.

Training as MAP Estimation. Equation (C.6) allows re-interpreting
the training procedure of a neural network as a maximum a poste-
riori (MAP) estimation problem since minimizing the regularized
loss

argmin Lieg(0, D) = argmin N - Lis(0, D)
0€0 0e0

= 6*
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(Ci6)arg maxlogp(0 | D)
0€0
=argmaxp(0 | D)
00

is equivalent to maximizing the posterior p(0 | D).

Laplace Approximation. The idea of the Laplace approximation is
to approximate the posterior distribution p(6 | D) ~ N(0; 04, Xp)
with a Gaussian at the mode 0 of the posterior, i.e. after training
the network. For this, we approximate the log-posterior by a
second-order Taylor expansion around the mode 0y < 0, i.e.

log p(0 | D) = =N - Lyeg(0; D)

"2_N - 4(0;D) (C7)

£ -2(0-0,)(N - Hp)(® - 6,),

where we assumed that 0 is a (local) minimum of the regularized
loss function (i.e. g5 = VLieg(0x;D) = 0) such that the linear
term (0 — 09) " g, in the quadratic approximation vanishes. The
additive constants we did not state explicitly in Equation (C.7) turn
into some multiplicative factor (denoted by Z ~1) when taking the
exponential

PO 1D) ~ —exp[5(0 - 0.)T(N - Hp)(0 - 6,).

This immediately identifies Z as the normalization constant of the
Gaussian, and we obtain the Laplace approximation

1
p(0 | D) ~ N(0;04,Ep) with Ep:=(N-Hp)'= NH;;.
(C.8)

Mini-Batch Version of the Laplace Approximation. In order to
reduce the computational cost of the Laplace approximation, we
can replace the full-batch quadratic 4(0; D) in Equation (C.7) by a
mini-batch quadratic ¢(6; B), i.e. we obtain £z = N"TH}'.

Predictive Uncertainty via the Laplace Approximation. Ulti-
mately, we want to use the Laplace approximation to equip the
prediction for an unknown test input x, with uncertainty. Ideally,
we would compute the expectation of the model likelihood under
the approximate posterior, i.e.

p(y. | x.,D) = / p(y. | x.,0)p(0 | D)dO

((;;8)/ Cat(yo, softmax(fg(xo))) N(6;0,,X5)d0o.
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One way to approximate this integral is via Monte Carlo sampling,
ie.
13 i
p(y, | x., D) = 3 ; Cat(yo,softmax( elé‘)(xo)))/ (C.9)
where 8®) ~ N'(64, L5). As suggested by Immer et al. [66] and
Roy et al. [117], we use the linearized network fém(x) = fo,(x)+

Vfe, (x)(0 — 04), where V fo, (x) € RSP is the network’s Jacobian
at 6*.

Sampling from the K-FAC Laplace Approximation

The Monte Carlo (MC) approach from Equation (C.9) requires
samples from the Gaussian N (604, £p) (the following derivations
work exactly the same when the full-batch LA based on the entire
training set is used). However, X5 € RP*P is often too large to
be built explicitly in memory, and it requires inverting the P X P
Hessian Hp of the regularized loss function. One approach for
that issue is to use the K-FAC curvature approximation Hp =
V2L(0;B) + BI ~ Kg + BI, i.e. Ly ~ N"}(Kg + BI)™. As we will
see in the following, the K-FAC approximation enables us to sample
efficiently from the corresponding LA.

Leveraging K-FAC’s Block-Diagonal Structure. K-FAC is a block-

.....

and K + BI inherits this structure. The inverse of a block-diagonal
matrix is also block-diagonal with the block inverses on the diago-
nal, i.e.

1
s~ —(K !
B N( B+ BI)

.....

.....

e — |

= Z(])

To draw a sample v € R” from N(60., Lz), we can thus simply
sample from the block covariances v!) ~ A/ (0, Z(l)), stack these

samples and add the mean, i.e. v = O, + (’0(1), e, v(L)).
Leveraging the Blocks’ Kronecker Structure. To sample from
N (0, Z(l)), we can exploit the Kronecker structure of the blocks

K g) = AQ®B (we omit the layer index [ for A and B for brevity). First,
we compute the eigendecompositions of the Kronecker factors, i.e.
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A= UASAUZ and B = UBSBU;. It follows

KY +p1=A®B+pI
= UASAUX ® UBSBUE + ﬁI
= |(UA ® UB)”(SA ® SB)I(UA ® UB)T + ﬁI
=Uu =S
=Uusu’ +pI
=Uu(s+ ﬁI)UT.

U = U, ® Up forms an orthogonal eigenbasis of the block and the
diagonal matrix § + I = S4 ® Sp + BI contains the corresponding
eigenvalues (see e.g. [43]). It follows

1 -
20 = S(Ky + D)

1 - T
= NU(s +pDu
U+ B (s T

=V
=VVvT.

So, in order to draw a sample o ~ N (O, E(l)), we first draw
from a standard Gaussian w ~ N(0,I) and then transform the
sample via ') = Vw. The resulting vector v has mean 0 and
covariance VIVT = £, As Gaussians are closed under affine
linear transformations, v() is indeed distributed according to

N (0, z(’)).

The matrix-vector product w — Vw can be computed efficiently
without actually forming V in memory. The first step is to multiply
with (S + I)~/2. Since this is a diagonal matrix, we can simply
multiply the vector w element-wise with the inverse square root of
the diagonal entries of S + SI. The second step is to multiply with
U = U4 ® Up, which can be implemented efficiently by using the
property (Ux ® Up) vec(W) = vec(UgWU }). Finally, we scale by
N712,

Summary. Drawing a sample from the K-FAC LA N (9*, N-1 (Kp+
BI)~!) can be done without ever forming the blocks of the covari-
ance matrix explicitly. Using properties of the Kronecker product,
we can efficiently transform a sample from the standard Gaussian
to a sample ) ~ N/ (0, E(l)). Stacking the samples from all blocks
and adding the mean 0, yields a sample from the LA due to the
block-diagonal structure of the covariance matrix.



Appendix C Additional Material for Chapter 7

Debiased K-FAC Laplace Approximation

The idea of the debiased K-FAC Laplace approximation is to con-
struct one Kronecker-factored curvature matrix from two mini-
batches B and B.

Eigenbasis of a K-FAC Block. First, recall that the eigendecom-
position of a block K(é) from a K-FAC matrix can be constructed
from the eigendecompositions of the Kronecker factors (see e.g.
[43]). Consider the I-th block from both K-FAC approximations
Kg) =A® B and Kg) =C ® D (we omit the layer index [ for A, B,
C, and D for brevity). Again, let A= LIASALII1 and B= UBSBLIBT
denote the eigendecompositions of the Kronecker factors. It holds

K)=A40B
= UASAUX ® LIBSBU,}_
=(U4®Up)(Sa®Sp)(Ua® Up)’
=Uu =S
=usu’

U = Ua ® Up forms an orthogonal eigenbasis of the block and
the diagonal matrix S = S4 ® Sp contains the eigenvalues.

Re-Evaluation of the Directional Curvatures. For the debiased
approach, we keep the block’s eigenbasis U, but instead of using
the directional curvatures S, we re-evaluate these measurements
on the second mini-batch 3. First, consider the projection of the

block Kg) onto the eigenvectors U, i.e.

UTKJU = (Ua ®Up)"(C®D)(Ux & Up)
=U CU,®UgzD Ug.
The debiased directional curvatures are on the diagonal of
UTK;E)U. For a square matrix X € R™", let Diag(X) de-
note the operator that maps the matrix onto its diagonal, i.e.
Diag : R™" — R" with Diag(X); := Xj; fori € {1,...,n}. It
holds:
Diag(LITKg)LI) = Diag(U;C U, ® ULD Up)
= Diag(U ,C U4) ® Diag(UzD Up)

= §A = §B

=5A®5B
= s.

Construction of a Debiased Block. Now that we have the eigen-
basis U and the debiased directional curvatures S, we construct
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the debiased block. Let S4 := diag(5a), Sp = diag(Sg) and
S := diag(5) = diag(54 ® §p) = diag(54) ® diag(5p) = Sa ® Sp.

The debiased block is given by USU . It can be written as the
Kronecker product of two matrices A and B since
USU™ = (U4 @ Up)(S4®Sp)(Ua®Up)"
= (UAEAUX) ® (UB§BU§) .
= A = B

This is important as it allows for efficient sampling as described in
Appendix C.1.3.

Computational Cost. Since we need the eigendecompositions of
the Kronecker factors A = UsSqaU, and B = UpSpUj, for
sampling in any case (see Appendix C.1.3), the computational
overhead for the debiased K-FAC approximation A ® B consists of
computing a K-FAC approximation C ® D on another mini-batch,
re-evaluating the directional curvatures §4 = Diag(UXC U,) and
§p = Diag(U ;D Up) and finally computing A = U 4 diag(34) U,
and B = U diag(3p) U .

From Block-Level to Full Matrix. So far, we have only considered
the debiasing of a single block. However, correcting the blocks’s
eigenvalues is sufficient because they coincide with the eigenval-
ues of the full matrix (due to the block-diagonal structure). Let
u") denote an eigenvector of the I-th block X!) of some block-
eigenvalue A. Then, u" := (07, ..., u(l)T, ...,07) is an eigenvector
of X corresponding to the same eigenvalue A, because

xM. o 0
X -u =blockdiag,_; (X")-u=|XD.u0|=|1u"|=2u.

xD .o 0

The eigenvalues of X thus coincide with the eigenvalues of its
blocks; and X’s eigenvectors can be constructed from the eigenvec-
tors of the blocks by filling them up with zeros.

Connection to Equation (7.9): The equivalence between Equa-
tion (7.9) and the approach we describe above may not be obvious.
We thus show here that the directional curvature of the debiased
matrix K along an eigenvector u of K indeed coincides with the
directional curvature u " Kz u on B.

A A (1
More concretely, let K = blockdiag,_; ;(K ( )) denote the debiased
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K-FAC approximation constructed from K5 and K ;3 as described
above. Also,letu™ == (07,..., u(l)T, ...,07) denote an eigenvector

of K, where u'!) is the ith eigenvector of K(Bl) (i.e. the ith column
of U). It holds

u Ku = u(Z)TR(l) u
=uOTuSuT u®

TS e;

m 8

1
:umTKgum
=u'Kzu,

where e; denotes the ith eigenvector.

C.1.4 Bias in the Directional Slope

Biased Directional Slopes Along Negative Gradient Directions.
Assume that we are given a quadratic g( - ; B) around the current
parameters 6y. We consider the negative normalized gradient
direction d = —Vgq(0.;B) - ||[Vq(0.;B)||™* at some location 60,
evaluated on mini-batch 3. We have

049(04;B) = 49(04; B) + Vg (0; B)|(1 = cos(a))
[ ]

(C.10)
= atil ‘1(9-} B),

I —

where o := £(Vq(8.; B), Vq(0.; B)),and we assumed ||Vg(0.; B)|| =
IVg(0.; B)|| which is true at least in expectation. Projecting a
gradient onto its negative direction—the right-hand side of the
inequality—will always result in a directional slope that is < 0
since

219(0e;B) = d"Vq(0.; B)
. Vg(0.;8)"
NGB
= —[IVq(8.; B
<0

Vq(0.;B)

and = 0 only if Vg(0,;B) = 0. Projecting a different gradient (of
equal length) onto that direction—that is the left-hand side of
the inequality—will result in a larger (possibly even positive)
directional slope.

Proof of Equation (C.10). Equation (C.10) quantifies the bias in the
directional slope along d as a function of the alignment of the two
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mini-batch gradients. It holds

Iad q(eo; B)I_Iad EI(GO; B~)|
([ J
=d"Vq(0.;B) - d"Vq(0.;5B)

ldll 1IV(84; B)|| cos(m) - ||| 1IVq(84; B)l| cos(y)
= = =

= IVq(0.; B)II(=1 - cos(y)),

where y = £(d, Vq(@.,‘g)), and we assumed that ||Vg(0.; B)|| =
IVq(O.; B)|| in the last step (which is true, at least, in expectation).
Next, we re-write y as

y = £(d,Vq(0.; B))
£(-Vq(0.;B),Vq(0.; B))
=7 - A(Vq(@.;B),Vq(G.;B)).

=

It follows —1 — cos(y) = —1 — cos(mt — a) = cos(a) — 1. Substituting
this into the expression for the bias, we arrive at

9 q(04;B) =94 9(04; B) = [Vq(04; B)I|(=1 ~ cos(y))
® = |IVq(8.;B)l|(cos(a) - 1),

from which Equation (C.10) follows. [J

The First CG Search Direction. Assume that the current parame-
ters are 6y, and we apply CG to the local quadratic approximation
g(-;B). The very first search direction is the quadratic’s normal-
ized negative gradient dy = —Vq(00; B) - |[Vq(0o; B)|| ™! at 8. This
is exactly the situation we describe above, where 0, is set to 0.
Equation (C.10) thus explains the bias for the first CG direction.

The Subsequent CG Search Directions. For the subsequent CG
search directions (d, with p > 1), the situation is more complex:
Each direction d, is a linear combination of the current normalized
negative residual —r, (note that 7, coincides with the gradient
Vq(0,;B), see Appendix C.1.2) and the previous search direction
dy-1 (see Appendix C.1.2) and the previous search direction dp—1
(see Algorithm C.1), i.e.

S
d, = —"
syl
1
= (1) + —=sp1
syl sl
Il = Bpllsyall
Ispll Trpll syl 77
L 1 I — |

=m0 =220
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=Myt N28p-1.
7l ’

The additional correction term ensures conjugacy. The directional
slope along d, thus also splits into two corresponding terms: The
slope along the negative gradient direction and the slope along
the previous search direction. It holds

adp Q(GP,B) = d;Vq(ep,B)
-7 T
= ’hﬁ Vq(68y;B) + 12, _1Vq(0p; B)
p
= M.9-rp)r,19(0p; B) + 12 9a,_,4(6); B).

The bias in the first term—as explained by Equation (C.10)—also
introduces a bias along the search direction d,,.

C.1.5 Bias in the Directional Curvature

Derivation for Equation (7.6). Let Hg = UAU " and H 5 = AT
denote the eigendecompositions of the mini-batch Hessians, where
U= (u,...,up),U =(,...,ip) € RP*P contain the orthonor-
mal eigenvectors and A = diag(Aq, ..., Ap), A= diag()~\1, ., 7\p)
the respective eigenvalues in descending order, i.e. A1 > ... > Ap
and A1 > ... > Ap. The directional curvature along one of Hp's
eigenvectors #; on mini-batch B is given by the corresponding
eigenvalue since

02,9(04; B) = u Hpu; = ul Aju; = Ailluill3 = As.
|

For l§, we obtain

92.9(04; B) = u] Hzu;
I — |

Weights Sum Up to One. The weights (); , are non-negative and
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sum up to one, i.e. 25:1 Q;p = 1. This is because

P P
~ ~T ~ ~ T
2 Qip = D) = 10 willy = u] AU u; = |luill; =1
p=1 p=1 =1
(C1)

where we used that U is an orthogonal matrix and that u; is
normalized.

Proof of Equation (7.7). Here, we assume the simplified case
where the spectra of Hp and H are identical, i.e. A, = A, Vp €
{1,...,P}.

First, consider #; and assume that u; and #; are not perfectly
aligned, i.e. (g 1 = (u1Tﬁ1)2 < 1. It holds

P P
~ (7.6)
8,%111(60, B) = Z APQLP = A1Q1,1 + Z APQLP'
|—|. p:] p:2

The sum can be bounded from above by putting all remaining
weight 1 — () 1 (see Equation (C.11)) on the second-largest eigen-
value A5, i.e.

9i1q(90,l§) < MQpp+A2(1-Qq 1)
I |

°
(*)
< MQi+ A1 -Q41)

=M
= 8§1q(60, B)

The inequality (*) turns into < if the top two eigenvalues are
separated, i.e. A1 > A;. The proof for up is similar. We assume that
up and iip are not perfectly aligned, i.e. Qpp = (u;ﬁp)2 <1It

follows
2 - (76) P ~ P-1
20000, B) =" > A,Qpp = > A,Qp p + ApQp p.
I — p=1 p=1

This time, we bound the sum from below by putting all remain-
ing weight 1 — Qp p (see Equation (C.11)) on the second-smallest
eigenvalue Ap_q, i.e.

9%,q(00,B8) > Ap_1(1 - Qp p) + ApQp,p
I —

e )
> Ap(1=Qpp)+ApQp,p

= /\P
= 32 q(60, B).
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Again, the inequality (*) turns into > if the bottom two eigenval-
ues are separated, i.e. Ap_1 > Ap. This concludes the proof of
Equation (7.7). O

C.2 Experimental Details

In the following, we provide information on the experimental setup
and give detailed instructions on how to replicate all empirical
results.

C.2.1 Test Problems and Training Procedures

Throughout the paper, we use a series of test problems with
different models, data sets, and training procedures which we
describe in more detail in the following. We use DeepOBS [123]
on top of PyTorch [111] as our general benchmarking framework
as it provides easy access to a variety of data sets and model
architectures.

Data. We use the data sets CIFAR-10 (with C = 10 classes) and
CIFAR-100 (with C = 100 classes) [78]. Each data set contains
60 000 data points that are split into 40 000 training samples, 10 000
validation samples and 10 000 test samples. For the experiments on
out-of-distribution (OOD) data, we create the data sets CIFAR-10-C
and CIFAR-100-C, each containing 10 000 images, as described in
[55]. In these data sets, each image is corrupted using one out
of 15 different corruptions (chosen uniformly at random) at a
specific severity level (a number between 1 and 5). We also use
the ImaceNET data set [37] which contains images from C = 1000
different classes.

Test Problems. All of the following test problems use the cross-
entropy loss function.

(A) ALL-CNN-C on CIFAR-100. This test problem uses the ArL-
CNN-C model architecture [132] (where we removed the
dropout layers as explained in Section 7.3.1) and CIFAR-
100 data. The training hyperparameters are taken from an
existing benchmark [122]: We train the model with SGD
(learning rate 0.171234) with batch size 256 for 350 epochs.
Weight decay = 0.0005 is used on the weights but not the
biases of the model.

(B) ALL-CNN-C on CIFAR-10. This test problem is similar to (A)
but uses the CIFAR-10 data set. The model is trained with
SGD (learning rate 0.025, momentum 0.9) with batch size
256 for 350 epochs. The learning rate is reduced by a factor of
10 at epochs 200, 250 and 300, as suggested in [132]. Weight
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decay B = 0.001 is used on the weights but not the biases of
the model.

(C) Wide ResNet 16-4 on CIFAR-100. This is a test problem from
DeepOBS. For details on the architecture, see [146]. We train
this model with SGD (learning rate 0.1, momentum 0.9) with
batch size 128 for 160 epochs. The learning rate is reduced by
a factor of 5 after 60 and 120 epochs. Weight decay § = 0.0005
is used on the non-bias weights of the model.

(D) ConvNET on CIFAR-10. This test problem uses a simple
convolutional neural network with variable depth d and
width w (denoted by “model d-w” in Figures C.1 and C.15).
The first block of the model consists of a convolutional layer
(kernel size 5, padding 2) with 3 input and w output channels,
a RelU activation function, and a max-pooling layer (kernel
size 2). The last block consists of a max-pooling layer (kernel
size 2), a flatten layer, and a dense linear layer. In between
those blocks, there are d hidden blocks each consisting of
a convolutional layer (kernel size 5, padding 2) with w
input and w output channels followed by a ReLU activation
function. So, the depth d determines the number of hidden
blocks, whereas w controls the number of parameters in
the layers and is thus referred to as the width. We use
d e {1,4,7} and w € {32,64,128} (resulting in 9 models)
and train each model for 100 epochs on the CIFAR-10 data
set using Apam with standard hyperparameters (learning
rate 0.001, B1 = 0.9, B2 = 0.999, € = 10_8) with batch size
256. No weight decay is used for this test problem.

(E) ResNet-50 on IMmAGENET. This test problem uses the ResNet-
50 model architecture [54] and the ImaceNET data set. We use
the weights pre-trained on IMAGENET-1k
using SGD (initial learning rate 0.1, momentum 0.9) with
batch size 256 for 90 epochs. For the pre-training, the learn-
ing rate was set by a multistep scheduler which multiplied
the learning rate by a factor of 0.1 after every 30 epochs.
Additionally, a weight decay of f = 0.0001 was used on all
weights apart from biases and the learned batch normaliza-
tion weights.

(F) ViT LitTLE on IMAGENET. This test problem uses the ViT
LirtLE architecture of the Vision TRaNsForRMER model family
[35] on the IMaGeNET data set. We use the

weights pre-trained on IMAGENET-1x
using NapamMW. For the exact hyperparameters used for the
weights, refer to the

During training, we store the model’s parameters at 10 checkpoints
spaced log-equidistantly between the first and last epoch. The
training metrics for all test problems are shown in Figure C.1.


https://download.pytorch.org/models/resnet50-19c8e357.pth
https://huggingface.co/timm/vit_little_patch16_reg4_gap_256.sbb_in1k
https://huggingface.co/timm/vit_little_patch16_reg4_gap_256.sbb_in1k
https://huggingface.co/timm/vit_little_patch16_reg4_gap_256.sbb_in1k/blob/main/train_hparams.yaml
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Figure C.1: Training Metrics for All Test Problems. The panels show the training/test loss/accuracy during training for
all test problems (A) (ALL-CNN-C on CIFAR-100), (B) (ALL-CNN-C on CIFAR-10), (C) (Wide ResNet 16-4 on CIFAR-100)
and (D) (ConvNET on CIFAR-10). Test problem (E) (ResNet-50 on IMAGENET) is not shown since a pre-trained model is
used here.
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C.2.2 Matrix-Vector Products with the Curvature Matrix

Access to Curvature Matrices via BackPACK. In order to compute
an eigendecomposition of the curvature matrix or apply the CG
method to a quadratic, we need access to matrix-vector products
with the curvature matrix v — Hp - v. When products with
the full-batch curvature matrix are required, we accumulate the
mini-batch quantities over manageable chunks of the training set.
Our implementation uses BackPACK [25] that provides access
to products with the Hessian v +— V2£(0; B) - v and GGN v
G - v of the empirical risk £ as well as the K-FAC curvature
approximation Kz.

Eigenvectors of the Curvature Matrix. Given access to matrix-
vector products with the curvature matrix, we can construct an
instance of a scipy.sparse.linalg.LinearOperator that can be
used in scipy.sparse.linalg.eigsh.

C.2.3 Section 7.1 (Introduction): Figure 7.1

For the visual abstract in Figure 7.1, we use the fully trained ALL-
CNN-C model from test problem (A) (see Appendix C.2.1). The
experimental procedure below is repeated for 5 different mini-
batches B,,,, m € {0,1,2,3,4} of size | B;;,| = 512 (we omit the index
m in the following).

Experimental Procedure. We use the GGN curvature proxy Hp «—
G5 + BI and compute its top two eigenvectors u; and u; (see
Appendix C.2.2). In order to evaluate the quadratic g(04; B) in
the 2D space spanned by those eigenvectors efficiently, we use the
following equation:

1
q(Ox + Tiuy + Touz; B) = ETf[ulTHB ]
+ 1172[u{ Hp us]
1
+ ET%[u;HB 1]
+ 1iu] gzl + ©ofu, g5l + [cal.

We can compute all the terms on the right-hand side in brackets
once, store them, and then evaluate the quadratic for arbitrary
values of 71 and 7, at basically no cost. The derivation for the
full-batch quadratic (04 + T1u1 + T2uy; D) is analogous.
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C.2.4 Section 7.3 (The Shape of a Mini-Batch Quadratic):
Figures 7.2, 7.3a and 7.3b

For the evaluation of the directional derivatives, we use the
fully trained ALL-CNN-C model from test problem (A) (see Ap-
pendix C.2.1).

Three Settings. Throughout this section, we consider three differ-
ent settings: (i) Quadratics that use the Hessian of the empirical
risk, i.e. Hg « V2L(04; B) + I at batch size 512, (ii) quadratics
that use the Hessian’s GGN approximation, i.e. Hg < Gp + I
at batch size 512 and (iii) at batch size 2048. For each setting, the
experimental procedure below is repeated for 3 mini-batches B,
m € {0,1,2}. The prior precision f5 is set to 0.0005 (the same f was
used for training, see Appendix C.2.1) and only acts on the weights
of the model but not its biases.

Experimental Procedure (Biases). The experimental procedure
consists of two steps: The computations of the directions on mini-
batch B, and the evaluation of the directional derivatives on all
mini-batches (of the same size) in the training data set.

1. Directions Based on B,. First, we use the quadratic
q(04; Byy) with the given curvature proxy and batch size to
compute a set of 100 directions. This is either the top 100 eigen-
vectors of Hp computed via scipy.sparse.linalg.eigsh
(see Appendix C.2.2) or the first 100 CG search directions
(see Appendix C.2.5). In the case of CG, we also store the
trajectory of the iterates O, = 09, 01, ..., O100.

2. Directional Derivatives on All Mini-Batches. Finally, we
evaluate the directional slope and curvature for all directions
from step 1 on all mini-batches B/, m’ € {0,...,M -1}
in the training data set (where M denotes the number of
mini-batches in the training data).

» Directional Derivatives Along Eigenvectors. For an
eigenvector u the directional slope and curvature are
given by 9y, g(0+; By) and 92 q(0; Byy), respectively.

» Directional Derivatives Along CG Search Directions.
For CG, we evaluate the directional slope and curvature
along each search direction d,, at the respective iterate
0, of the trajectory, i.e. 8,1p q(0p; Byy) for the slope
and Bip q(0p; Byy) for the curvature. As the curvature
qu(G;Bmz) = Hp, , is independent of 0, this small
distinction is irrelevant for the directional curvature. For
the directional slope, however, it does make a difference.

Results (Biases). The results for setting (i) are shown in Figure C.2,
for setting (ii) in Figures 7.2 and C.3 and for (iii) in Figure C.4. The bi-
ases in the directional slopes and curvatures can be observed across
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all scenarios. The biases in the slopes are even more pronounced
along the CG search directions than along the eigenvectors of the
curvature matrix. The opposite holds for the curvature biases that
tend to be larger along the eigenvectors. This is consistent with our
explanations from Section 7.3.2. Both the biases in the slope and
curvature decrease with increasing mini-batch size. For setting (i),
CG encounters a search direction with negative curvature (indicat-
ing that, as expected, the curvature matrix Hp is indefinite) and
thus terminates already after 4 iterations.

Experimental Procedure (Overlaps). Next, we compute the over-
laps between the eigenspaces of the curvature matrices on different
mini-batches B and 5. More specifically, we compute Qip =
(uiTﬁp)z, where i,p € {1,...,100}, u; is an eigenvector of Hp and
il is an eigenvector of H 3. The values Q; , are bounded between
0 (u; and #, are orthogonal) and 1 (u; and #, are identical, up
to their sign). We apply a log-transform to €; ,. In Figure 7.3a
and Appendix C.2.4, values below —8 (i.e. (); , < 1078) are shown
in black, values equal to 0 (i.e. Q; , = 10° = 1) are shown in white.

Results (Overlaps). The results are shown in Appendix C.2.4.
They show that the eigenspaces of the curvature matrices are not
perfectly aligned: Eigenvectors from B,, typically overlap with
several eigenvectors from 5. The eigenspaces are more aligned
at the larger batch size 2048 than at batch size 512. This seems
reasonable since random vectors in high-dimensional spaces tend
to be orthogonal to each other —less stochasticity (due to a larger
batch size) thus leads to better alignment.

C.2.5 Section 7.6.1 (Debiased Conjugate Gradients):
Figure 7.4

Here, we describe the experimental details for Figure 7.4 from
Section 7.6.1. For the derivation and the mathematical details of the
standard single-batch CG method and the debiased approach, see
Appendix C.1.2. The experiment uses the fully trained ALL-CNN-C
model from test problem (A) (see Appendix C.2.1) and the GGN
curvature proxy Hp < Gp + I with f = 0.0005.

Experimental Procedure. The experimental procedure consists
of two steps: The computation of the CG trajectories and the
evaluation of the four performance metrics.

1. Computation of the CG Trajectories. For the single-batch
CG approach, we use one mini-batch of size 1024, apply K =
30 CGiterations and store the trajectory 0, = 0o, 01, . .., O3.
For the debiased approach (details in Appendix C.1.2), we
use two mini-batches of size 512 to construct the trajectory.
As the debiased approach uses a total of 60 GGN-vector



172 Appendix C Additional Material for Chapter 7

Biases: Additional Results for Hz «— V2£(9*; B) + BI (Batch Size 512).

Eigenvectors computed on mini-batch
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Figure C.2: Directional Slopes and Curvatures Are Biased. The experimental setting is similar to Figure 7.2 but uses
the Hessian of the empirical risk, i.e. Hg « V2L(84; B) + BI at batch size 512. The upper plot (Top) shows the directional
derivatives along the top 100 eigenvectors of H 3, the lower plot (Bottorn) shows the directional derivatives along the first
100 CG search directions. For the top panel of the upper plot, we switch the order and sign of the eigenvectors such that
the orange dots are all above zero and in descending order. There are strong systematic biases in the directional slopes
and curvatures. The curvature biases are more pronounced along the eigenvectors, whereas the biases in the slope are
larger along the CG directions.
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Biases: Additional Results for Hi < G + I (Batch Size 512).

Eigenvectors computed on mini-batch
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Figure C.3: Directional Slopes and Curvatures Are Biased. The experimental setting is the same as in Figure 7.2: We
use the GGN curvature proxy Hg < Gp + BI at batch size 512. The upper plot (Top) shows the directional derivatives
along the top 100 eigenvectors of Hp, the lower plot (Bottom) shows the directional derivatives along the first 100 CG
search directions. For the top panel of the upper plot, we switch the order and sign of the eigenvectors such that the
orange dots are all above zero and in descending order. There are strong systematic biases in the directional slopes and
curvatures. The curvature biases are more pronounced along the eigenvectors, whereas the biases in the slope are larger
along the CG directions.
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Biases: Additional Results for Hi < G + pI (Batch Size 2048).

Eigenvectors computed on mini-batch

BO Bl BQ
1.0+ g g
& 0 : *
° i £ }
© z 8
'S 0.54 \ 4% -
£ :
ke [y
Q m
2 00 M heai - PN W
S ,
L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
Permuted eigenvector index Permuted eigenvector index Permuted eigenvector index
[0
<
c 10" 4 i
5 i
o
= tm
=)
S W A
=
Q
g 1094 . - =
Q L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
0 25 50 75 100 O 25 50 75 100 O 25 50 75 100
Eigenvector index Eigenvector index Eigenvector index
CG trajectory and search directions computed on mini-batch
BO Bl 62
2 4 - :
5
I
= - 4
=
8
g
134 - W -
g ¢ 7
A 4. 4d- Jde
L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
0 25 50 75 100 O 25 50 75 100 O 25 50 75 100
CG search direction index CG search direction index CG search direction index
o
=
3 10'4% - I3
< . .
>
= ) >
S 1004 % L 4
° g A
'% 10,1- A - As - S 4
(D)
B
Q L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
0 25 50 75 100 O 25 50 75 100 O 25 50 75 100
CG search direction index CG search direction index CG search direction index

Figure C.4: Directional Slopes and Curvatures Are Biased. The experimental setting is similar to Figure 7.2: We use the
GGN curvature proxy Hp < Gp + I but batch size 2048. The upper plot (Top) shows the directional derivatives along
the top 100 eigenvectors of H 3, the lower plot (Bottom) shows the directional derivatives along the first 100 CG search
directions. For the top panel of the upper plot, we switch the order and sign of the eigenvectors such that the orange dots
are all above zero and in descending order. There are strong systematic biases in the directional slopes and curvatures.
The curvature biases are more pronounced along the eigenvectors, whereas the biases in the slope are larger along the CG
directions.
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Eigenspace Overlaps: Additional Result for Hz «— V2£(04; B) + BI.

Batch size 512
By

BQ. .

Eigenspace Overlaps: Additional Results for Hg < Gp + 1.

Batch size 512 Batch size 248
B

Figure C.5: In Practice, Eigenspaces Are Misaligned. The experimental setting is similar to Figure 7.3a. The top plot
shows overlaps between three curvature matrices that use the Hessian of the empirical risk, i.e. Hg < V2L(0x; B) + BI
at batch size 512. The bottom plots use the GGN curvature proxy Hp < Gp + I at batch size 512 (Left) and 2048 (Right).
The weights €); ; are shown as a 100 X 100 grayscale image (color ranges from black for €2; j < 1078 to white for Q; i=1
for m, m’ € {0,1, 2}. Clearly, the eigenspaces for different mini-batches are not perfectly aligned as eigenvectors from By,
overlap with several eigenvectors from By,/. At the larger batch size, the eigenspaces are more aligned.
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products (30 for the search directions and 30 for the update
magnitudes) at half the computational cost (since the cost for
the GGN-vector product scales linearly with the mini-batch
size), the total cost of both approaches are comparable.

For both approaches, the above procedure is repeated for 5
different mini-batches/mini-batch pairs, such that 10 trajec-
tories are computed in total.

We compute two additional trajectories: The standard CG
trajectory for the full-batch quadratic g( - ; D) and the trajec-
tory for a debiased full-batch approach, where we use half
the training data for the directions and the other half for the
update magnitudes.

2. Evaluation of Performance Metrics. For each of the 12 tra-
jectories, we evaluate four performance metrics: (i) the regu-
larized loss Lyeg (see Equation (7.1)) on the training set D and
(ii) on the test set Diest as well as the accuracy (i.e. the relative
number of correctly classified samples) on the (iii) training
and (iv) test data set.

Results. The mini-batch results are shown in Figure 7.4 and dis-
cussed in Section 7.6.1. The results for the two full-batch CG
variants are shown in Figure C.6a. Surprisingly, the full-batch CG
approach diverges after roughly 10 iterations. If we consider the
training data as a (large) sample from the data distribution, the
full-batch CG approach can be seen as an instance of the mini-batch
approach with a very large mini-batch size. Thus, it might also
exhibit the associated biases we describe in Section 7.3.2. Another
explanation would be the approximation error in Equation (7.2):
Lieg(-;D) = q(-;D).]If the trajectory moves far away from 0,
it leaves the region where the approximation is valid (whereas
the debiased full-batch version might take smaller steps and thus
remains stable). We leave it to future work to investigate this further.

Additional Results. We also provide the results for two other
mini-batch sizes |B| € {512,2048} (the debiased approach uses
two mini-batches of size 256 and 1024, respectively). The results
are shown in Figure C.6b.

Run Time and Memory Consumption. Our current implemen-
tation uses the naive approach that requires fwo matrix-vector
products with the GGN for computing one debiased update mag-
nitude (see Appendix C.1.2 for details). As this would skew the
run time comparison, we refrain from providing concrete numbers
here. However, as we describe in detail in Appendix C.1.2, it is
possible to implement the debiased approach in a more efficient
way that only requires one additional matrix-vector product for
each CG direction to compute the debiased update magnitude.
Using the debiased approach at half the mini-batch size, this brings
the computational costs down to roughly the same level as the
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(a) Comparison of Full-Batch CG Approaches. We use the setting from Figure 7.4. The full-batch approach (shown as
—) applies standard CG to (- ; D) while the debiased approach (shown as —) uses one half of the training data for
the directions and the other half for the update magnitudes. The markers ¢ and  are placed at peak performance.
Surprisingly, the full-batch run diverges. The debiased CG run is stable.
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(b) Comparison of CG Approaches at Different Batch Sizes. We use the same experimental setting as in Figure 7.4
but consider different mini-batch sizes || € {512,1024,2048} (from (Top) to (Bottom)). The debiased approach uses
two mini-batches of size 256, 512, and 1024, respectively. Across all mini-batch sizes, the single-batch CG runs diverge
quickly while our debiased approach maintains stability.
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standard approach (assuming that the run time of a GGN-vector
product scales linearly with the mini-batch size).

As explained in detail in Appendix C.1.2, the memory overhead
for the efficiently implemented debiased CG approach is two
additional vectors of size P. For the experimental setting used
for Figure 7.4, the number of parameters is P = 1387108, which
corresponds to 5.55 MB in single precision. The computational
overhead incurred by the debiased approach is thus about 11.1 MB.

C.2.6 Section 7.6.2 (Debiased Laplace Approximation):
Figure 7.5

Figure 7.5 shows a comparison of the vanilla model, the mini-batch
K-FAC LA, the debiased version, and the full-batch LA. Here, we
describe the experiment in more detail and present additional
results, in particular on OOD data. For the derivation and the
mathematical details of these approaches, see Appendix C.1.3. The
experiment uses the fully trained ALL-CNN-C model on CIFAR-10
data from test problem (B) (see Appendix C.2.1).

Experimental Procedure. The experimental procedure consists
of three steps: The computation of the K-FAC curvature approx-
imations, the evaluation of the corresponding predictive class
probabilities, and the computation of the performance metrics.

1. K-FAC Curvature Approximations. We consider a log-
equidistant grid of 13 prior precisions  between 10~* and
10° and add 8 = 10.

For each of those 14 values, we compute the K-FAC curvature
approximation via BackPACK [25] (see Appendix C.2.2)
using (i) a single batch of size 64, 256, and 1024, (ii) the
two-batch debiased LA version (details in Appendix C.1.3) at
batch sizes 32,128, and 512, and (iii) the full-batch LA. For the
latter, we accumulate mini-batch K-FAC approximations over
the entire training set. As an additional baseline, we consider
(iv) the vanilla model (without LA), which is independent of
the prior precision . For approaches (i) and (ii), we repeat
the experiment for 5 different mini-batches/mini-batch pairs.

2. Evaluation of Predictive Class Probabilities. The first step
in the evaluation of the performance metrics is the computa-
tion of the predictive uncertainty. For a given test data set
of size N,, these can be represented as a matrix P € RNexC
where P, . is the probability that the n-th sample belongs to
class ¢, i.e. rows of P sum to 1. In all experiments, we draw
S = 40 MC samples {6 )}le from the weight posterior fol-
lowing the procedure in Appendix C.1.3. The predictive class
probabilities are then obtained via Equation (C.9). In the case
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of the vanilla model without LA, the sum in Equation (C.9)
collapses to a single term corresponding to the MAP model.
The evaluation procedure above can be applied to arbitrary
test data sets. We consider the training data, test data and
CIFAR-10-C (i.e. OOD data sets at severity 1 to 5).

. Performance Metrics. We consider the following perfor-
mance metrics:

» Accuracy. The predictive classes are obtained from P
by extracting the class with the highest probability. The
accuracy is the relative number of correctly classified
samples.

» Negative Log-Likelihood (NLL). For each datum in
the test set, we compute the negative log-probability
of the true class. We then average over all samples in
the test data set. This coincides with the empirical risk
from Equation (7.1), evaluated on the test data set.

» Expected Calibration Error (ECE). The ECE is a
measure of the calibration of the model’s predic-
tive probabilities. It groups the classification confi-
dences (i.e. the maximum entry in each of P’s rows)
into bins, and within these bins, compares the av-
erage confidence with the actual accuracy. We use
MulticlassCalibrationError from torchmetrics
[53].

» AUROC. For the OOD data sets, we provide the Area
Under the Receiver Operating Characteristic curve (AU-
ROC). Our goal is to distinguish in-distribution (ID) and
out-of-distribution (OOD) samples using the model’s
uncertainty. We use the entropy of the predictive dis-
tribution p(y, | x.,D) as our uncertainty estimate
u(x,) € R for input x,. The ground-truth binary labels
are the ID/OOD indicators of the test inputs. Several
thresholds & could be established to turn the scalar
uncertainty estimates into binary predictions by using
1(y(x,)>¢)- Instead of choosing a particular threshold
and evaluating its accuracy, the AUROC metric directly
evaluates u( - ) by measuring the area under the plot of
the true positive rate (TPR) against the false positive
rate (FPR) for all possible thresholds.
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Additional Experimental Details.

» Uncertainty over Weights but Not Biases. As the prior acts
only on the weights of the network but not its biases (see
Appendix C.2.1), we only consider the uncertainty over the
weights in the LA. This slightly reduces the size of the
covariance matrix as it excludes the bias parameters.

» Single vs. Double Precision. Although the K-FAC factors
are positive semidefinite by construction, their numerical
eigenvalues can be negative due to numerical inaccuracies.
To balance precision and computational cost, we use double
precision for all computations until drawing the MC samples
and single precision afterwards.

Results. The results are presented in Figures 7.5, C.7 and C.8. For
the single-batch and debiased approach (where we use 5 mini-
batches/mini-batch pairs each), we report the average performance
as a dot and the min/max as a vertical line. The performance of
the vanilla model is shown as a horizontal line as its performance
does not depend on B, as explained above.

Across all data sets and performance metrics, the debiased LA
mimics the behavior of the full-batch approach much better than
the single-batch LA (although both approaches use a comparable
amount of computational resources). In particular, for small prior
precisions, where the covariance matrix relies almost exclusively
on the K-FAC curvature information, the debiased LA maintains a
good performance in contrast to the single-batch approach.

Additional Results.

» ResNet-50 on IMmaGeNET. To showcase the scalability of our
debiased LA approach, we repeat the experiment for a
ResNet-50 model on the ImaceNEer data set (test problem
(E) in Appendix C.2.1). The results are shown in Figure C.9.
Again, the debiased approach behaves similarly to the full-
batch LA and maintains stability over the entire spectrum of
prior precisions.

» VIT LitTLeE on IMAGENET. Similar to the previous experi-
ment, we also apply our LA debiasing approach to a ViT
LirtLe model on the IMaGeNET data set (test problem (F)
in Appendix C.2.1) to ensure that it is beneficial for other
architectures as well. The results are shown in Figure C.10.
The debiased approach mimics the calibration behavior of
the full-batch LA remarkably well and remains stable for
lower prior precision values as well where the single-batch
approach behaves erratically.

Run Time Analysis (Computational Overhead of Debiasing).
We claim in Section 7.6.2 that, by using the debiased approach at
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Performance on the Training Set.
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Figure C.7: Debiased LA Mimics the Full-Batch LA Very Well. The experimental setting is the same as in Figure 7.5,
but we report results on additional data sets (training set and OOD data sets at severity level 1 and 2). For the OOD data
sets, we report the AUROC metric in addition to the accuracy, NLL and ECE. In contrast to the single-batch approach, the
debiased version mimics the behavior of the full-batch approach very well over the entire range of prior precisions and

across data sets.
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Performance on CIFAR-10-C (Severity Level 3).
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Performance on CIFAR-10-C (Severity Level 4).
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Figure C.8: Debiased LA Mimics the Full-Batch LA Very Well. The experimental setting is the same as in Figure 7.5,
but we report results on additional data sets (OOD data sets at severity level 3, 4, and 5). We report the AUROC metric
in addition to the accuracy, NLL, and ECE. In contrast to the single-batch approach, the debiased version mimics the
behavior of the full-batch approach very well over the entire range of prior precisions and across data sets.
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Performance on the Test Set.
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Figure C.9: Our Approach Scales to ResNet-50 on IMAGENET. The experimental setting is the same as in Figure 7.5, but
we use test problem (E) (see Appendix C.2.1) (ResNet-50 on IMaGeNET). The results are consistent with the findings on
CIFAR-100: The debiased approach behaves similarly to the full-batch LA and maintains stability even for small prior
precisions.

half the mini-batch size that is used by the single-batch approach,
we obtain a fair comparison (more details in Section 7.4.2). Here, we
substantiate this claim by providing a detailed run time comparison
of the biased, debiased, and full-batch LA approaches on CIFAR-10.

Results (Run Times). We report the run times of the biased (=),
debiased (=), and full-batch (=7) K-FAC Laplace approximation
schemes in Figure C.11. We find that (i) both biased and debiased
approaches are orders of magnitude cheaper than the full-batch
LA, and (ii) the debiased approach introduces only negligible
overhead and can, sometimes, even improve upon the run time of
the biased approach.

Memory Consumption. The ALL-CNN-C model we use for the LA
experiment in Section 7.6.2 has P = 1368 480 trainable parameters
(this amounts to 10.95 MB of memory in double precision). The
K-FAC approximation requires storing 11483 965 (91.87 MB) num-
bers to represent all Kronecker factors. The memory of a K-FAC
approximation is thus roughly equivalent to that of 8.4 models.
As the debiased approach is based on two such approximations in
the case of a naive implementation, the overhead of debiasing is
another 91.87 MB of memory. However, this can be significantly
improved by building up the K-FAC approximations block by
block: Having two corresponding blocks available (based on two
different mini-batches) already suffices to compute the respective
debiased block (see Appendix C.1.3). This way, we only have two
blocks (represented by their Kronecker factors) in memory at the
same time (instead of two entire K-FAC approximations) which
greatly reduces the memory overhead of debiasing, down to the
largest block. For the ALL-CNN-C model, this is two Kronecker
factors of sizes 192 X 192 and 1728 X 1728 amounting to 3 022 848
numbers in total, i.e. the equivalent of 2.20 models or 24.18 MB
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Performance on the Test Set.

Accuracy in % 1 NLL loss | ECE |
79 84+ —— Vanilla model fq,
ST bl T 0.257 IB| = 64
79.74 1 HTF Cantam P9 B 0.20d * B = 256
i ' —— |B| = 1024
79.64 1.004 0,154 |B| = 32 (debiased)
| 0.954 {. —4— | B| = 128 (debiased)
79-51 }: 0'10'+J —4— |B| = 512 (debiased)
0.904* 4 3 +  Full-batch
79.44 | .y T
P 0.054 e
0.85 F——= X dmin i@y ol —— oo e /010 3 e, 3]
L]

10

L] L]
“* 1072 10° 10t
Prior precision 3

L] L] L] L] L] L]
10°* 1072 10° 10! 10-* 1072 10° 10!
Prior precision Prior precision 3

Figure C.10: Curvature Biases Are Also Present for the VIT LiTTLE Architecture on IMAGENET. The experimental setting
is the same as in Figure 7.5 and Figure C.9, but we use test problem (F) (see Appendix C.2.1) (VIT LittLE on IMAGENET).
Again, the debiased approach behaves similarly to the full-batch LA and maintains stability even for small prior precisions
(where the covariance is almost exclusively based on the K-FAC curvature information).
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Figure C.11: The Computational Overhead of Debiasing Is Negligible for Laplace Approximations. We follow the
experimental setup of Section 7.6.2 and provide a detailed run time comparison of the biased (=), debiased (=), and
full-batch () K-FAC Laplace approximation schemes on CIFAR-10. The total run time includes the construction of
K-FAC’s Kronecker factors (on one or two mini-batches for the biased and debiased approach, respectively), the debiasing
computations (see Appendix C.1.3), and the Monte Carlo sampling of S = 40 weights. All reported run times are averages
over 5 runs. The error bars for the total run time cover one standard deviation. The results show that the debiased
approach introduces a negligible overhead. Compared to the full-batch variant, both mini-batch approaches are orders of
magnitude faster. Note that the evaluation (i.e., the computation of the predictive uncertainty) is not included in the
comparison, as the time requirements are the same for all approaches; however, this step requires the most computational
resources.

in double precision. The statement that the debiased approach
roughly doubles the memory consumption is thus a worst-case
scenario.

C.2.7 Additional Experiment: Biases for a WideResNet
40-4 Model Architecture

Experimental Setting & Results. Here, we extend our analysis
from Section 7.3.1 (details in Appendix C.2.4) to test problem (C)
(see Appendix C.2.1): A Wipe ResNer model on CIFAR-100. We use
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Figure C.12: Directional Slopes and Curvatures Are Biased. The experimental setting is similar to Figure 7.2, but we
use test problem (C) (Wipe ResNer on CIFAR-100) with the GGN curvature proxy Hp < Gp + I at batch size 256.
For the top panel, we switch the order and sign of the eigenvectors such that the orange dots are all above zero and
in descending order. There is a strong, systematic bias, particularly in the curvature: Computing the eigenvectors and
directional curvatures on the same data results in over-estimation that is very pronounced along the first few eigenvectors

but then decays more quickly than in test problem (A).

the GGN curvature proxy Hp < Gp + BI at batch size 256 and
compute the directional slopes and curvatures along the top 100
eigenvectors of Hp. The results are shown in Figure C.12. Along
the first few top-curvature directions, the curvature biases are even
larger for this test problem than for the ALL.-CNN-C model on
CIFAR-100, but then they decay more quickly.

C.2.8 Additional Experiment: K-FAC and the Dependence
of the Biases on Mini-Batch Size

Experimental Setting. Here, we extend our analysis of test problem
(A) (see Appendix C.2.1) from Section 7.3.1 to K-FAC and investigate
the impact of the mini-batch size on the curvature biases.

Results & Discussion. Figure C.13 shows the directional curva-
tures of the K-FAC approximation for four different mini-batch
sizes. When we compute the eigenvectors and directional curva-
tures on the same mini-batch, we observe a systematic curvature
bias that decreases with increasing mini-batch size. There are two
phenomena at play: With increasing mini-batch size, (i) the green
crosses move upwards and (ii) the orange dots move downwards.
Our intuition for this is as follows: With increasing mini-batch
size, the eigenvectors become more meaningful such that, on other
data, they also exhibit large curvature—this explains (i). Similarly,
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Figure C.13: Directional Curvatures with K-FAC. We use the CIFAR-100 data set with the fully trained ALL-CNN-C
model. For each mini-batch size € {8, 32,128,512}, we draw one mini-batch and compute the top 100 eigenvectors
uy, ..., u100 of the K-FAC matrix Kp,. We show the directional curvatures u;— Kp,up, p € {1,...,100} on the same
mini-batch (i = 0) as @, all other mini-batches in the training set (m € {1, 2, ...}) as ® and their average as . Similar to
Figure 7.2, we observe a systematic bias in the curvature. The bias decreases with increasing mini-batch size.

with increasing mini-batch size, it gets harder to find directions of
extreme curvature as these directions have to exhibit large curvature
on all data points within the mini-batch—this explains (ii).

C.2.9 Additional Experiment: Development of the Biases
over the Course of Training

Experimental Setting & Results. Here, we investigate how the bi-
ases in the slope and curvature develop over the course of training
for test problem (A) (see Appendix C.2.1). We use the same proce-
dure as in Appendix C.2.4 but evaluate the biases at 10 different
checkpoints during training (spread log-equidistantly between the
first and last epoch). At each checkpoint, we draw 5 mini-batches,
compute the top 100 eigenvectors of the corresponding GGN-based
quadratics, and finally evaluate the relative errors in the directional
slopes and curvatures (where the ground truth is the full-batch
quadratic’s slope/curvature). For each mini-batch, this distribution
of 100 relative curvature and slope biases is represented as a dot
(at the mean relative bias) and a vertical line ranging from the 25%
to the 75% percentile in Figure C.14. While the biases in the slope
remain relatively stable over the course of training, the biases in
the curvature increase over more than 3 orders of magnitude up
to a relative error of order 10 in epoch 349 (which is consistent
with the results in Figure 7.2). This suggests that the eigenspaces
of different curvature matrices become more and more misaligned
as training progresses steadily increasing the need for effective
debiasing strategies.
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Figure C.14: Curvature Biases Increase over the Course of Training. We evaluate the relative slope and curvature biases
at different checkpoints during training for the ALL-CNN-C model on CIFAR-100. 5 mini-batches are drawn per checkpoint.
For each mini-batch, the relative biases are represented as a dot ® (at the mean relative bias) and a vertical line = ranging
from the 25% to the 75% percentile. While the biases in the slope remain relatively stable over the course of training, the

biases in the curvature increase (over more than 3 orders of magnitude).

C.2.10 Additional Experiment: The Curvature Bias
Increases with P

In high-dimensional spaces, it becomes increasingly unlikely that
random vectors are aligned. While the eigenspaces of the curvature
matrices are not completely random, they are subject to noise. It
is thus conceivable that their overlap decreases as the number of
parameters P increases. If this hypothesis is true, the curvature
biases should become more pronounced in large models.

Experimental Procedure & Results. To test this hypothesis, we
use test problem (D) that implements a simple convolutional
neural network with variable width and depth (for details, see
Appendix C.2.1). For each fully trained model, we evaluate the
relative error between 83pq(6*;8) and aﬁpq(e*;p) for the Gg’s
top 100 eigenvectors at batch size 128. This procedure is repeated
for 5 different mini-batches for each of the 9 models, resulting
in a total of 45 error distributions (see Figure C.15). The results
confirm our hypothesis: The relative errors tend to increase with
the number of parameters P. In the massively overparameterized
regime, the biases might thus become even more relevant and
effective debiasing strategies are needed.
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Figure C.15: Increasing Curvature
Biases with P. We train 9 convo-
lutional neural networks with dif-
ferent widths and depths for 100
epochs on the CIFAR-10 data set

using Apam with standard hyper-
parameters. For the fully trained 204
model, we evaluate the relative er-
ror |95,4(6x;B) ~ 9;,q(6x;D)| -
|<9,24Pq(9*;D)|_1 for Gg’s top 100
eigenvectors at batch size |B| = 128.
5 different mini-batches are used per
model resulting in a total of 45 er-
ror distributions (each consisting of
100 numbers). These distributions
are represented by their median (as
a dot @) and the 25% and 75% per-
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